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EDITOR’S INTRODUCTION 


Until you have measured it, you don’t know what you are talking about. 
Lord Kelvin 


The clock, the calendar, high hopes, and deep convictions have for long 
been and still are to too great an extent the major criteria of educational 
achievement. Until the late J. McKeen Cattell in the late nineteenth century 
convinced Wilhelm Wundt that individual differences were worth systematic 
study in their own right, psychological study was aimed at establishing 
general laws of the “пита,” and individual differences tended to be regarded 
as annoying anomalies, somewhat analogous to early disciples of Linnaeus 
ascribing species of living organisms that did not fit his binomial nomen- 
clature to the work of the devil. 

Mathematical invention and discovery in statistics applied to the biological 
and social sciences has seen phenomenal development, particularly in the 
last four decades. Statistics thus applied, however, is still largely not a 
part of the intellectual furniture of those charged with responsibility for 
educating the young—teachers and administrators—who, for varying 
reasons, tend to shy away from courses that would provide them with a 
functional modicum of this powerful tool for analysis and synthesis of 
data. 

One of the reasons for this deficiency is doubtless a lack of mathematical 
knowledge and skills and hence a fear of the unknown in the form of 
difficult subject matter. Therefore a book that takes into account this lack 
of training and that approaches prospective teachers and administrators as 
they are is a most desirable addition to the literature of education. Without 
making unwarranted assumptions concerning the mathematical sophistica- 
tion of the student, this text is in my judgment notably successful in presenting 
in simple, clear language the logic and content of statistics as needed by 
the beginning student of education and psychology. The introduction to 
distribution-free or nonparametric statistics—in my view destined to be 
much more used than heretofore—is particularly salutary, since the 
assumptions underlying parametric statistics are often dubious in the social 
Sciences. 

The introductory discussion of analysis of variance will lead the student 
to realize that for drawing inferences from data other powerful aids are 
available to those who wish to go on to more complete mastery of the tools 
requisite to more effective and valid control of the educational process. 

Not the least valuable aspect of this book is its thorough consideration 
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of the technology of tests and measurements, an area with which all students 
of education and psychology need to be concerned. 

This book by my colleagues Professors Downie and Heath is a highly 
successful attempt to provide an effective learning aid. It affords me pride 
and pleasure to see it included in the series for which I have editorial 
responsibility. 


H. H. REMMERS 


РКЕЕАСЕ 


Another statistics textbook? Those involved in the training of education, 
psychology, and sociology students are probably well aware that there are 
a number of soünd and scholarly textbooks available in statistics. Why 
then should we prepare another one? 

Despite the plenitude of texts available, we believe there exists a need 
for an introductory book which is as short as possible, as clear as possible, 
involves as little mathematics as possible, and stresses computation, appli- 
cation, and interpretation. We have tried to write such a book. 

Because of the limited background and interest in mathematics of the 
typical student in the social sciences, no attempt has been made to derive 
the formulas or to impress the student with the beautiful mathematics 
underlying statistical theory. We have tried to present only enough theory 
so that the proper statistics can be chosen, computed correctly, and inter- 
preted soundly. We have tried to do this briefly and clearly. To the extent 
that we have succeeded, this book differs from many existing texts. 

The book is made up of three parts. The first nine chapters deal with 
descriptive statistics. The next six cover inferential statistics and the 
commonly encountered tests of significance. The last three chapters cover 
three topics not usually presented in the first course in statistics. These 
are (a) various correlation techniques, (b) test construction and theory 
(reliability, validity, and item analysis techniques), and (c) the more commonly 
used nonparametric techniques. Since the assumption of a normal dis- 
tribution is so infrequently met in the social sciences, we feel that every 
student who studies elementary statistics should be aware of the possible 
use of these distribution-free statistics. 

There are problems at the end of each chapter which are designed to offer 
Practice in the techniques discussed in the chapter without requiring laborious 
computation. The answers to these exercises аге given іп the back of the book. 

In writing this text we have incurred debts of gratitude to many 
individuals. We first wish to note the encouragement and advice received 
from Dr. H. H. Remmers who read the manuscript and then offered many 
Constructive criticisms. We are also indebted to Dr. J. Francis Rummel for 
his valuable critical reading of the manuscript. Our drawings were prepared 
by George B. Rauch, Jr., and many of the calculations were checked by 
Richard D. Franklin. Тһе entire manuscript was typed by Miss Jennie Goll. 
We are sincerely grateful for their patience. 

Many sincere thanks are due also to various authors and publishers who 
Bave us permission to use the materials which appeared in the tables in the 
Appendix. Special credit is given to them in footnotes that appear at the 


bottom of each table. 
xi 


хі Preface 

We are especially indebted to Sir Ronald A. Fisher, Cambridge, to 
Dr. Frank Yates, Rothamsted, and to Messrs. Oliver and Boyd, Ltd., 
Edinburgh, for permission to reprint Tables III, IV, and VI from their book 
Statistical Tables for Biological, Agricultural, and Medical Research. 


N. M. Downie 
R. W. HEATH 
January, 1959 


BASIC STATISTICAL METHODS 


INTRODUCTION 


This book is written primarily for students in education, psychology, and 
sociology as an introduction to statistics. 

The student certainly has the right to ask why he should take time to study 
this subject. We feel that in addition to the usual reasons, stemming from 
the almost universal belief in the value of a general education, there are at 
least five specific reasons why such students would want to study statistics. 

1. Daily Use. Statistics are of immediate and practical utility. They 
help us get our work done quicker and better. They aid teachers in the 
assignment of grades and in the construction of tests. They help psycho- 
logists to interpret the measurements and observations they make. The 
sociologist finds them of similar use in evaluating the data he must work with. 

In all the behavioral sciences, statistics have become a familiar part of the 
working day. To live and work in these fields with effectiveness and comfort 
requires a knowledge of the basic statistical methods. 

2. Problem Solving. Often research is conducted on a limited scale, not 
to test theory, but to uncover information vital to the solution of a practical 
problem. We may be asked such questions as: “How can this test be 
Improved ?” “Which members of the group have the lowest morale?” 

Does this method do a better job than that one?” “Is this variable related 
to another?" Such questions call for the application of statistical methods 
to the available data. 

3. Theoretical Research. As the behavioral sciences have grown in 
Sophistication they have become more quantitative. The development of 
theories which have a unifying effect on the information we gather compels 
Us to test their predictions against measurements and observations. Theories 
of physical science which did not lend themselves to operational testing have 
long since been abandoned. The means by which we test the theories of 
education, psychology, sociology, and economics are largely statistical. 

4. Comprehension and Use of Research. The competent practitioner, 
Tegardless of his field, must keep abreast of technical advancements. He 
Must be able to read with understanding reports of problem solving and 
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theoretical research. In the behavioral sciences this means Ж ды о 
what certain statistical terms mean апа when particular met $ Е m 
be used. Unfortunately, not all research is good research, and the ш 2 
of evaluation ultimately falls upon the reader. Statistics are not rea А : 
liars that they are reported to be. They can be misused and misinterpre ed, 
but to those who understand them, they tell the truth or they say а . 
5. Enjoyment. То many students it may seem that collecting and ana yzing 
data would be anything but fun. Perhaps it is because such activities are 
frequently approached with an overwhelming pomposity and a deadly serious 
intent. | 3 T^ 
However, it does seem to be in the nature of men to enjoy such activities i 
they are left to their own devices. There is an almost sensual thrill that 
results when one finds that in an apparently chaotic and jumbled reality, he 
can find orderly and lawful relationships. When you successfully complete 
à puzzle, or a game of solitaire, you probably experience a dilute form of such 
an experience. When the pieces of the puzzle have social Significance, and 
when the solution brings an understandable order to the behavior of people, 
the thrill is magnified many times. If the puzzles were too easy, they would 


be по fun. It would be a tragedy if we let their often exaggerated difficulties 
frighten us away. 


WHAT WE CAN Do WITH STATISTICS 
Teachers and social scienti 
types. A large part of th 


А knowledge of 
d, in addition, to 


‚ а psychologist, or a 
sociologist has just made Some measurements. What are some of the things 


results in order to get the maximum use and value 


from them? Here is a list of various possibilities, 


1. We can determine averages. These averages give us a picture of the 
typical performance of the groups. 
2. We can determine the 


Variability of the measurements, 
average as our point of ref, 


З erence and determine 
tions spread out about this 


3. W 
the nat 


We can use the 


how our scores or observa- 
central point. 


tables, and figures that will more clearly portray 
ure of the group or groups, 


them yield indices о 
5. We can deter 
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ments made with another type of measuring device. The statistics used for 
this are called correlation coefficients and are among the most useful ones that 
we have. Some examples of what we can do are to find the relationship 
between intelligence test scores and classroom tests; between abilities and 
interests; and among various measures of physical development. Such 
variables as age and measures of physical development can be related among 
themselves and with our measures of achievement and with other psycho- 
logical traits and sociological characteristics in many ways. 

6. We can determine the reliability of our measuring instruments. This 
means taking two measurements on the same individuals with the same or 
different devices and finding the correlation between the two sets of data. 
As we shall see, there are also other ways of computing reliability coefficients. 

7. We can determine the validity of our measurements. We will have to 
limit our discussion to statistical validity. This reduces again to computing 
the correlation between scores made on our test with another group of 
measurements, called criterion measures, to ascertain the relationship 
between the two sets of measurements. For example, intelligence tests are 
often validated by correlating scores on these tests with the students’ grade 
point averages. If the intelligence tests are valid, it follows that those who 
obtained the highest scores on them receive the highest academic grades. 

8. We can use one set of measurements, or combine them with others, to 
predict future status or behavior. This is probably the major end of all cor- 
relational work, for in themselves correlation coefficients are of little value. 

9. We may base our measurement on the behavior of a sample of in- 
dividuals, and on the basis of the statistics we have computed, we can make 
inferences about the larger population from which this sample was drawn. 
The drawing of statistical inferences is one of the chief functions and ends of 
modern research. Тһе information about a small group or sample is usually 
in itself of limited use. We wish to be able to generalize on the basis of our 
research and make statements about the larger group. 

10. We can compare performance on one variable with that made on 
another and see if there are significant differences in the results. Making 
these so-called tests of significance of differences is most important when we 
are conducting research on the introduction of a new method. Suppose that 
we are trying out a new reading technique. We have two groups, one of 
which we handle in the usual way in the course of a semester or a year, and 
an experimental one, which we treat in some new fashion. That is, the 
experimental group is the one that we apply the new reading technique to. 
At the end of the semester or of the school year, we administer the same 
Teading test to both groups. We now examine the results made by both 
Broups on this test. By inspection we cannot really tell whether or not they 
аге different unless the difference happens to be a very large опе. At this 
Point we apply our statistics and make one or more tests of significance to 
See whether or not this difference is a real one or one that can be accounted 
for by chance variation. Making inferences and tests of differences makes 
up that part of statistics which is called sampling statistics. АП the other 
methods mentioned so far are included in what we call descriptive statistics, 
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that is, they describe samples. Modern experimental research in all areas 
of knowledge from agriculture to zoology is based upon the proper use of 
sampling statistics. { ЖКО | 

It is hoped that the student will become more judicious in the use of 
statistics as a result of studying this book. In some circles statistics and 
Statisticians have a bad name. It has been said that a person can find 
Statistics to prove anything. Statisticians and liars have been lumped 
together in one breath. A recent book (7)! contains a good summary of the 
ways in which statistics are misused by individuals who wish to prove certain 
things or have special axes to grind. “As will be shown as we go through this 
book, there is a time and place for every statistic. Certain ones are to be 
used when certain conditions prevail. We hope that the student will become 
aware of the conditions which underlie the use of each statistic. In summary, 


Statistical method is the most powerful tool that we as professional practi- 
tioners have for arriving at verifiable truth, 


It is not unlikely that many students be 1 
mathematics unpleasant or difficult. Since this book is concerned with 
numbers and formulas they may think that it is complicated and involved. 
Such students should set their minds at ease. 

You do not have to be a genius, or even fond of mathematics, to learn the 
methods presented here. The writers feel that if you have a grasp of the 
elements of seventh and eighth grade arithmetic, no trouble will be en- 
countered. About the only further mathematical complication is the need 
to take square roots and to subtract negative numbers. A few of you will 
need to brush up a bit on these. A couple of hours should take care of this. 

A more important problem for most students is that of precision and 
accuracy. It has been the writers’ experience that most of the errors come 
about, not from using the wrong principle, but merely from carelessness in 
the simple operations of addition and subtraction. 

Statistics, you will find, is one of those subjects that cumulates. One 
topic leads to another; the second is built upon the first. The work has to 


be kept up to date. If you try to build your knowledge of statistics on an 
incomplete foundation, it will surely topple. 


Problems will be found at the end of each chapter. These will help you to 
test the stability of your progress, 


ginning this course may have found 


1 Boldface numbers refer to items in the References, р. 235. 
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A REVIEW OF ELEMENTARY 
THINGS 


In this chapter we shall be concerned with two things: a review of the 
fundamentals of arithmetic and elementary algebra and a discussion of the 
fundamental nature of measurement. Many of the errors which occur in 
statistics are not caused because of lack of knowledge of statistics but by 
mistakes in very simple arithmetic. Hence we shall start by making a very 
rapid review of the rules to which we must be alert if our statistical com- 
putations are to be correct. 


REVIEW OF ARITHMETIC 
Decimals 


Addition and Subtraction. In adding or subtracting decimals, the chief 
thing to keep in mind is to line the numbers up with the decimal point of one 
number directly under that of the one above. 

To add 3.094, 235.67, and 45.7, we line them up like this: 


3.094 
235.67 
45.7 


284.464 


Multiplication. Тп multiplying decimals point off as many decimal places 
as there are in both the multiplicand and the multiplier taken together, as 
shown below: 


1.072 .00007 1.2 
x.02 x.2 x1.2 


.02144 .000014 1.44 
$ 
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Division. When two decimals are divided, the number of decimal places 
in the quotient is equal to the number of decimal places in the dividend minus 
the number of places in the divisor. 


d >ü 2.0648 _ 10.324 008 _ 001 


Fractions 


Addition and Subtraction. When two or more fractions are to be added 


or subtracted, they must first be reduced to fractions having the same or a 
common denominator, as below: 


3 Bab db 2. 18 1 
206—976 Atz qti r Y 
з 3-б 2.2 жаа ол әти 
8 16 16 16716 y b yb yb yb 
Multiplication. 


To multiply fractions multiply all the numerators by each 
$ over the product of all of the denominators, as shown: 


Lg ete 22V AMAN = 96 _ 4 

Z2 3.05 3 4]\3]\6]\5] 360 15 
When multiplying fractions considerable time is saved if terms common to 
both the numerator and denominator are canceled out. 
dividing the numerator and 4 


The value of the ori 
example 


other and place thi 


This is the same as 
enominator of a fraction by the same number. 
ginal fraction is not changed. Let us rework the last 


First we cancel the first 3 in t 
Then the first 4 in the numerat 


DM 4; those in the denominator equal 15. Four-fifteenths is again our 


Division. То div 


ide one fraction by another, invert i ich i 
thedivitor-and йке у » Invert the fraction which is 


ceed as in multiplication, 
3 2 


34.2 3.3 9 1 
gE و‎ сс 
3.1 H 7 7 
224 See Р NC CUNT = 
AUT ИЕ 
fld Doa 

У b y а ya 
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Negative Numbers 
Addition. То add numbers each of which is negative, add the numbers in 
the usual fashion and place a minus sign in front of the sum 
(—6) + (—8) + (-12) = -26 


When the numbers are mixed and there are only two, that is, one negative 
and the other positive, subtract the smaller from the larger and give the 


remainder the sign of the larger. 


° -6 -22 56 19 
8 28 -72 -30 
2 6 -16 -11 


When there are more than two numbers of different signs, add all of the 
positive ones and then all of the negative ones and combine the results as 


above. 
(—4) + (77) + (8) + (13) + (212 + (—5) = 21 (-28) = -7 
Subtraction. To subtract а negative number change its sign and proceed 
as in addition. 


12 -22 —4.48 
=(=8) =(—8) -(-8.24) 
20 -14 3.76 


Multiplication. When two numbers һауе similar signs, either positive or 
negative, the product of the two numbers is positive. When the sign of one 
number is positive and that of the other number is negative, the product of 


the two numbers is negative. 


6 -6 6 -6 
х2 х(-2 х(-2 х(2) 
12 12 -12 -12 


Division. As in multiplication, when a number which is positive or 
negative is divided by a number of the same sign, the quotient is always 
Positive. When dividend and divisor are of unlike signs, the quotient is 
always negative. 

6 -6. S ы e ы 
p^ ш- = admo = => 

Use of Zero. Тһе chief point to remember when using zero is that when 
any number is multiplied by zero, the product is always 0. 

2х0-0 

(.5)(3.55)(0)(4976) = 0 
When а zero is added to, or subtracted from a number, the number remains 
the same, 
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Square Root. In statistical operations, the student will find that there are 
many occasions on which he will have to be able to extract a square root. 
Table I in the Appendix contains the square root of all numbers from 1 to 
1000. Unfortunately many of the numbers which we use do not come out 
even and, hence, cannot be read directly from the tables. We shall first 
illustrate the principle of taking a square root by the usual process. Suppose 
that we want to take the square root of a simple number like 144. Looking 
at the table in the Appendix we see that the square root of this number is 12. 
Suppose that we did not һауе a table. This is what we would do 


{2 ` 
УГ 44. 
27 |4 
ж. 2 m 


Starting at the decimal point, we move to the left, making pairs. The last 
pair consists of only one digit, 1. We take the first pair and ask ourselves 
what is the largest square contained in it. In this case the largest square in 
lisl. We write this under the 1 and subtract. Then we place the square 
root of this square over the first pair above the square root sign. We bring 
down the next pair of numbers. Then we bring the first number above the 
radical sign down and in so doing multiply it by 2, and we write this 2 to the 
left of 44. Then we ask ourselves what number can we place where the ? is 
and multiply the entire number by this and stay as close to 44 as possible, but 
not exceeding 44. This value is 2. A 2 is then placed where the question 
marks are, the multiplication is made, and the answer comes to 44. Hence 


2 becomes the second digit in the answer and is written above the second pair 
of digits in the number. This time we have no remainder and the operation 
is over. 


Let us this time extract the square root of 876.457. 


29.605 
1/876.457000 
4 
49 (476 
х9 |441 


586 |3545 

хб [3516 

59205 [297000 
х5 [296025 


975 
Again, starting at the de 


n, ‹ cimal point we make pairs. 
first pair is 76 and the next is 8. Goin, К 


Going to the left, our 
the next опе is 70. Note tha: 


he first pair is 45 and 


The square 
digit in the answer. 
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Next this 2 in the answer is brought down and, as it is, it is multiplied by 2 
and a 4 is placed to the left of 476. Then we look for the number which when 
placed to the right of this 4 and the whole number multiplied by this number 
will come as close to 476 as possible, but remain less than 476. The number 
159. боа 9 is placed as the second digit of our answer, 441 is placed below 
476 and subtracted, and the next pair, 45, is brought down. 

Now we bring down the two digits which appear in our answer and as we 
do we multiply them by 2 which gives us 58. Again by trial and error we see 
that a 6 will serve as our multiplier in the space to the left of 3545, and 6 
becomes the third digit in the answer. Note that the decimal point in the 
answer appears directly above the point in the original number. We bring 
p the next pair, 70, and place it to the right of our remainder which gives 
us 2970. 

This time we take the three digits in our answer and multiply them by two 
аѕ we bring them down, and now we have 592. An inspection of the values 
at this point will show that there is no number that can be used this time since 
no matter what we multiply 592 by it will be larger than 2970. So we place 
а 0 in the answer and bring down the next pair. This next pair consists of a 
Pair of zeros which we have added. It might be noted that we can add pairs 
Of zeros as long as we desire and continue the extraction of the square root to 
many decimal places unless it happens to come out even at some point. 

gain we repeat the process, starting by multiplying the four digits in our 
numerator by 2 and continuing as above. This time a 5 appears in our 
answer and we stop the operation at this point. ] 

It must be emphasized that it is most important when extracting square 
Toots that the first step always be to point off into pairs and that this always 

е done by starting at the decimal point. Here are some more illustrations 
of pairing off 
45678.9 04 56 78 . 90 


4567.89 45 67 . 89 
4.56789 04 . 56 78 90 
45.6789 45 . 67 89 


We can also get very close approximations of the square roots of numbers 

Y using the square root table in the Appendix (Table I. Suppose that we 
extract the square root of 45360.9 using these tables. We enter the table 
and go down the column labeled N? until we come as close to 45360 as 
Possible. The closest number in the table is 45369, and reading in the 
Column to the left of this we find the square root to be 213. Next let us look 
Up the square root of 453609. This time we go down the N? column until 
We come to 452929. Our value is about half-way between this one and the 
next one, and the square root is read as 673.5. It should be noted that when 
We take the square root of 4536.09 we proceed in the same way, going down 
the table until we come to 452929. Тһе only difference is that we point off 
ifferently, In this case our answer is 67.35. Inasimilar fashion, the square 


Toot of 4.53609 would be approximately 2.13. ) 
Exponents. We shall have limited use of exponents in elementary statistics, 


10 Basic Statistical Methods 


but the student should know what an exponent is and what to do with one. 
For example, in 23, the 3 is the exponent and it means to multiply 2 x 2 x 2 
or to raise 2 to the third power. 


1-3х3-9 
43 = 4 x 4 x 4 = 64 
x* = (х)(х)(х)(х) 


Removing Parentheses and Simplifying. Sometimes we are confronted 
with a rather complex term such as the following and we have to simplify it. 


The general rule is to start first by removing the parentheses located on the 
inside. 


[12 + 4)4] — [G + 10) + (6 x —12)] 
[164] — (013) + (772) 
64 — (—59) 
64 + 59 
123 


Proportions and Percentages. А proportion, the symbol for which is р, 
is defined as a part of a whole. Ifa pie is cut into six equal parts and you аге 
given one of these parts, you have received one-sixth of the pie. That is your 
proportion and we can write that p — 1/6 or .167. 

To use another example, suppose that in a given class of 40 students, 4 
receive A's as their final grade; 10, B's; 15, C's; 7, D's; and 4, F's. What 
proportion of each letter grade was given? 


p P 
4 
А 4 %- 10 10 
10 
В 10 20 = :25 25 
15 
С 15 40 = .375 37.5 
D 7 as 175 17.5 
% í 
4 
F == 
© چ‎ slo 10 
1.000 100.0 


It should be noted from the above that the sum of the i i 
: 4 proportions for а given 
E is always 1 and the maximum value that any proportion mey ave 
; Percentages are obtained by multiplying a proportion by 100. The symbol 
p = C e E а а percentages Гог the above table are 
at the right. It will be not: is ti 
the percentages for our data add up to 100. د‎ 4 
Rounding Numbers. Тп roundin 


А 5 numbers to the пе 
to the nearest decimal place, we proceed as follows: arest whole number or 
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To the nearest whole number: 


72 -7 
78 -8 
То the nearest tenth: 
717 = 7.2 
7.11 = 71 
09 = 1 
То the nearest hundredth: 
7.177 = 7.18 
674 = .67 
1.098 - 1.10 


In all of the above the general rule is that if the last digit is less than 5, it is 
dropped; if the last digit is more than 5, the digit preceding the last one is 
raised to the next higher digit. The only complication arises when numbers 
endin5. There is а general rule for this case. When the digit preceding the 
5 is an odd number, this digit is raised to the next higher one; when it is an 
even number, the 5 is dropped. The following illustrate this rule: 


8.875 = 8.88 5.25 = 5.2 
8.05 = 8.0 66.975 = 66.98 


Significant Digits. The question frequently arises in rounding numbers as 
to how many digits we should have in our answers. The general rule is that 
one should have no more significant digits in his answer than there are 
significant digits in the original data. For example, if we had a series of test 
scores all of which contained two digits, then we should have two digits in 
the average or mean which we compute from these data. The usual practice, 
however, is to carry such figures to the nearest tenth. There is nothing to be 
gained in computing these averages to five or six decimal places. No mean- 
ingful accuracy is obtained from these large decimals. As a matter of fact 
such large decimals mean nothing when computed on the basis of two-place 
numbers. A good rule to follow is to have in answers one more significant 
digit than was present in the original numbers. Here are some examples of 
the number of significant digits in a series of numbers 


78 Two 1008 Four 
786 Three 1976.09 Six 
78.2 Three 0025 Two (the two zeros 
106.09 Five merely point off the 


number in this case) 


Sometimes students get into trouble as a result of rounding numbers in 
their problems too freely. Suppose that we have an operation which consists 
of six distinct steps. At the conclusion of the computations for each step, 
the student rounds his results. A series of a half a dozen such roundings in 
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the course of the solution of a problem causes inaccuracies to enter the work. 
If we are working a problem and are going to express our answer to the nearest 
tenth, a good rule to follow is to carry all operations through in terms of 
hundredths and to round to the nearest tenth in the last step. 

Statistical Symbols. In any book like this one the reader is going to be 
confronted with a large number of symbols which are strange to him. The 
easiest thing to do is to learn these as they appear. Some of them are likely 
to be new, but many are merely the first letter of the various statistics. Un- 
fortunately, there is no general agreement among statistical writers as to 
exactly what symbol stands for the various statistics. ‘hose used in this 


book are the ones frequently encountered in the social sciences at the present 
time. 


HOW NUMBERS ARE CONSIDERED IN STATISTICS 


Types of Measurements. We can classify our data into two types: con- 
tinuous and discontinuous, or discrete. Feet, pounds, minutes, and meters 
are examples of continuous data. With scales for any of these we can make 
measurements of varying degrees of fineness. For example, we can break 
meters into centimeters, these into millimeters, and with intricate devices we 
can make our measurements finer and finer. Such data can be considered as 
being on a straight line and the size and accuracy of the measurements that 
we can make along this line depend on the way that the measurements are 
made. 

To illustrate, suppose that we measure a boy and we say that he is 57 inches 
tall. Does this mean that he is exactly 57 inches tall? Probably not. In 
reading our scale we merely took our reading to that number in inches to 
which the boy's height was closest. This 57 inches includes then a band of 
our line; that is, it extends from 56.5 to 57.4999 inches. We can round the 
latter and then say that 57 includes everything from 56.5 to 57.5 inches. 


Similarly 58 extends from 57.5 to 58.5. We state that each number which 
represents continuous data has a lower li 


| mit and an upper limit, as shown in 
Figure 2.1, 
CREE ERE 57 р 58 — | B ny 60 ең 
55.5 56.5 57.5 58.5 59.5 60.5 


FIGURE 21 The upper and lower limits of units classified as continuous data. 


based upon measure- 
The number of people, 
ontrast to measurement 


up by making such 
ate of College A has 2.8 children. Tn this 
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book all data will be so treated, and the student should as soon as possible 
p accustomed to thinking of every number as having an upper and lower 
imit. 

In measurement work it is customary to describe four types of measure- 
ments: nominal, ordinal, interval, and ratio (15). As theseare listed, the lower- 
level type occurs first. When a nominal scale is used, a number is used to 
designate a class or a category. For example, a high school population may 
be classified in four groups: Group 1, freshmen; Group 2, sophomores; 
Group 3, juniors; and Group 4, seniors. Another example of such a scale 
is setting up two groups on the basis of sex. After the groups аге set up, the 
numbers in each group can be determined and the simplest types of statistics 
used. 

When measurements are arranged on an ordinal scale, they are placed in 
rank order, starting with either the largest or the smallest one first. When 
data are on such a scale, simple statistics such as the median, centiles, and the 
Spearman rank-order correlation coefficient may be used. 

The next highest type of scale is the interval scale. Оп scales of this type 
we find equal units of measurement. The commonly used Fahrenheit or 
centigrade thermometers are of this type. The final type of scale, the ratio 
Scale, has in addition to equal units an absolute zero. Such a scale is the 
Kelvin scale. Its absolute zero is the point at which there is the absence of 
heat,or —273°С. Measurements made in feet, pounds, gallons, and the like 
are also on a ratio scale. 

When data are in terms of feet we can say that one length is twice or half 
the size of another. When our measurements are on an interval scale we 
cannot do this and make sense. For example, suppose that the maximum 
temperature today is 60%; the same day last year it was 30°. In this case we 
cannot state that it is twice as warm today as it was on the same date last 
year. What is the difference between these two conditions? When we were 
dealing with feet, we were using a measuring scale that is based upon an 
absolute zero; in the second case we are using a scale which starts 32 degrees 
below the freezing point of water. When measurements are on a ratio scale 
meaningful comparisons can be made. Asa matter of fact, when data are 
of this type, all of the usual mathematical and statistical manipulations may 
be made. However, in actual practice, many of our measurements are based 
upon an interval scale and we apply practically all of our statistical techniques 


to these measurements. А 5 
What can we say about the measurements that we make in education, 


sociology, and psychology? First of all, we assume that they are made up 
Of equal units of measurement. An inspection of certain of these, such as 
intelligence quotients, leads us to wonder whether or not this happens to be 
true. And, also, our scales do not possess an absolute zero. The physicist 
can describe his absolute zero on his heat scale. Itis not difficult to visualize 
zero inches, pounds, or meters. But what does 0 IQ mean? Or what does 
it mean when a boy gets a score of 0 on a geography test? Actually we do 
Not know what these scores of 0 mean. Then it follows that we have no basis 
for claiming that a child with an IQ twice the size of that of another child is 
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twice as bright or that the child whose score on an arithmetic test is twice that 
of another child knows twice as much arithmetic as the first child does. 


SAMPLES AND POPULATIONS 


It is important that we distinguish between these two terms. To do this 
let us use an illustration. Suppose that we are interested in the mental ability 
of children in the second grade. One way to investigate this is to give in- 
telligence tests to second graders. We begin by obtaining permission to 
administer the test to one group of second graders. We compute an average 
or mean score for the group. This mean score is a statistic and gives us the 
average performance of our sample. Since there are so many second grade 
classes we could keep this process going for a long time by drawing sample 
after sample. If we combine all of these sample averages or means, and get 
a grand mean from this, this average will be the best estimate obtainable of 
the average intelligence of all the second graders. That is, the average of all 
of the values of our samples is used to tell us something about the population 
value. All second graders in the United States make up the population or 
universe from which the various samples are drawn. Values which refer to 
populations are referred to as parameters in contrast to statistics which are 
reserved to describe samples. Populations, as the term is used in statistics, 
are arbitrarily defined groups. They need not be as large as the one used here 
as an illustration. We could let the 552 seniors in a certain school system 
be our population and from this we could draw samples as described above. 


One of the major aspects of statistical research is making inferences about 
population charact 


eristics on the basis of one or more samples that have 
been studied. 
Exercises 
1, Subtract the following: 
(1) 26.09 (b) 87.54 (c) .0987 (d) 14.67 
7.76 —2243 — .9987 32.53 
(е) —.0987 (f) -54.89 (g) 1.0987 (h) 67.87 
-9872 — 6.76 11.6009 —7.13 
2. Multiply the following: 
(а) 45.67 (b) 12.345 (c) .0008 (4) -11.098 
8 006 07 06 
(е) 456.89 (f) —.0768 (6) —.777 (h) -6.578 
-2 -4 1.000 -9 


3. Divide the following: 


(a) 16/4 (b) 81/.009 -125, = 
Oise ar /5 (d) 2.525/.05 


-.007 (g) 100.58/-10 (h) -1616/-4 
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4. Complete the following operations with fractions in the manner indicated: 


(a) 1/2 + 3/4 + 5/3 + 5/6 = 442 
© ч. + 5/8 + The = 0 ا‎ T 
с) 7/3 + 23/4 — 2/3 = (ш) (1/2)(2/3)00) = 
(d) 5/ + 615 — (—%1s) = (п) g= 
(е) %6-(-2/0- 7/6 = (о) (3%- (5) = 
(0 (IDGs) = (p) a(ab) = 
(B G/96/3(-2/9 = (9 Cs) = 
(В) (3/4) + (4/3) = б) œ+ = 
() C/A) = 35 = (в) 12- (-3} = 
() 6-8-4-1(-3--б- (0 (fx- . 
(k) 12[286 — (16)2] [198 — (14)?] = (и) DENEN) = 
5. Find the square root of each of the following: é 
(a) 3249 (е) 00025 
(b) 30625 (h) 9.0009 
(c) 306916 (4) 1 
(4) 777.89 (j) —.49 
(е) 8876.9 (К) 76453.678 
(f) .00009 
6. Round each of the following to the nearest tenth: 
(a) 14.36 (f) 90.25 
(b) 24.32 (p 87.95 
(c) 17.798 (h) 56.35 
(d) .098 (i) 48.575 
(е) 1.011 Q 25 
7. How many significant digits are there in each of the following? 
(a) 234.67 (e) 5004.009 
(b) 10.67 (f) 009 
(с) 67 (8) 7.2 


(d) .067 (h) 0.01 


e 


FREQUENCY DISTRIBUTIONS 
AND GRAPHS 


Often to make our data more meaningful and easier to handle we set up a 
frequency distribution and draw graphs of various kinds to represent it. 


THE FREQUENCY DISTRIBUTION 


i ieldi hown in 
Suppose that we have given a geography test yielding the score 5 
Table Эл. The first step is to determine the range. This is defined as the 


TABLE 3.1. Scores on a Geography Test 


56 78 62 37 54 39 62 60 


56 56 55 66 42 52 48 48 


highest score minus the lowest score 
is 82 and the lowest is 28. 

Score or any measurement. 
same time, we could use a cai 


plus опе. In Table 3.1 the highest score 
In statistics we let a capital X stand for any raw 
If we were working with two sets of data at the 
pital Y for the other set. The range then is: 
(Хн — Хү) + 1 or (82 — 28) + 1 = 55 

The second step is to decide how large each of the intervals in the frequency 
distribution is going to be. A widely accepted practice is to have between 
10 and 20 intervals in any frequency table. When there are less than 10 
intervals, the coarseness of the grouping makes for inaccuracies; when there 
are more than 20, the work becomes laborious. The size of the interval can 
be determined in a trial and error fashion as follows. 

If we let each interval соу 


ег ten units, then the range will be included by 6 
16 
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of these intervals, 55 + 10 = 5.5 or 6. Ten then is too large as this results 
in only 6 intervals. Suppose that this time we try 5. Five goes into 55 
exactly 11 times; hence 5 would be acceptable as the size of our interval. If 
we try 3, we find that 3 goes into 55 about 18 times; so 3 could be used for the 
size of the interval. Let us consider one more, 2. Two is contained in 55 
about 28 times. We would reject this as the size of the interval as it results 
in too many intervals. Since we need between 10 and 20 intervals in our 
frequency distribution, we can take the average of 10 and 20, which is 15, 
and divide this into the range. In this case the range 55 divided by 15 results 
in a value between 3 and 4 and either of these could accordingly be used as 
the interval size (i). 

If you observe frequency distributions made by others, you will note that 
there is a tendency to use odd numbers for the size of the class intervals. 
The advantage of this is that the midpoints of each of the class intervals will 
be whole numbers. In grouping data we find then that such numbers as 3 
and 5 are commonly used. Ап exception to the above is the use of 10 which 
often makes a convenient interval size. 

Suppose for the data in Table 3.1 we decide to use an interval with a‘size 
of 3. We would note this by writing that і = 3. We start building the 
frequency distribution that is shown in Table 3.2. The next problem is to 


TABLE3.2. Setting Up a 
Frequency Distribution 


f 
و‎ i 
81-83 1 1 
78-80 / 1 
75-77 0 
72-74 / 1 
69-71 0 
66-68 IH 3 
63-65 / 1 
60-62 Hl 4 
57-59 / 1 
54-56 FHALL 8 
51-53 111 3 
48-50 1111 4 
E E 
39-41 TF 2 
36-8 // 2 
33-35 0 
30-32 0 
27-29 l 1 

N = 40 
oan ШЕ 


decide where to start. A common practice is to let the bottom interval begin 
with a number which is a multiple of the class interval. In this case our 
lowest score is 28, the size of our interval is to be 3, so the bottom interval 
would begin at 27 and end at 29. These are the integral limits. Remember 
from the last chapter that in statistics we are going to deal with upper and 
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lower limits (or exact limits) and so this bottom interval actually begins at 
26.5 and ends at 29.5. If we subtract the first of these from the latter, we 
obtain a value of 3 which is the size of the interval. This interval size is 
not apparent unless we are aware of the exact limits of the interval. This 
bottom interval also has a midpoint that is one-half of the distance between 
the lower and the upper limits. The midpoint for this interval then is 
26.5 + 1.5 which equals 28. As noted above, when the size of an interval 
is an odd number, the midpoint turns out to be a whole number. 

After deciding upon the bottom interval we continue to set up the rest of 
the intervals by increasing each one by 3. We stop when we reach the interval 
81-83 which contains the highest score in the distribution. The usual 
practice is to set up a frequency distribution with the lowest scores at the 
bottom. 

The next task is to tally the scores. We take the scores one at a time and 
enter them to the right of the appropriate interval by making a tally mark. 
When this is finished we combine the tallies in the column to the right and we 
head this column with f which stands for frequencies. This column is 
summed, and we write the total at the bottom. We can write a capital N in 
front of this sum to denote that the number of cases is 40 or we can write 
У = 40. This last symbol which is the Greek capital sigma is read as “зит- 
mation of" or “sum of.” It is one of our commonest statistical symbols. 
You should note that for intervals where there were no tallies, we entered a 0 
inthe fcolumn. Data that have been set up in such a frequency distribution 
are said to be grouped, and formulas used with them are applicable to this 
type of data only. As opposed to this, we have ungrouped data, and the 
formulas applied to them are referred to as raw score formulas. 

Suppose that we again set up the same geography test scores in a frequency 
table. This time the size of the interval will be 5. Since our lowest score is 
28, the lowest interval will be 25-29. This interval has exact limits of 24.5 
and 29.5 and a midpoint of 27. This second table appears in Table 3.3. 
This time we have only 12 class intervals instead of 19 Which resulted when 


TABLE 3.3. Setting Upa 
Frequency Distribution 


mMOWADAIP A = mie 


| 
I 
è 
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We used an interval size of 3. In the actual working of these data, the 

Interval of 5 would be preferred. 

fe At this point we summarize the steps which we go through in setting up a 

1 equency distribution or frequency table. 
- Determine the range. 

- Divide this by 15 to give an idea of the approximate size of the class 

interval. 

3. Set up the frequency distribution, begi 
interval begin with a number which is a multiple of the 

. Tally the frequencies. 

- Summarize these under a column labeled f. 

- Add this column and record the number of cases at the bottom. It might 
be mentioned here that just because this number obtained by adding the 
frequencies is the same as the number of cases, it does not follow that no 
mistake has been made. To check the work, another distribution should 


be set up and the scores again tallied. 


nning at the bottom. Let the lowest 
class interval. 


о ол Б 


GRAPHS 

The Frequency Pol Of all the graphic devices used in illustrating 
statistical Taxe ul, odi one Ж frequently encountered is the 
Tequency polygon. The reasons for this are that it is very easy to construct 
and it is basically very simple and easy to interpret. Several of these, using 
different types of lines for their portrayal, may be placed on the same axes. 
Construction of the Frequency Polygon. In all work with graphs, two 
ахеѕ are used. Тһе vertical one is always labeled the Y-axis and values taken 
along this axis are called ordinates. The other axis, the X-axis, called the 
abscissa, is horizontal and meets the Y-axis at right angles at a point called 
the origin (О). In constructing graphs of the frequency polygon type, we 
Usually a ratio of three to two or 


have the Y-axis longer than the Y-axis. : ыр 
Our to three will result in a good graph. For example, if the X-axis is 6 inches 
in length, the Y-axis should be about 4 inches. Or if another graph had an 
"axis of 8 inches, then the Y-axis should be about 6 inches. 
To make graphs that can be easily and exactly read, a good type of graph 


Paper should type that has ten squares to the inch is the 
be obtained. The typ to build graphs of the desirable 


est for statistical work. Also, it is easier i 
Proportions if the Y-axis is placed on the wider wide of the graph paper. In 
uilding a frequency polygon, we always place the frequency values on the 
“axis. A small fis placed along the Y-axis. The scores go on the Y-axis. 
19 illustrate this suppose that we construct a frequency polygon for the data 
Іп Table 3.3. The highest frequency is 7, so we need no more than 7 units 
Оп the Y-axis of Figure 3.1. On the X-axis we have placed score values. 
; ihe next step is to plot the frequencies. For any one of the class intervals 
in Table 3.3 we can make an assumption that if all the scores in that interval 
Were averaged, this average would be equal to the midpoint of the interval. 
Then it follows that the midpoint is the value which best represents any given 
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interval. In plotting our frequencies we place the values above the corre- 
sponding midpoints of each of the class intervals. Let us take the first or 
bottom interval of our table, 25-29. This interval has a midpoint of 27 and 
a frequency of 1. We go along the X-axis until we come to 27 and then we 
go up опе unit above this point and place a point there. Тһе midpoint of 
the next interval is 32 and this interval has a frequency of 0. So at 32 on the 
next axis, a mark is placed at 32. Continuing, the midpoint of the third 
interval is 37 with a frequency of 3. So at a point 3 units above 37 on the 
X-axis we place our next point. We proceed like this until all of the fre- 


quencies have been plotted. Then we take a ruler and cennect these points 
with straight lines. 


Y 


ща ү ر ا‎ 1 
35 40 45 50 55 60 65 70 75 80 85 


FIGURE 3.1 Frequency polygon for the geography scores in Table 3.1. 


20. (25-230 x 


Rather than leave our 
another interval above a 


values shown in Figure 3.1. 

which method is used in the construction. 
As mentioned earlier, the frequency polygon is ve 

or more distributions at once. In Fig wn the distributi 

‹ с 1 e di 

intelligence quotients of three groups of kinder шо po» 


different schools of a city. From such a graph, similariti i 
, еѕ 
Кору and differences 


7. 


Frequency Distributions and Graphs 21 


Constructing Frequency Polygons When Frequencies Differ. In many cases, 
as in Table 3.4, we find that the frequencies in the different groups we wish 
to plot differ considerably. In this table we have the distribution of intel- 
ligence test scores for 180 children in one school (f;) and of 50 children in 


TABLE 3.4. Intelligence Test Scores of Children in Two Schools 


а) (2) (3) (4) (5) 
School A School B 
A fa P Р, 
o 
150-159 1 1 6 2 
140-149 4 2 2.2 4 
130-139 8 4 4.4 8 
120-129 12 17 6.7 34 
110-119 31 18 172 36 
100-109 69 6 38.3 12 
90-99 32 2 17.8 4 
80-89 18 0 10.0 
70-79 4 0 2.2 
60-69 1 0 .6 
У = 180 50 100.0% 100% 


another school (f2). А little consideration will show that if we attempt to 
plot both of these distributions on the same axes as they are now set up, we 


YA 
7 

ҒА” ----- School А 
6 -------- School В 


-5— v 
70 80 90 100 110 120 130 140 150 160 X 


FIGURE 3.2 Distribution of Stanford-Binet IQ's for groups of 
kindergarten children in three schools of a city. 


Shall Betinto trouble. Because of the different size frequencies in the different 
Intervals, it may be impossible to plot both on the same graph or one graph 
will end up being so far above the other that a direct comparison is impossible. 

In cases like these, the best practice is to convert each frequency into a 
Percentage or proportion and to plot these. We have converted the data in 
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Table 3.4 to percentages. Notice now that we have two more columns, P, 
and Р;, the percentages of each group in the various intervals. We compute 
such percentages by dividing the number in each interval by the number in 
the total group and multiplying this result by 100. Taking the bottom 
frequency in the fı column, we have 1/130(100) which results in .6 percent. 
In this manner we compute all of the percentages. 

But an easier way to change a series of numbers to percentages is to find a 
constant multiplier and then to multiply each frequency in the distribution by 
this constant multiplier. Let us first consider the f, distribution in Table 3.4. 
There are 180 cases. It follows then that each case is equal to !/189(100) 
percent, which in this case is .555. This .555 then is our constant multiplier. 
Multiplying each frequency in column (2) by this constant and rounding each 
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n column (4). A check і 
sum of this latter colum is 1 9 И 


00 percent. Sometimes there are minor variati 

sum c : ariations 
in this sum brought about by roundin i i 

ibon & operations. Thef, data in colu 

are taken next. This time the constant n m 


multiplier is 1/50(100) which equals 2. 
2 we 7 xd each of these frequencies by 2 and get the Ая xin. in 
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the X-axis and connect these points with straight lines. These lines should 
be constructed using different types of lines or different colors. Since we 
have two graphs on the same axis, we include a legend showing which polygon 
represents which set of data. 

Smoothing Curves. After one has constructed frequency polygons for 
classroom groups with rather small frequencies, one is usually impressed with 
the ragged shapes of the resulting graphs. The question naturally arises as 
to whether or not the picture would be the same if we had a larger sample 
upon which we could base our graphs. Many of these irregularities are what 
we describe as being chance fluctuations, and as the number of cases is 
increased in any sample, these chance fluctuations tend to become smoother. 
We have a method called the Method of Running Averages of smoothing a 
curve which we use to compensate for small frequencies. 

To illustrate this process we have again reproduced our geography test 
Scores in Table 3.5. Note that we have added two more intervals to our 


TABLE 3.5. Smoothing a 
Curve 


85-90 
80-84 
75-79 
70-74 
65-69 
60-64 
55-59 
50-54 
45-49 
40-44 


35-39 
30-34 
25-29 
20-24 


тэмсолаомы, | 
өс 


© Ошооо омер е ео | < 
әш 


table, one at the top and another at the bottom, each with а 0 frequency to 
bring the curve down to the X-axis. Let us start the rounding. 

We take the top interval with a frequency of zero. If there were another 
interval above this, its frequency would also be zero. The frequency of the 
interval below 80-84 is equal to 1. The average of these three frequencies 


is then 5101 = .3, the smoothed frequency for the interval 85-90. 
Next we move down to the interval 80-84. The frequency for the interval 
above this one is 0, its frequency is 1, and the frequency of the interval below 
0-141. 1 

3 яз 47. 


The smoothed frequency for the next interval, 75-79, then becomes 


І : : 
SARA 1. In this manner we continue until we have the smoothed 


3 
frequencies for the entire table and the column labeled /; is completed. 


it is 1. The smoothed frequency for this interval is then 
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The next task is to plot this new set of frequencies. We set up the fre- 
quency polygon in the same manner as previously and plot the smoothed 
frequencies above the midpoints of their representive intervals, as shown in 
Figure 3.4. This time, instead of connecting our points with a ruler, we draw 
a freehand curve which goes through most of the points. If some of the 
points are still out of the line of the curve, we do not attempt to go through 
them. By doing this we continue the smoothing process. 

Several things should be noted here. This smoothed curve may be used 
as a picture of what the distribution would be like if we had more cases. Of 
course, possibly we are wrong. The irregularities that weshad in the sample 
may be the true state of things and the smoothing may have brought about 


Y 
7L 
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FIGURE 3.4 Smoothed curve for the data іп Table 3.4. 


error. The chances of this, however, are small. 
phasize here that this smoothing process of curves i 
shall take this up later in another chapter. 


We should further em- 
$ not normalizing. We 


TYPES OF CURVES 


After making a few frequency polygons, one soon notices that the curves 


tend to have Shapes that could be classified into types. Sometimes the fre- 
quencies tend to pile up on the left-hand side of the graph with a tail extending 
to the right, as shown in Figure 3.5. Such a curve is said to be skewed. If 


the tail goes to the right, we label this type of skew as bei iti i 
conforms with the mathematicians’ d wea Mer a 


opposite of the 
The student should 
ermines the sign of 


above, and this condition is called negative skewness. 
remember that it is the tail of the distribution which det 
the skewness and not the location of the pileup of scores 


Another type of curve that is by no means rare is the bimodal curve shown 
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in Figure 3.7. This curve has two peaks or modes. It is also possible for 
a curve to have more than two modes. 

The last type of curve that we shall consider is the one referred to as the 
normal or bell-shaped curve. This is the picture of the so-called normal 
distribution. A good share of the statistical operations covered in this book 


are based upon the as- 
sumption that the data 
being handled are nor- 
mally distributed. Since 
this type of curve is of 
such major importance, 


considerable time and 


space will be devoted to it FIGURE 3.5 A positively skewed curve. 
later, at which time we 
shall discuss its properties 
and uses. 
OTHER TYPES OF 
GRAPHS 
The Histogram. The FIGURE 3.6 А negatively skewed curve. 


histogram (Figure 3.9) is 


very similar in its construc- 
tion to the frequency 
polygon. Everything is 
the same up to the point 
of plotting the frequencies. 
The histogram in Figure 


ә is again based upon FIGURE 3.7 А bimodal curve. 
data in Table 3.2. Here 


is how this graph is made. 
The bottom interval 25-29 
has a frequency of 1. Start- 
ing at the lower limit of 
this interval, 24.5, the in- 
terval is marked off and, 
Since the interval has a қ 
frequency of 1, this interval 


has a height of 1 on the 
Y-axis. The next interval ^ FIGURE 3.8 The normal or bell-shaped curve. 
has a frequency of 0; hence | | 
there is а gap in our histogram at this point. At the interval beginning with 
34.5 we mark off a bar with a height of 3, since there are three scores in this 
interval. We continue this process until we have entered all the frequencies 
Into the graph. If the midpoints of the top line of each of the columns 
comprising the histogram were connected, one would have the same fre- 
quency polygon previously constructed. | 

The histogram is more time-consuming to make than the frequency 
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polygon. Also, only one can be clearly placed on any set of axes unless the 


second is reversed and plotted down from the X-axes. 


We saw how several 


frequency polygons were placed on the same axes to make comparisons and 
illustrate differences. This cannot be done easily and clearly with histo- 
grams. Their use is thus more limited than that of the other type of graphs. 
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FIGURE 3.9 Histogram for the geography scores in Table 3.1. 


Graphs for Frequencies, Proportions, and Percentages. In Table 3.6 are 
figures which give the number of drop-outs in five colleges of two universities 


TABLE 3.6. Drop-outs in the Various Colleges of Two Universities 


7 p P 

University University University 

A B A B A B 
Engineering 440 640 48 .58 489 58% 
Liberal Arts 220 220 24 20 242 2062 
Agriculture | 120 120 43 11 13% TUA 
Home Economics 80 80 .09 07 9% 7% 
Fine Arts 60 40 106 ‘04 6% 42 


920 1100 1.00 1.00 


100% 100% 


over a period of two years. Тһе frequenci 
proportions and percentages, p’s and P’s, 
graphs can be used to display pictorially these data. 


65 have been converted into both 
respectively. Many types of 


One of the commonest 
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of these is the bar graph (Figure 3.10... Another one frequently encountered 
is the pie diagram shown in Figure 3.11. The weekly news magazines, the 


University A University B 
Engineering 48% 58% 
Liberal Arts 24% 20% 
Agriculture 13% vx 
Home 7% 
Economics 9% 
Fine Arts 6% 4% 
FIGURE 3.10 Bar graphs for the data in Table 3.5. 
Agriculture Agriculture ы 
p Tm Liberal Home ` Liberal 


Home Arts 


Economics 


Arts Economics ~y 


Fine 
Arts ү 5% 


Engineering Engineering 


FIGURE 3.11 Pie diagrams for the data in Table 3.5. 


business sections of the daily newspapers, and our own professional journals 
include many illustrations of the various types of these graphs. There is 
Neither reason nor time to consider any more of these in this book. 


Exercises 


1. What are the exact limits and interval sizes for each of the following intervals? 


(a) 0-4 
(b (-3)-(-8) 
(c) 2-4 
(d) (—2)-(+4) 


(е) 98-103 
(f) 1.5-3.5 
( 5-10 

(В) .50— .75 


2. What class intervals would you use in working with the following distributions? 


N 


(a) 250 
(b) 250 
(с) 30 
(d) 20 


Low Score High Score 


0 98 
zl +1 
1 23 
0 15 
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3. The following scores were made on a 55-item test of elementary statistics: 


53 47 42 39 36 
52 46 41 39 35 
52 45 41 39 35 
52 44 41 39 34 
52 44 40 39 32 
51 44 40 38 31 
50 43 40 38 31 
50 43 40 38 30 
49 43 40 37 28 
48 42 39 37 22 
47 42 39 36 


(а) For the above data set up а frequency distribution starting with a bottom 
interval of 21-23. 


(b) Make another distribution, this time Starting with an interval of 20-22. 
(c) Compare the two distributions. 

(d) Construct a frequency polygon for these scores. 

(е) Smooth the data and plot the smoothed frequencies on the same axes. 


4. A third grade class of 36 pupils is given 100 words to spell. Their scores represent 
the number of words spelled correctly. 


56 70 21 15 75 88 
66 87 33 82 43 74 
43 95 78 64 72 36 
45 27 52 87 84 92 
38 33 60 73 71 74 
40 67 78 82 100 53 


(a) Establish а frequency distribution for these data. 

(b) Construct a frequency polygon for these data. 

(c) Construct a smoothed frequency polygon on the same axes. 
(d) Is the distribution skewed positively or negatively? 

(e) Construct a histogram for these data on the same axes. 


5. The distribution of total mental age scores of two groups of high school seniors 
made on the California Test of Mental Maturity follows: 


School A School B 


0 f 
250-259 1 0 
240-249 8 0 
230-239 12 4 
220-229 24 20 
210-219 32 32 
200-209 12 48 
190-199 8 44 
180-189 0 12 
170-179 1 12 
160-169 1 8 
150-159 0 8 
140-149 1 2 
130-139 0 3i 


(a) Plot these two distributions on the same axes, 
(b) Describe each of the distributions. 


AVERAGES 


One of the most important and basic things to do with a group of scores is 
to compute the average. This average gives us an indication of the way in 
which the scores pile up at the middle of a distribution. Usually three 
averages are considered: the mean, the median, and the mode. Of these 
three measures of central tendency, the mean is the one most commonly 
encountered, and, as we shall see later, it is this one that is basic to many 
other statistical computations. In these averages we have a single score 


which represents a group of individuals. 


THE ARITHMETIC MEAN 


The mean is another term for arithmetic average. Everyone who has 
ever computed an average has computed a mean. Very simply, the mean is 
the sum of the scores divided by the number of cases. Suppose that we have 
five scores; Y, = 10, X; = 12, X; = 15, Х = 18, and Х5 = 20. Then the 
mean (X), read as bar X, would be: 

XQ XK + Хз + Xa + Xs 


Х = N 
= 10 + 12 + 15 + 18 + 20 
м 5 
75 
S55 15 
Instead of writing the equation for the mean as above, we shorten it like this: 
en elk 
To 
where 
X = mean. 


УХ = the sum of the scores. E is the capital letter for 5 in Greek and is 
customarily used as an abbreviation for sum. 


N = the number of cases. 
29 
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The Mean for Grouped Data. When the scores have been entered into a 
frequency table, the mean is computed as is shown in Table 41. In this 


TaBLE 4.1. Computation of the Mean 
for Grouped Data 


а) (2) (3) 

7 x Жж 
80-84 1 6 6 
75-79 1 5 5 
70-74 1 4 4 
65-69 4 3 12 
60-64 4 2 8 
55-59 7 1 3 
50-54 6 0 0 
45-49 6 —1 -6 
40-44 6 -2 —12 
35-39 3 -3 -9 
30-34 0 -4 0 
25-29 1 =5 =5 
М = 40 Х-10 


table, the same scores which appear in Table 3.1 are again used. The method 

illustrated here is that of an arbitrary reference point.! The steps that we go 

through in finding the mean are outlined below: 

1. The frequency table is set up as described in Chapter 3. 

2. We take the midpoint of one of the intervals as the arbitrary reference 
point. As far as the result is concerned, it makes no difference where we 
Start. In the example illustrated, the midpoint of the interval 50-54, 52 
is taken as the arbitrary reference point. 

3. A second column is set up. This time it is labeled x’ and can be read as 
deviations from the arbitrary reference point. Since the interval 50-54 
was taken as the interval containing our reference point, there is no 

iati ed in column (2) for this interval. The interval 

of 55-59 deviates one interval from the arbitrary reference point and а 1 
is entered for this interval in column (2). This is continued upward until 
each interval has a value. Going back to our selected reference point, 
we do the same thing for the intervals below the mean. However, this 
time we place a minus sign in front of each of our deviations 

4. Next we multiply each f by its x’ and enter the product in the third column 

labeled fx’. 

. Sum this column. 


The mean is then computed by substituting in this equation: 


Aun 


(4.2) 


1 See Chapter 5, р. 52, for an explanation of this arbitr. 


; f ary reference point, which is 
referred to as the “assumed mean” by some writers, pemi; 
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where 


М" = arbitrary reference point. 
i = the size of the class interval and the other symbols are as previously 
defined. 
Then for our problem: 
5 10 
X=52+ 20 (5) 
50 
= 52 + 29 
= 52 + 1.25 
= 53.2 


Suppose that we work the problem over again, this time selecting the mid- 
point of another interval as the arbitrary reference point. It was noted 
above that it made no difference where we started. This time the data are 
set up in Table 4.2 and the computational work is recorded beneath it. We 


TABLE 4.2. Computation of the Mean 
and Median for Grouped Data 


а) (2) (3) 
f х fx 
80-84 1 | п 11 
75-79 1 10 10 
70-74 1 9 9 
65-69 4 8 32 
60-64 4 7 28 
55-59 7 | 18 6 42 
50-54 6 5 30 
45-49 6 | 16 4 24 
40-44 6 3 18 
35-39 3 2 6 
30-34 0 1 0 
25-29 1 0 0 
М = 40 Ў = 210 
‚+ BE 
X= M+ N @ 
210 
=27+ 70 (5) 
= 27 + 26.25 


= 53.2 


Берт by selecting the midpoint of the bottom interval as our reference point 
and placing a 0 for this interval for the x’ column. The next interval is given 
a value of I, and this is continued up to the top interval which receives a value 
ОЁ 11. The fx’ value is then computed for each interval and these are 
Summed. Substitution into formula 4.2 results in a mean of 53.2 which is 
identical with the value obtained in the first solution. We could repeat this 
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process ten more times, that is, we could use the midpoint of each of the other 
intervals as arbitrary reference points. If our work is done correctly, each 
solution will result іп а mean of 53.2. When we started with the bottom 
interval, all of our values were positive, but our values became rather large. 
Some prefer this to the method used first. However, it is felt that if no 
calculating machine is available, it is more practical to begin by selecting an 
interval near the center of the distribution. 

It might be noted that the mean obtained here is not identical with that 
obtained by adding all of the scores and dividing by М. Such differences 
between the means produced by the two methods are usually very small and 
of no practical significance. We say that this difference is brought about by 


the error of grouping. This concept will be discussed in detail in the next 
chapter. 


THE MEDIAN 


The median (Мап) is defined as that point in the distribution which has 
50 percent of the cases on each side of it. In other words, it is the midpoint 
of the distribution. 

Finding the Median for Ungrouped Data. When the number of scores is 
small, the easiest way to obtain the median is to arrange the scores from high 
to low, count the number of scores, divide this number by 2, and count up 
(or down) to find that point which has this number of scores below it. Sup- 


pose that we have the following 11 scores: 
20, 19, 18, 17, 16, 15, 14, 13, 12, 11, 10 
In this case 15 has five scores on each side of it and, hence, 15 is the median. 
Here is another series: 
20, 19, 18, 17, 16, 15, 14, 13, 12, 11 


In this series we count up 5 cases (or down 5) and this leads us to the point 
15.5 which is the median. 


The above two series are вазу ones and the т 
inspection. Suppose that our series is like this: 


21, 20, 19, 18, 17, 17, 17, 16, 15, 14 


This time we again have 10 cases and we wish to find a point which has five 
Scores on each side of it, that is, N divided by 2. 
counting cases. Тһе 14, 15 


edians can be obtained by 


first two. We can cont the number 17 or to the top 
of 16. This point is 16.5. Here we have to interpolate. We have used up 
3 cases and we need 2 more. These three 17's are assumed to be spread 
equally through the interval 16.5-17.5, and, since we want only two of these 
17's, we shall take a point which is two-thirds of the way through this interval 
asthe median. In summary, 


Мап = 16.5 + i = 1654 .67 = 172 
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Let us repeat this for another series of numbers. 
20, 19, 16, 16, 15, 15, 15, 14, 10, 8, 7 


This time there are 11 numbers in our series and 11 divided by 2 is 5.5. So 
we are looking for a point with 5.5 cases on each side of it. We start from the 
bottom counting cases and this time, after counting over 4 cases, we find that 
we are at the bottom of the number 15 and we again have to interpolate. 


Then the median is obtained as follows: 


Mdn - 145+ = 14.5 + .5 = 15 


Finding the Median for Grouped Data. To illustrate this technique, sup- 
pose that we use the data in Table 4.2. The first step again is to take 50 
percent of М or to divide М by 2. In this case N/2 is 20. Ме start at the 
bottom of the frequency distribution and begin counting up 20 cases. The 
upper limit of the interval 45-49 has 16 cases below it. If we add to this the 
frequency of the next interval, which is 6, we will have 22 cases, which is 
more than our needed 20. We go back to the interval 45-49 and interpolate 
to find the median. The interval 50-54 contains 6 cases, 4 of which we need. 
We assume that these 6 cases are spread equally through the interval and 
since we need 4 of these, we must go 4/6 of the distance through the interval, 
the size of which, for these data, is 5. Hence we add 4/6 ог-2/; of 5 to the 
upper limit of the interval 45-49 or to the lower limit of the interval 50-54, 
which is the same for both of these, 49.5. 

This may be summarized as below: 


Mdn = 49.5 + 4 (5) 


20 
-45-% 


= 49.5 + 3.3 
= 52.8 


The computation of the median may always be checked by repeating the 
Process illustrated above and beginning at the top and counting down N/2 
cases. For the data in Table 4.2, we find that the lower limit of the interval 
55-59 has 18 cases above it. At this point we interpolate as follows: 


Mdn = 54.5 — 20) 


10 
=545- 5 
= 54.5 — 1.7 


= 52.8 


which is the same result we obtained before. Notice this time that a minus 
Sign appears in the operation. This is necessary because we wish to continue 


going down. 
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THE MODE 


A third average which we shall mention very briefly here is the mode, the 
symbol of which is Mo. For ungrouped data, the mode is defined as that 
measure which occurs most frequently. When the data have been arranged 
into a frequency table, the mode is defined as the midpoint of the interval 
containing the largest number of cases. For example, the mode of the data 
in Table 4.2 is 57, the midpoint of the interval 55-59. 


WHEN TO USE THE DIFFERENT AVERAGES 


Of the three measures of central tendency, the mean is the one most fre- 
quently encountered. However, there are situations where its use is not 


justified. Suppose that ten individuals contributed th 


е following to ап 
organization: 


$20.00 
45 
25 
25 
15 
10 
10 
10 
05 
.05 


$21.30 


The mean for these figures is $2.13, whereas the median is 12 cents. The 
latter is a much more accurate picture of the average contribution than is 


the 
former. It should follow from this that when there are extremely high 


or 
Mo Mdn X 
FIGURE 41 Relative sizes of the different measures of central 
tendency in а positively skewed distribution. 
low scores, the median should be used in preference to the mean. The mean 
1$ to be used when any distribution tends to be normal 


when the distribution is normal. 


score in a distribution has an effect upon the mean. 


1 
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the top contribution could have been 2 million dollars and the median would 
still be 12 cents, but the mean would have increased considerably if the top 
value had been so changed. 

The mean is used when more computations are to be made later. The 
student will see that many of our other statistics are determined from the 
mean. Оп the other hand, the median has very limited use in statistical 
work. The median does have the advantage of being easy and rapid to 
compute. Of these two measures, the mean is the more reliable. By this 
we mean that from sample to sample it tends to vary less. This will be 
discussed later When we study sampling statistics. 


X Mdn Мо 


FIGURE 4.2 Relative sizes of the different measures of central 
tendency in a negatively skewed distribution. 


The third measure, the mode, is seldom used. It is very easy to compute, 
but it suffers from the fact that it is very unreliable. Let us refer to Table 4.2 
again. We noted that the mode for this distribution was 57, the midpoint 
of the interval 55-59. Now suppose one of these frequencies is removed 
from this interval and placed in the interval 45-49. This interval would now 
have a frequency of 7 and the mode of the distribution would now be 47. 
Then a change in the location of just one case brought about a change in the 
mode of 10. A statistic which fluctuates so is too unreliable for any but the 


crudest of uses. 


AVERAGING MEANS 


Frequently we have two or more samples where the mean of each sample 
has already been computed and we wish to find the mean of all of the іп- 
dividuals taken together in one group. We do this by computing the so-called 
weighted mean. Suppose that as a result of giving a test to three different 
groups, we obtain the following results: 


X,- 70 N4 = 30 
Хв = 60 Мв = 60 
Хс = 80 Nc = 10 


Where X and N stand for the means and the number of individuals in groups 
A, B,and C. To obtain the mean of the total, we multiply each mean by the 
number of individuals in its group, add these, and then divide this sum by the 


total number of cases, Ny- 
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X N 
70 x 30 = 2100 
60 x 60 - 3600 
80 x 10 = 800 
== 100 У = 6500 
Fi 55005 4- 


1 * 


It will be noted that this mean of 65 is different from that obtained by 
averaging the three means, which in this case would be 70. Only when the 
number of individuals in each sample is the same can the weighted or grand 
mean be obtained by averaging the means of all the samples. 


CENTILES OR PERCENTILES 


While these statistics are not averages, they are very similar in their com- 
putation to the median and are therefore included in this chapter. A centile 
or centile point is defined as a specific point in a distribution which has the 
percent of cases below it which corresponds to the value of the centile. For 
example, the 88th centile (Сөз) is that point in the distribution which has 
88 percent of the cases below it and Сі is that point which has 18 percent 
of the cases below it. The median is then the 50th centile. 

АП of the other centile points may be computed in the same fashion as the 
median. To illustrate how this goes we shall use the data which appear in 
Table 4.3. In computing the median the first Step was to take 50 percent of 


TABLE 4.3. Computation 
of the Various Centile 


Points 

RE A ccs 
^ d 

.2 سے 
2 130-139 
6 120-129 
8 110-119 

= SIG 
100-109 12 
90-99 20 
80-89 34 
10-79 33 
60-69 33 
50-59 > 

E‏ و 

40-49 mi^ 
30-39 7 
20-29 2 

ЕСЕ T = vc i e. 
N — 200 

CLIE WIN 


М (or to divide N by 2). Each of the other com i i 
h putations starts out in the 
same way. Suppose that we wish to find Ci; for the data in Table 4.3. The 
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first step is to take 18 percent of N or 18 percent of 200 which is 36. We 
begin to count up from the bottom to find which point has 36 cases below it. 
We proceed up to the lower limit of the interval 50-59. This point has 
20 cases below it. At this point we have to interpolate, as we now need 16 
of the cases in the next interval. This is done as follows: 


16 
Cig = 49.5 + 25 (10) 


160 
= 49.5 + y 


= 49.5 + 7.3 
= 56.8 


Next we shall compute the 88th centile, Css. We could start out by 
taking 88 percent of N and counting up from the bottom as we did for Сіз. 
However, we can make our work much easier, by taking 12 percent of N and 
by counting down from the top. For example, 


12% of N = 12% of 200 = 24 
8 
Css = 109.5 — 15 (10) 


80 
= 109.5 - 12 
= 109.5 — 6.7 
= 102.8 


Several of the centile points have special names, such as median for Cso. 
The centile point Сз; is known as the first quartile and is written as О\. 
Similarly, Су; is known as the third quartile and is written as Оз. Іп 
addition to these there are nine decile points which divide the distribution into 
ten equal parts. Сто would be the equivalent of the first decile, С the 


second, etc. 
Exercises 


1. The following figures represent the scores of 57 university students on a test in 
educational measurement. 


57-59 
54-56 
51-53 
48-50 
45-47 
42-44 
39-41 1 
36-38 
33-35 
30-32 
27-29 
24-26 


Compute the three averages for these data. 


озо Оо оло щл س‎ eN 
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2. The following distribution of scores was made on a clerical-sales scale of an 
interest inventory. 


Score f 
15 1 
14 10 
13 10 
12 16 
11 20 
10 15 
9 17 

8 20 
7 14 
6 18 
5 19 
4 15 
3 3 

178 


(а) Compute the three measures of average for these data. 
(b) Evaluate each as to applicability to these data. 


3. The following scores were obtained by a group of university students on the 
Otis Self-Administering Test of Mental Ability. 


71 61 54 50 
70 60 54 50 
69 59 54 49 
69 58 54 47 
69 58 53 40 
64 57 52 39 
64 56 52 34 
63 55 51 30 


(a) Group these data and find the mean. 

(b) Draw a frequency polygon for these scores. 

(c) What can you say about the usefulness of this test with this group? 
4. Two junior civics classes take the same midterm test. Their scores are: 


Class 1 Class II 


ت м о‏ ی o‏ ج кюл‏ د نا ن = © 
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(a) What is the mean, median, and mode of each class? 
(b) What is the mean of the total group (N = 79)? 
(c) What is the 25th centile of each group? 
- The Wechsler Intelligence Scale for Children is given to a class of 24 fourth grade 
pupils. Their IQ's are: 


98 115 122 99 
111 99 113 101 
108 103 95 89 
100 101 104 107 
° 96 114 116 113 
103 90 100 102 


(а) What is the mean IQ of the class? 
(b) What is the median IQ? 
(c) Can you tell if the scores are normally distributed, knowing the mean and 
the median? 
(d) What is the mode of this distribution? 
(е) Find the following centile points in this distribution: 
10th 25th 33rd 
75th 80th 95th 
- The following are scores of small groups on a series of psychological tests. For 
each, compute the mean, median, and mode. 
(a) 24, 26, 27, 29, 30, 31, 32, 33, 34. 
(b) 12, 22, 26, 27, 28, 30, 30, 31. 
(c) 8, 9, 10, 10, 10, 11, 11, 12, 12, 13, 18. 
(d) 12, 14, 14, 14, 14, 16, 18, 20. 
(e) 20, 21, 22, 23, 25, 26, 28, 30. 
(f) 2, 4, 5, 6, 6, 6, 7, 7, 8, 12. 
. One class of 33 students had a mean score of 55 on a statistics test. Another 
class of 22 had a mean score of 60 on the same test. Compute the mean of the 
two groups combined for this test. 


VARIABILITY 


In the previous cha 


pter we were concerned with the computation, meaning, 
and use of averages. 


А little thought will soon point up the fact that "dec 
in themselves do not adequately describe a distribution. Averages н 
the center of a distribution but tell us nothing as to how the scores or е 
ments are arranged in relation to the center. Let us take two illustra . 


TM ith 
Suppose that we have two distributions of scores on the same test, each wi 
a mean of 67. 


In the first of these the highest score is 72 and the lowest pes 
The second distribution has a high score of 107 and a low score of 25. | > 
Tange of the first distribution is 11 and that of the second distribution is 83. 
To give a muc 


h better picture of a distribution it follows from this that we 
need both a measure of central tendenc: 


y and one of variability or dispersion. 
In statistical work we would say that the first of our illustrations is a m 
Beneous group. Тһе individuals within it are very similar in reference 


the trait measured. The other group is described as heterogeneous, ws 
variability being great. Both of these terms are widely used in educational, 
sociological, and psychological work. 


MEASURES OF VARIABILITY 
The Range 

This statistic has alread: 
Score plus one. We used 
butions. We will Spend lii 


у been defined 


ity this one is the most unreliable. By this 

i aries more than does any of 
i Suppose that we have 
е highest is 103. Тһе 


the others. 
a distributio 
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The range сап be justifiably used when we want а hasty measure of varia- 
bility and we do not have the time to compute one of the others. Each of 
the statistics discussed later in this chapter is a better measure. Of course, in 
dealing with a population instead of a sample, the range becomes more 


useful. 


The Quartile Deviation 

The quartile deviation, symbol Q, is frequently called the semi-interquartile 
range. In the previous chapter it was stated that there were two quartile 
points, Q;, the équivalent of the 25th centile, and Оз, the equivalent of the 
75th centile. The quartile deviation or the semi-interquartile range is half of 
the distance between these two quartile points. In symbols we would write 


this as follows: 
О; — Qi (84) 


کڪ ڪڪ = Q‏ 


2 


This statistic is easy to calculate. To illustrate we have again set up in 
Table 5.1 the distribution of geography scores previously used for illustration. 


TABLE 5.1. 


Computation of the 
Quartile Deviation 


i 

80-84 1 

75-79 1 

70-74 1 

65-69 4 
|7 

4 

55-59 7 

50-54 6 

45-49 6 
о 

40-44 6 

35-39 3 

30-34 0 

25-29 1 

N = 40 


We must first calculate О; and Оз. By definition, Q, is the point in this 
distribution which has 25 percent of the scores below it. Twenty-five percent 
of 40 cases is 10 cases.. We start counting cases from the bottom and we 
find that below the lower limit of the interval 45-49 we have exactly 10 cases. 
No interpolation is necessary in this case and we record that Q, = 44.5. 
To find Q, we repeat this same process except that instead of going up 
75 percent of the cases, we come down from the top 25 percent of the cases. 
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Counting down we find that when we get to 64.5 (the lower limit of the 
interval 65-69), we have included 7 cases. We need 3 more. Since there 
are 4 cases in this interval we need to go three-fourths of the way through the 
interval. We can show the operation as follows: 


3 
Оз = 645 - 2(5) 
15 
— 64.5 — a 
= 64.5 — 3.75 
= 60.75 = 60.8 
To find Q we proceed as follows: 
_ OF =} 
0- 2 
60.75 - 44.5 
2 
16.25 
2 
= 8.125 = 8.12 


Interpretation of О. In the previous chapter we found that the median 
for the data in Table 5.1 was 52.8. In a normal distribution, if we take the 
median and add and subtract one quartile deviation on each side of it, we 
will cut off approximately 50 percent of the cases. That is, for the data at 
hand, we would expect to find 50 percent of the cases to fall between 60.9 


(the median plus one Q) and 44.7 (the median minus one О). This is shown 
graphically in Figure 5.1. 


-10 Mdn +10 
4427 52.8 60.9 


FIGURE 5.1 Relationship of Q to the normal curve. 


Using the fact expressed in the above рага 
on our calculations. According to our statement 
of the cases in the distribution shown in Table 5. 


and see how this checks out. Let us first 
ttom of the interval 45-49. The value 60.9 
ay through the interval 60-64. There are 
shall take 1 of them into our calculations. 


find 44.7. It is almost at the bo 
is roughly one-fourth of the w. 
4 cases in this interval and we 
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ال‎ cases are there between 44.7 and 60.9? We find 6 in the interval 
Ем. > 6in the interval 50-54, Тіп the interval 55-59, and we decided that we 
ры use 1 case in the interval 60-64. The sum of the frequencies between 

7 points is 20 which is 50 percent of 40, the total number of cases. 
" dae happens that if we measure off 4 quartile deviations on each side 
e: median, we will include practically all of the cases. We can state this 
efly by saying that 8 Q’s approximately cover the range. 
x When to Use the Quartile Deviation. Since the quartile deviation is 
Sociated with the median, it follows that whenever the median is used as a 
measure of central tendency, the quartile deviation is the appropriate measure 
= variability. И may be recalled that the median is the statistic to be used 
Ge measure of central tendency when we have a skewed distribution. Even 
en distributions are skewed, the check using the middle 50 percent of the 
Cases will work. 


The Average Deviation 

NS statistic, also referred to as the mea ger 

bri rx statistical work, having been replaced by the standard deviation. A 
lef consideration of it here, however, may make the material on the 

Standard deviation, which follows, easier. То begin, we shall define the 

Symbol x as a deviation of any score from the mean of its distribution. Іп 

Symbols, we can write this as follows: 


n deviation, is no longer widely 


х= Х- Х (5.2) 
Where 
X = the deviation of a score from the mean. 
= а raw score. 
= the mean. 


In any distribution the sum of these deviations from the mean is equal to 0. 
18 is an important fact about the mean. About no other point in any 


istribution is this true, A better definition of the mean would be that it is 
i at point about which the sum of the deviations is equal to 0.! 
Since the sum of the deviations about the mean is equal to 0, it follows that 
we can obtain no average deviation unless we modify our data. In actual 
Practice, we sum the deviations disregarding the signs. The equation for 


th eae E 
* average deviation is written 
zix] (5.3) 
Where 


|x| = the absolute deviations of the scor 
N = the number of cases. 


es from the mean. 


ce of the mean to the fulcrum of a system 
e or weight of each unit times its distance 
m of the moments on one side of the 
side of the fulcrum. 


esemblanı 
f the forci 
t, and the su 
ts on the other 


X 

мате Science student may note the r 

Tom th. inequilibrium. The product o 

fulery © fulcrum is known as a momen 
m is equal to the sum of the momen 
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The calculation of the average deviation is shown in Table 5.2. 


TABLE 5.2. Computation of the 
Average Deviation 


X х 
26 10 
24 8 
22 6 
20 4 
18 2 
16 0 
14 -2 
10 -6 
6 -10 
4 —12 
УХ = 160 Хх- 0 
Х-16 Хіх| = 60 М-10 
Ух 
вт 
_ 60 
710 
=6 


The Standard Deviation 


Of all the measures of variability, the standard deviation is by far the one 
most widely encountered, mainly because it is used in so many other statistical 
operations. We shall begin by showing how it is computed for both un- 
grouped and grouped data. With the ungrouped data, the process starts out 
in the same fashion as does that for the average deviation. That is, we first 
compute the mean. Then we compute the deviation of each score from this 
mean (see Table 5.3). Then we Square each of these deviations and add this 


TABLE 5.3. Computation of the Standard 
Deviation for Ungrouped Data 


x % E 
20 7.6 57.76 
18 5.6 31:36 
16 3.6 12.96 
14 1.6 2.56 
13 .6 E= +19 36 
11 -14 1.96 
D -24 576 
E -34 11.56 
5 -44 1936 
5 -74Х--19 5476 


У = 124 5-00 
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column. А check on our work would be that the sum of the x column or 
the sum of the deviations about the mean should be 0. We find that this is 
true for our problem. To find the standard deviation we use the following 
formula and substitute in it as shown.? 


Xx? 


SEDAN (5.4) 
9 
, 5 = 4 


5 = 4.7 


If a calculating machine is available, it is much easier to use the so-called 
raw score formula for getting the sum of the deviations squared. This sum 
is usually referred to as the sum of the squares and is one of our most useful 
statistics, This technique is illustrated in Table 5.4. In this table we copy 


TABLE 5.4. Computation 
of the Standard Deviation 
Directly from Raw Scores 


X х2 
=  ———== 
20 400 
18 324 
16 256 
14 196 
13 169 
11 121 
10 100 
8 
5 25 
У = 124 E = 1736 


down the scores and label the first column Х. The second column is merely 
the square of each X. (The student should remember that there is a table of 
squares in the back of the book from which the square of any number from 
1 to 1000 is easily read.) Both columns are then summed. It should be 
pointed out that when a machine is used, it is not necessary to copy down the 
original scores or their squares as shown in Table 5.4. These are entered 
into the machine one at a time, and as the process goes along, the sum of 
each is accumulated. At the end, both values may be read directly from the 


machine as may the number of cases. 


2 Tn some texts, the standard deviation is found by using N instead of N — 1. As will 
be discussed in Chapter 9, N — 1 is used 10 correct for а bias іп the sample standard 
deviation. When the sample is small, it is better to use N — |. In large samples, it 


makes little difference which is used. 
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For this method we obtain the sum of the squares by the following equation: 


2 
Ex? = Ух? — ae (5.5) 
(124)? 
Ух? = = ЕЕ 
x 173 10 
е 15376 
2 = — See 
X = 1736 — BY 
Ex? = 1736 — 1537.6 
Хх2 = 198.4 


This value for the sum of the Squares is the same as obtained by taking the 
deviation of each score from the mean. Even without a calculating machine 
students may find that this method is easier than the first. After we obtain 
the sum of the squares, we next insert our values into equation 5.4 and solve 
for the standard deviation. 

Standard Deviation for Grouped Data. This technique is shown in 
Table 5.5. Тһе beginning steps are the same as those we went through in 
calculating the mean for grouped data. Inspection of Table 5.5. shows that 


TABLE 5.5, Computation of Standard Deviation for Forty Scores 
on a Statistics Test 


а) (2) (3) (4) (5) (6) 
Ў x fx Ж? f(x’ + 12 
80-84 1 6 6 36 49 
75-79 1 5 5 25 36 
70-74 1 4 4 16 25 
65-69 4 3 12 36 64 
60-64 4 2 8 16 36 
55-59 7 І 7 7 28 
+42 
50-54 6 0 0 0 6 
25-49 6 = E- 6 0 
40-44 6 = -12 24 6 
35-39 3 EN] -9 27 12 
30-34 0 == 0 0 0 
25-29 1 = —5 Kos 18 
-32 
N = 40 X210 D=218 ® = 278 


| 
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To find the standard deviation we again have to find the sum of the squares. 
For grouped data this is done as follows: 


хер Ба M E (5.6) 


Хх? = 52 [2 - co] 
Ух? = 25 [2 = E 
Ух? = 25[218 - 2.5] 
Dx? = 25 [215.5] 

Xx? = 5387.5 


We obtain the standard deviation in the usual fashion by solving as shown 
below: 


_ Хх2 
SUMI 

_ |53875 

Ж 39 
5 = V138.13 
5 = 11.8 


We сап check the accuracy of the work in several ways. Тһе first of these, 
called Charlier’s check, is a check upon the accuracy of the sums in our fx’ 
and /х'2 columns. To carry out this check, we set up column (6) as shown 
in Table 5.5. The heading here tells us to take each x’ value, add one to it, 
square it, and then multiply it by the frequency of the interval. For the top 
interval this becomes 6 plus 1 which is 7, 7 squared is 49, and this multiplied 
by the frequency, 1, is still 49. When each interval has been so treated, the 
values in column (6) are summed. Charlier’s check is made by substituting 
in the following equation: 

f(x + 1)? = Efx? + --Xf (5.7) 
278 218 + 2(10) + 40 
7278 = 218 + 20 + 40 
278 = 278 


We shall present a second, rough check on our computed standard deviation 
after we discuss the meaning of a standard deviation. 

Interpretation of Standard Deviation. This statistic is associated with the 
normal curve. When our data take the shape of the normal curve, standard 
deviation units measured off along the base line, starting from the mean, 
always cut off certain proportions of the area under the curve. In our 
problem that is illustrated in Figure 5.2 the mean of 53.2 is recorded at the 
center of the curve. Then one standard deviation unit is added to this mean, 
53.2 + 11.8, resulting in a score of 65.0. Similarly, one standard deviation 
is measured off on the other side of the mean. Іп а normal curve, these two 
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standard deviation units taken together cut off approximately 68 percent of 
the area. We shall in future chapters refer to this as two-thirds the area. If 
we measure off two standard deviation units on each side of the mean, we 
include between these two points approximately 95 percent of the area. And 
when we take three standard deviation units, over 99 percent of the area of 
the curve is included. Actually about 13 cases in 10,000 are left over on each 
side of the mean out beyond the plus and minus three standard deviation 
points. Ina later chapter on the normal curve we shall see where these values 
come from. 

Let us return to Table 5.5. and see how our computed standard deviation 
checks when we count the number of cases included by one standard deviation 
unit on each side of the mean. As previously noted, the points corre- 
sponding to plus and minus one standard deviation are 65.0 and 41.4, 
respectively. Let us locate 65.0 on Table 5.5. For all practical purposes we 
might say that it is the point at the top of the interval 60-64. So we shall 


34% 34% 


= 3s —2s —1s x +15 H2 +% 
17.8 29.6 41.4 53.2 65.0 76.8 88.6 


FIGURE 5.2 Standard deviation units and the normal сигуе. 


Start counting down the number of cases between this and 41.4. We have 
to determine how many of the 6 cases in the interval 40-44 are above 41.4 
and are to be included in our sum. The top of this interval is 44.5. The 
value 41.4 is 3.1. units below this. Hence we want 3.1/5 of the 6 units or 
approximately 4 of them. So starting from the top (65.0) we add 4 + 7 + 
6 + 6 + 4 which equals 27. The number of the cases in this problem is 40. 
A standard deviation taken on each side of the mean would then include 
27/40 of the distribution which in terms of percents reduces to between 67 
and 68 percent. This check may not always come as close as this to the 
values of the normal curve; but if the computational work is correct, the 
percentage areas of the normal curve should be approximated. 

Relation of the Range to the Standard Deviation. We noted above that 
approximately six standard deviations cover the range. This is true only 
when the number of cases is large. As М decreases, the number of standard 


deyinfionis needed to include all of the cases decreases. Here is how it 
looks: : 


3 Adapted from L. Н. С. Tippett. Оп the extreme individu: 


A als and thi 1 
from a normal population. Biometrika, 1925, 17, 386, НЫ 
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N Number of Standard Deviations 
Including the Range 

5 2.3 
10 3.1 
25 3.9 
30 4.1 
50 4.5 
100 5.0 
500 6.1 
1000 6.5 


The Variance. Much of our statistical work is handled using another 
statistic to describe variability. This statistic is called the variance and is 
nothing more than the standard deviation squared. 
zx? 
= 
where 52 = the variance and other symbols are as previously described. Іп 
this text we shall have limited use for the variance, but a good share of 
modern statistics is based upon the manipulation of variances. 

The Error of Grouping. In Chapter 4 we noted that when data are grouped 
the means computed from such data are not identical with the means com- 
puted from the raw scores. We stated that these discrepancies were caused 
by the error of grouping. We shall now examine this phenomenon more 
closely. А 

Suppose that we have а distribution with a range from 30 to 100 and that 
these scores аге set up into a frequency distribution as shown in Figure 5.3. 


(5.8) 


52 = 


ә o о о о o 
= ВЕ NS Иа = 
E о mM 


FIGURE 5.3 Frequency distribution and curve for data showing that the midpoint 
of the interval does not have an equal area оп both sides of it. 


Note that all of the data are included within seven class intervals. Let us 
Suppose that the mean is 70. First, we shall consider the interval 70-79. 

he midpoint of this interval is 74.5. In Figure 5.3 it is apparent that more 
of the area of this interval is found below the midpoint than above it. By 
Chance, we should expect to find more scores between 69.5 and 74.5 than 
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between 74.5 and 79.5. This would be true for all intervals above the mean. 
The midpoint of each interval is too large when taken as an average of all of 
the scores in an interval. An inspection of the intervals below the mean 
shows that for all of these intervals, the reverse of this is true. The midpoint 
for these intervals is too small or too low. 2. 

In the computation of the mean, these discrepancies are of no major im- 
portance. Deviations on the positive side tend to be canceled out by 
deviations on the negative side and, in the long run, the mean computed by 
the group method is very similar to that computed by the raw score method. 
This, however, is not true for the standard deviation. Тһе coarser the 
grouping, the greater the effect of this error of grouping upon the standard 
deviation. Any distribution which has less than 12 to 14 class intervals can 
be considered to have coarse groupings, and the standard deviation computed 
from such frequency distributions should be corrected. The pertinent cor- 
rection here is known as Sheppard’s correction and is given by the following 


formula: 
oe Je im 5 (5.9) 


Se = the standard deviation corrected 
about by coarse grouping. 
5? = standard deviation squared, or variance, obtained from the coarsely 
grouped data. 
i = the size of the interval. 
Averaging Standard Deviations. 
to average two or more means, w 


where 


for the systematic error brought 


In Chapter 4 we learned that if we wished 


е could do it by the so-called weighting 
method. Standard deviations cannot be treated in the same manner. When 


two or more standard deviations are to be averaged, the following formula 
from McNemar (10) is to be used: 


= [NaQU? + 542) + Мв (Хв? + sp) _ 
= я Na + Ng ады: 5-10) 


to 


5r — standard deviation of combined group. 


= number of individuals in each of the 


two groups. 
Ха, Xy = means of the two groups. 


Weighted mean of the two groups combined. 
standard deviations of the two groups being combined. 


If more than two groups are being combined, an additional 
in both the numerator and denominator for each addition, 
Summary of the Measures of Variability. 
summarize the four measures of variability. 
l. The Range. This is least reliable 
use except when speed is a 
up a frequency distribution 


Sa, Sg = 


element is placed 
al group. 
At this point we shall briefly 


able of all four measures. It is of limited 
n Issue or in simple situations such as setting 
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2. The Quartile Deviation. This statistic is always associated with the 
median, being used whenever the median is used as a measure of central 
tendency. This is usually the case in skewed distributions. It is noted 
here that in a normal distribution the quartile deviation and the standard 
deviation have a constant relationship. О = .6745s. 

3. The Average Deviation. This is used with the mean in a normal distri- 
bution. In the past it was a rather widely used statistic, but today it is 
almost completely replaced by the standard deviation. 

4. The Standard Deviation. This is the most reliable of all four measures 
and the one most frequently encountered. It is associated with the mean 
and, when used, we assume that the shape of our distribution of scores or 
measurements tends to conform to that of the normal curve. As we shall 
see this statistic has many uses in modern statistics and is one of our most 
important ones. 

Saving Time in Computational Work. Many times we are plagued with 
decimals, negative numbers, and rather large numbers. Our computational 
work can be made much easier if we become aware that there are operations 
which can be performed on scores which do not affect the results and which 
make our work much easier. Suppose we have a group of scores, some of 
which are negative. Let us add a constant to each of the scores so that all 
Scores are positive. What have we done to the mean and the standard 
deviation of our original scores? In another case, suppose that our scores 
are all decimals to the nearest thousandths. Suppose that we multiply each 
score by 1000 (this is the same as dropping the decimal point). How are the 
mean and standard deviation affected this time? Such operations as these 
are known as coding and are illustrated in Table 5.6. 


Таві 5.6. Coding Data in Various Ways 


(1) (2) (3) (4) (5) (6) (7) (8) (9) 


X X x2 (X — 10) ж х2 2x x x2 
20 5 25 10 5 25 40 10 100 
19 4 16 9 4 16 38 8 64 
18 3 9 8 3 9 36 6 36 
17 2 4 7 2 4 34 4 16 
16 1 1 6 1 1 32 2 4 
15 0 0 5 0 0 30 0 0 
14 =] 1 4 -1 1 28 =2 4 
13 -2 4 3 -2 4 26 -4 16 
12 -3 9 2 = 9 24 -6 36 
11 -4 16 1 -4 16 22 -8 64 
10 -5 25 0 =5 25 20  —10 100 
Sums = 165 0 110 55 0 10 330 0 440 


We shall now take up Table 5.6 step by step. In column (1) is а set of 
ll scores, the sum of which equals 165. Dividing this by the number 
of cases, 11, gives us a mean of 15. In column (2) we have the deviation of 
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each of the scores from the mean of 15. This column sums to 0, which is 
correct, as the sum of the deviations about the mean is equal to 0. In 
column (3) we have squared each of our deviations and these are summed, 
giving us a sum of the squares equal to 110. Substituting into the formula for 
standard deviation and solving results in a standard deviation of 3.3, 

Іп column (4) appear the results of subtracting a constant of 10 from each 
of the scores in column (1). These are added and the mean is again com- 
puted. This time the mean is 5. Columns (5) and (6) are the deviations 
and the deviations squared for each of the values in column (4). This time 
the sum of the squares is again 110 and the standard deviation is also found 
to Бе 3.3. Then we see that when we subtracted а constant from each of our 
scores, the same constant was subtracted from the mean, but the standard 
deviation remained the same. So to get the correct answer when data are 
coded in this fashion, we would have to add to the mean the constant which 
was subtracted from each score, but the standard deviation does not have to 
be changed. If we added a constant to each Score in any distribution, we 
would find that the results are the same as above. The mean has changed, 
but the standard deviation remains the same. Іп this case, however, instead 
of adding the constant to the mean, we would have to subtract it to obtain 
the correct mean. 

Now let us see what happens when we multiply each score in a distribution 
by a constant. In column (7) appear the same scores as in column (1) except 
that each has been multiplied by a constant of 2. This column is summed, 


the sum divided by 11, and a mean of 30 obtained. 
are found the deviations і 


6.6. Hence, when every 


value, both the mean and standard deviation we 
value. This time if we 
6.6 by 2 we have the mean and standard of the original data. 
multiplying each score 
mean and the standard deviation are d 


Computing statistics by grouping data uses these coding operations. We 
shall illustrate this using the data in Table 5.7. In this Table column (1) 
includes the frequencies for each of the intervals. Іп column (2) are written 
the midpoints of each of the intervals. In calculating the mean by the 
method of the arbitrary reference point, the first step is to choose the mid- 
point of one of the intervals as the Starting point. In this case we have 
selected the interval 50-54, the midpoint of which is 52. This midpoint of 52 


1 idpoints recorded in column (2. The 
iinde 8 shown in column (3). Weare continuing the coding 
by dividing each of the values in column (3) by 5, the size of the class interval. 
These quotients make up column (4). The numbers in column (5) are the 
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TABLE 5.7. The Use of Coding When Data Are Grouped 


(1) (2) (3) (4) (5) 
Midpoints Values in Column 
f Midpoints Minus 52 Divided by 5(x’) fe 
80-84 1 82 30 6 6 
75-79 1 77 25 5 5 
70-74 1 72 20 4 4 
65-69 4 67 15 3 12 
60-64 4 62 10 2 8 
55-59 7 а 57 5 1 7 Sa 442 
50-54 6 52 0 0 
45-49 6 47 -5 _1 -6 
6 42 -10 -2 -12 
35-39 3 37 —15 -3 -9 
30-34 0 32 -20 -4 0 
25-29 1 27 -25 -5 -5 Х--32 
М = 40 5 = 10 


products of the values of column (1) multiplied by the values in column (4). 


Then these are summed, giving us in this case a sum of 10. 
Now let us find the mean of this coded sum: 10 divided by 40 gives us a 


mean value of .25. Now we decode this value by reversing the steps that we 
went through in the coding process. We first multiply this Бу 5 (.25 х 5 
= 1.25) and then we add this to 52, the value we subtracted out. If we add 
1.25 to 52 we get 53.2, the value that was obtained in Chapter 4 for the mean 
of these data. Instead of going through the operations in this manner, we 


use equation 4.2 which is as follows: Y = M' + m (i). All of the decoding 
Operations are summarized in this formula. 


Exercises 


1. The instructor of a freshman English course in a university has administered the 
STEP Writing Test to one of his classes. Their scores are as follows: 


37 35 
35 34 
43 44 
45 43 
45 34 
35 40 
35 38 
42 37 
40 40 
46 38 

36 


(a) What is the range of these scores? 

(b) Why might the instructor want to know the range? 

(c) The instructor reads this chapter and says “For my purposes the range is 
the best measure of variability—unreliability be hanged!" Is he right or 


wrong? Why? 


54 


- On a scale to 
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5 study periods. 
The first group achieves these scores: 

30 61 

75 73 

55 24 

73 54 

83 58 

62 


(a) What is the range of the distribution? 
(b) The principal asks the counselor to estimate t 


Seniors who plan to enter college. Is the ra 


he range of the total group of 
estimate? 


nge of this first group the best 


The distribution of Scores for the 112 seniors mentioned in Exercise 2 is: 


90-94 1 55-59 14 
85-89 2 50-54 11 
80-84 3 45-49 11 
75-9 5 40-44 16 
70-74 11 35-39 8 
65-69 12 30-34 5 
60-64 10 25-29 2 

20-24 1 


(а) What is the quartile deviation of this distribution? 
(b) How might this Q help the counselor in his work? 
measure attitudes towari 


d school integration a senior Civics class 
made the following scores: 


6 4 
4 9 
8 6 
1 5 
3 2 


ш з — ی‎ со 
л لہ‎ о оо 


(а) What is the quartile deviation? 
(b) Is quartile deviation appropriate here? 


Biven in Exercise l; 
(b) Multiply this s b 


Product to the Mean of the distributi 
f the scores i al е distribution. 
to be lower than th п another similar Sample would you expect 


results: 


(a) What is the mean of the three groups combined? 
(b) Find the standard deviation of three groups taken together. 


Class A 
Class B 
Class C 


Variability 


7. The same statistics test was administered to three classes with the following 


x 
82 
86 
88 


5 

10 
12 
16 


М 
25 
35 
20 


55 


8. A group of university seniors made the following scores оп the Graduate Record 


Examination: 


By the most efficient method compute the mean and standard deviation. 


602 
650 
552 
402 
460 


9. Calculate the standard deviation of any or all of the problems at the end of 


Chapter 4, 


6 


CENTILES 
AND STANDARD SCORES 


CENTILES 


In this chapter we shall consider two types of scores very widely used in 
educational and psychological work. The first of these, the centile, or 
percentile point, we have already met in Chapter 4. There it was mentioned 
that the median was the 50th centile and, since we were learning to compute 
the median, we studied the computation of any centile point. To establish 
a set of centile norms, that is, to compute each of the centile points for any 
set of data, would be a rather tedious job. Fortunately we can construct a 
special type of curve from which these centile points may be read. 

Obtaining the Cumulative Frequencies. In Table 6.1 appears a frequency 
distribution of the scores of 376 boys on a test of mechanical ability. 
Column (2) contains the frequencies. In column (3) we have the cumulative 
frequencies, cf. These are obtained in this manner. Starting from the 
bottom, we ask ourselves how many scores there are below the upper limit 
of the bottom interval. The answer is 4. So a 4 appears as the bottom 
entry in column (3). Next we ask how many scores fall below the upper 
limit of the next interval, that is, how many scores are there below 14.5. 
The answer to this is 19, the sum of all of the scores below this point. The 
cumulative frequency for the next interval is 23 + 19 or 42. The process is 
continued by adding the frequency of the interval to the cumulative frequency 
of all the intervals below the given interval. If the work is done correctly, 
the cf of the top interval will be the same as the number of cases. 

Obtaining the Cumulative Proportions and Percentages. As pointed out in 
Chapter 3, the easiest way to convert a set of frequencies to proportions is to 
obtain a constant multiplier by dividing 1 by the number of cases and then 
. multiplying-each frequency by this constant to obtain the proportion. For 
these data, the constant multiplier is 1 divided by 376 which equals .00266. 
Each cumulative frequency in column (3) is then multiplied by .00266 and the 
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TaBLE 6.1. Obtaining Cumulative Frequencies, 
Proportions, and Percentages 


(1) (2) (3) (4) (5) 
y cf cp cP 

60-64 2 376 1.000 100. 
55-59 12 374 995 99.5 
50-54 20 362 .963 96.3 
45-49 32 342 .907 90.7 
40-44 . 46 310 824 82.4 
35-39 58 264 702 70.2 
30-34 64 206 1548 54.8 
25-29 58 142 377 37.7 
20-24 42 84 223 22.3 
15-19 23 42 112 112 
10-14 15 19 1050 5.0 
5-9 4 4 01 11 

М = 376 


results are recorded in column (4). This column is headed cp, cumulative 
Proportions. To change these cumulative proportions to cumulative per- 
centages, cP, each cp is multiplied by 100. These values appear in column (5). 

Constructing the Cumulative Percentage or Ogive Curve. In setting up the 
Cumulative proportion, cumulative percentage, or ogive curve as it may be 
called, we follow the general rules of building graphs which we discussed in 
Chapter 3. We attempt to have the ratio of the Y-axis to the X-axis as 2 is 
to 3. The cumulative proportions or cumulative percentages are always 
placed along the vertical or Y-axis. Ав in the frequency polygon, the scores 
are entered on the horizontal or X-axis. The values on the Y-axis will always 
range between 0 and 1 or 0 and 100, depending on whether or not we are using 
Proportions or percentages. Іп this case we are going to plot the cumulative 
Percentages. It may be recalled that when we were plotting a frequency 
Polygon we placed the tally mark above the midpoint of the class interval. 
In Plotting the cumulative percentage graph, we use the upper limits of each of 
the intervals and place our tally marks above these. This is consistent with 
the concept of cumulative frequencies or cumulative percentages. Іп setting 
these up in our frequency table, we asked ourselves how many or what percent 
of the cases fell below the upper limit of the class interval. The setting up of 
One of these curves is shown in Figure 6.1. 

The upper limit of the bottom interval is 9.5. Hence, above 9.5 on the 
X-axis we go up 1.1 points and place our tally. Above 14.5, the upper limit 
ОЁ the next interval, we count off 5 units on the Y-axis and again place our 
mark. This process is continued until all values are plotted. Then a 
Smoothed curve is drawn. Some of the plotted points will not be on the 
Curve, some appearing on one side and some on the other. Such smoothed 
Curves as this always take the shape as shown in Figure 6.1 and are frequently 
referred to as S-shaped curves. The curve is brought to the base line by 
Boing down to the next interval and giving it a cP of 0. 
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Reading the Centile Points from the Ogive Curve. If the cumulative per- 
centage curve has been accurately constructed on a large piece of graph paper, 
centile points may be read from it with a high degree of accuracy. To read 
the points a ruler is placed on the cP column at the centile point desired and 
a straight line is drawn over to the curve. From this point on the curve 
another line is drawn down to make a right angle with the X-axis. The point 
on the X-axis where this vertical line meets the X-axis is the desired centile 
point. In Figure 6.1 lines are drawn showing the values for Со, the median, 
and Оу. These values are approximately 43, 33, and 25, respectively. These 
values are very close to the computed values Гог the same statistics which are 
43.5, 33.4, and 25.4. 

Use of Centiles.  Centiles are widely used in educational circles in report- 
ing the results of standardized tests. In their favor it can be said that they are 
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FIGURE 6.1 


Cumulative percentage or ogive curve for the ability test scores 
in Table 6.1. 


cation of an individual’s rank in a group. 


Centiles do, however, have serious limitations and many testmakers and 
users of tests no longer bother with them. If you examine a set of centile 
norms or a profile sheet based upon such norms, you will note that the centile 
norms are piled up at the middle of the distribution. Notice Figure 6.2. A 
raw score of 33 is equivalent to Cso, а raw score of 36, to a centile point of 60, 
and a raw score of 30, to a centile point of 40, A change in six raw score 
units is the equivalent to a change in 20 centile units. There is, then, a piling 
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up of centile points at the center of the distribution and differences between 
them at this part of the curve have little meaning. 

| То state that an individual who is at C4, оп a certain test differs from the 
individual who is at Cs; on the same test is making much ado about nothing. 
At the center of distribution, the use of centile scores tends to exaggerate 
differences that are not actually in existence. Centiles are unequal units of 
measurement and cannot be treated arithmetically. That is, there is no 


Centiles 5 10 20 405060 80 90 95 
Raw Scores 15 20 23 303336 43 49 53 


FIGURE 6.2 Centile and raw score equivalents for the data in Table 6.1. 


justification for averaging them, combining them, or treating them in any 
mathematical fashion. As statistics go, these are dead ends. Nothing 
Should be done with them. If one wishes to manipulate data which have 
been reduced to centiles, one should convert the data back to raw scores and 
Work with these. Since centiles are unequal units of measurement, some 
Statistical workers feel that we would be better off without them. As far as 
Standardized tests go, they are becoming less and less frequent as a method 


istribution of centiles. 


FIGURE 6.3 The rectangular di 
However, in certain circles, they will be 


With us fora В 
ong time to соте. m 

Let us see ақ ааа pile up at the center of the distribution. If we go 
E ile point as a point in a distribution 

With a certain percent o the cases below it, it follows that 
10 15 that point in the distribution with 10 percent of the cases below it. 
low Со would be another way of 


еп percent of the area of a curve falls be гу 
Stating this, Figure 6.3 illustrates this. If we take Co next, it is by 
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definition that point with 20 percent of the cases in the distribution below it. 
Ten percent more of the area is added below С. 20 in our figure. This may be 
continued until all of the area or all of the cases of a distribution are accounted 
for. The resulting figure looks like Figure 6.3 which instead of being a 
normal curve is a rectangle. The distribution of centiles is described as 
being rectangular. Measurements made in social and biological sciences 
tend to take the form of the normal curve. Distortions come about when 
such data are manipulated using centiles which belong with a distribution of 
another shape. 

Frequently we would like to know the relationships that exist between the 
various centile points and the normal curve. These are shown in Figure 6.4. 


34% 34% 


Centiles 1 2.5 16 50 84 97.5 99 
Sb -3 22 MN. i х 41 *2 +3 
FIGURE 6.4  Centile equivalents of the various standard deviation units. 


One standard deviation above the mean is the equivalent of Сул. This means 
that 84 percent of the cases in a normal distribution are below the point 


equivalent to one standard deviation above the mean. Other relationships 
can be seen from Figure 6.4, 


STANDARD SCORES 


The second type of score to 
score, the symbol of which is = 
below: 


be considered in this chapter is the standard 
- The formula for a standard Score is given 


(6.1) 
‚ where 
X — any raw score. 
X, s = the mean and standard deviation of the distribution of scores, 
respectively. 


To illustrate the computation and nature of standard scores let us take the 
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following scores which are a part of a distribution with a mean of 60 and a 
standard deviation of 10. 


X x z 

70 10 1.00 
60 0 .00 
50 —10 — 1.00 
54 -6 -.60 
46 -14 -1.40 


In the first cohumn we һауе the raw scores (X). Each of these is sub- 
tracted from the mean and then this deviation from the mean, or x, is divided 
by the standard deviation to change the deviation values into standard score 
values. The raw score of 60 is at the mean. There is no deviation; hence 
the standard score is 0. А raw score of 70 is one standard deviation above 
the mean. This results in a z-score of 1.00. When we change raw scores to 
Standard scores we are expressing them in standard deviation units. These 
Standard scores tell us how many standard deviation units any given raw 
Score is above or below the mean. 

Since three standard deviations in either direction on either side of the 
mean include practically all of the cases, it follows that the highest z-score 
usually encountered is +3.00 and the lowest is — 3.00. We can describe the 
distribution of such z-scores by saying that they have a mean of 0 and a 
Standard deviation of 1. This is shown in Figure 6.5. Thus any time that 
We see a standard score we should be able to place exactly where an individual 
falls in a distribution. A student with a z-score of 2.50 is 2.5 standard 
deviations above the mean in that test distribution and has a very good score. 
These standard scores are equal units of measurement and hence can be mani- 
pulated mathematically. It should be noted here also that changing a 
distribution of scores to z-scores does not change the shape of the original 
distribution of scores. If the distribution was positively skewed to begin 
With, z-scores made from such a distribution would be positively skewed. 

Since z-scores are expressed in decimals and since in any distribution half 
of them are negative, they are rather cumbersome to handle. Many times 
So-called linear transformations are made. Such transformations consist 
of making the scale larger so that negative scores are eliminated and using a 
larger standard deviation so that decimals are done away with. This trans- 
formed score can be obtained from the following equation: 


Standard score = z (new standard deviation) + the new mean 


А common form for these transformations is based upon a mean of 50 and a 
Standard deviation of 10. In equation form this becomes 


Standard score — z(10) -- 50 
Ог starting with the raw scores we have 


x-X 
Standard score — e» (10) + 50 
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This system with a mean of 50 and a standard deviation of 10 is a very 
popular one. It has been widely used by branches of the Armed Forces for 
many years. With this distribution we have a mean of 50 and a range of 
between 20 and 80. All scores are positive and all can be rounded to two- 
place numbers. Figure 6.5 shows this distribution of scores and also several 
others. The third row in Figure 6.5 is the type used on the Army General 
Classification Test of World War Ш. This has a mean of 100 and a standard 
deviation of 20. The last row of these figures shows the type used by the 
College Entrance Examination Board and the Graduate Record Examination. 
Here we note a mean of 500 and a standard deviation of 100. Any system 
can be set up, but the ones noted above are those most frequently encountered. 


= 1 = = 


z-Scores =з =3 EST 0 +1 T2 +3 

Navy Scores 20 30 40 50 60 70 80 
AGCT 40 60 80 100 120 140 160 
CEEB 200 300 400 500 600 700 800 


FIGURE 6.5 Distribution of the various types of standard Scores, 


Some standard scores have been normalized. 
distributions of these scores has been made to con 
curve. We shall take up the normalizing of score 
we shall briefly note some of these normalized standard scores. 
common one is the T-score which has a mean of 50 and a standard d 


Uses of Standard Scores. Since standard Scores are equal units of measure- 
ment and since their size is the same from distributi 


research using test results. When the results of di 
same individuals are to be compared, this is best do 
Scores. This process is illustrated in Table 6.2. 

In Part A of Table 6.2 are presented the scores of students on three ele- 
mentary school tests. Only the scores of three Students are shown. At the 
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TABLE 6.2. Comparing and Combining Scores 
Made on Different Tests by the Use of 
Standard Scores 


Part A. Raw Scores 
Student Geography Spelling Arithmetic 


A 60 140 40 
B 72 100 36 
С 46 110 24 
о etc. 
Mean 60 100 22 
Standard 
Deviation 10 20 6 


Part В. Standard Scores 


Student Geography Spelling Arithmetic Average 


A 50 70 80 67 

B 62 50 73 62 

С 36 55 53 48 
etc, 


cn ڪڪ‎ F 
ndard deviation of each test. If one 
6.2, it should be apparent that as they 
Which student had the best overall 
different students do best? or worst? 


b 
Ottom are shown the mean and sta 


Stand, they convey little meaning. 
Performance? Оп which test did the 


One of these questions can be answered as the scores are shown. 
se scores to standard scores. For this we 


sn Suppose that we now change the уге: 
all use the system with a mean of 50 and a standard deviation of 10. We 
shall start with the geography test and for all of these we shall use this 
transformation equation 
-Х 
Standard score = x-7 (10) + 50 
Taking the geography score for student A, his standard score for this test is 


60 — 60 
ar ap 50 
SS = —10 (10) + 
= 0 + 50 = 50 
Тһе Beography score for student B becomes 
een ж-ш (10) + 50 


120 
120 | 50 
10 + 


І 


12 + 50 = 62 


\ 
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This is continued until all scores are transformed. The results of trans- 
forming the scores in Part A of Table 6.2 are shown in Part B. This may 
seem to be a laborious and time-consuming process. However, if there are 
a lot of these to be transformed, it is most convenient to arrange the scores 
from high to low, find the deviation of each from the mean, and since these 
are in order, the rest of the process becomes very easy. Scores with a 
negative deviation are the same distance below the new mean as the positive 
ones with the same deviations above it. Actually one only has to compute 
transformed scores for deviations on one side of the mean. 

Let us now examine Part B of Table 6.2. We now note that student A is 
at the mean in geography, two standard deviations above the mean in spelling, 
and three standard deviations above the mean in arithmetic. His average 
performance on these three tests was 67, one and seven-tenths standard 
deviations above the mean. For student A we can then say that his per- 
formance is average in geography, excellent in spelling, and superior in 
arithmetic. In this manner we can consider the achievement of each of the 
students on each of the three tests and we can Bet an average measure of his 
performance on all three tests. It should be noted that the only justifiable 
manner to compare scores is to first change the scores to standard scores and 
then do the comparing. Standard scores change the raw scores to equal and 
comparable units. 

Another use of standard scores is in determining final grades for a course. 
Let us take a course which has three examinations of an hour each during the 
semester and a final examination of two hours’ length. At the end of the 
Semester the instructor averages the three hour-examinations and then com- 
bines this average with the final examination in some manner or other. This 
method is not correct. Suppose that the means and standard deviations of 
the three hourly examinations were as follows: 


First Test Second Test Third Test Final Exam, 


XxX 52 87 62 124 
8 8 17 11 21 


If a student’s scores оп these three hourly examinations are averaged, each 
will not contribute equally to the average. Тһе second test with the largest 
standard deviation would contribute more to the final average than the other 
two, and the first examination would contribute least, И is the size of the 


standard deviation which determines the contribution of each score to the 
final average. 


In grading situations, if the tea 
tribute equally to the final grade, i 


he final grade. These final 
grades should also be changed to standard Scores. Then for any student his 


overall average is determined by taking his standard score on each of the first 
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three tests, adding these, then adding to this sum two times his standard score 
on the final examination and dividing the total by five. In symbols: 


21 + 22 + 23 + z,(2) 
5 


23 = the standard scores on the three hourly examinations. 
zr = standard score оп the final examination. 
2 = weight final examination is to have. 


By doing the above, each examination contributes the amount that the 
instructor desires it to. Some teachers convert all scores to standard scores 
before entering them into their class books. This is strongly recommended. 

Science teachers and some others have special problems with laboratory 
grades, project grades, and the like. It is desired that the laboratory grades, 
for example, contribute a certain amount to the final grade. This can only 
be done with any accuracy by changing these to standard scores and giving 
them the desired weight in the final average as shown above for the combina- 


tion of hourly examinations and finals. 


Exercises 


1. The frequency distribution of the scores of 127 third grade students on a 
Vocabulary test is as follows: 


Score 


if 

48-51 4 
44-47 3 
40-43 7 
36-39 8 
32-35 16 
28-31 19 
21 

17 

11 

8 

7 

4 

2 


(а) Construct an ogive curve for these data. | А 
(b) From the ogive read the median, the two quartiles, and the decile points. 


(c) Draw two frequency polygons, on the same axes, showing the distribution 


of raw scores and centiles. 
2. What is the z-score equivalent of the following scores in the above distribution: 


5, 18, 30, 39, 46, and 51? 
3. Transform each of these to a standard score with a mean of 50 and a standard 


deviation of 10. 
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4. A psychologist has developed a battery of tests for selecting job applicants for a 
certain job. The tests and their means and standard deviations are: 


M SD 
Intelligence 100 10 
Motivation 65 7 
Manual Dexterity 56 3 


The psychologist knows from his research that motivation is twice as important 
as intelligence for success on the job. He also knows that manual dexterity is 


twice as important as motivation for the job. Ten people apply for work. 
Their scores are as follows: 


Applicant Intelligence Motivation Manual Dexterit ty 
A 113 65 61 
B 98 42 52 
С 101 91 58 
D 82 50 85 
E 143 73 63 
F 107 60 54 
G 100 62 42 
H 99 66 54 
I 
J 


Three vacancies exist. Which three applicants should be hired on the basis of 
these tests? 


5. Does the difference between Cso and Css (5) equal the difference between Соо 
and Со; (5) on an absolute Scale of a measured trait? 

6. An anthropologist finds that he is at the Соз point in height among one African 
tribe and at the Су, point among another tribe. Has he discovered anything 


about his height? Has he discovered anything about the relative height of the 
two tribes? 


THE NORMAL CURVE 


GENERAL NATURE OF THE NORMAL CURVE 


For some time now we have been talking about the normal curve. In this 
chapter we shall examine it in detail, discuss its characteristics, its properties, 
and some of the basic ways in which it can be used. In the eighteenth century 
gamblers were interested in the chances of beating various gambling games 
and they asked mathematicians to help them out. DeMoivre (1733) was 
the first to develop the mathematical equation of the normal curve. Gauss 
and LaPlace (early nineteenth century) further developed the concept of the 
curve and probability. It was at about the same time that errors of observa- 
tion made by astronomers were represented by a curve ofthis type. Today 
the normal curve is referred to as the curve of error, the bell-shaped curve, 
the Gaussian curve, or DeMoivre's curve. 

By now the shape of this curve is familiar to all of you. Its maximum 
height is at the mean. Іп the language of the curve we say that the maximum 
Ordinate (ordinates are given the symbol y) is at the mean. All other 
Ordinates are shorter than this one. The normal curve is also said to be 
asymptotic. By this we mean that theoretically the tails never touch the base 
line but extend to infinity in either direction. In actual practice, however, 
as we have pointed out before, three standard deviations on either side of the 
curve will include practically all of the cases. 

In our educational and psychological work, we assume that certain traits 
are normally distributed. Іп actuality, probably no distribution ever takes 
On the absolute form of the normal distribution. Many of our frequency 
distributions are very close to the normal one and we assume that we have 
а normal distribution. To the extent that our distributions differ from the 
Normal one, error enters into our work. Тһе normal curve is important not 
Primarily because scores are assumed to be normally distributed but because 
the sampling distributions of various statistics are known or assumed to be 
Normal. Hence its importance is primarily in sampling statistics. This will 
become apparent when the material in Chapters 11 and 12 is studied. 
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The normal curve is a mathematical entity and is represented by the 
following rather awesome formula: 


= М doy 
у evin ei (7.1) 
where 
y = an ordinate taken at any point on the base line. 
IT = 3.1416. 


е = 2.7183, the base of the system of natural logarithms. 
с = the standard deviation of the distribution. ы 
x = the deviation of any unit of measurement from the mean. 


It will be noted in the above equation that we use the symbol c instead of s 
because we are now dealing with population values or parameters rather than 
sample values. However, most often we use the sample value as an estima- 
tion of the parameter value. We һауе nothing else to use. 

Using formula 7.1 and substituting appropriate values of different points 
along the base line, we can solve for the ordinates of these points and then 
draw our curve, using the heights of these ordinates. In doing this we should 
take enough points along the base line to cover adequately the range and also 
have enough of these points so the curve will tend to be smooth. For 
example, we could let the first of the points which we select be the mean. 
For the mean the deviation value, x, is equal to 0. Since x is equal to 0, the 
exponent of e is 0, and any quantity raised to the 0 power is equal to 1. Then 
formula 7.1 becomes 


1 1 ENG v 
УП V2G.1416) 62832 2.5066 
y = .3989 


Examination of Table II in the Appendix reveals that this value of .3989 is 
the one recorded for the ordinate of the mean standard Score. Other values 
can then be taken for x, the ordinates computed, and the normal curve drawn 
using the various y values. Equation 7.1 is based upon a normal curve with 
а mean of 0, a standard deviation of 1, and an area reduced to unity. It is 
referred to as the unity normal curve or the normal curve in standard score 
units. In actual practice we do not have to solve this equation at all. The 
work has all been done for us and the results are shown in Table II in the 
Appendix. Here we find the ordinates and other values of the normal curve 
for various standard deviation units from the mean. 

We must comment here upon how the area under the curve is used. We 
have already noted that it is reduced to unity. In solving problems we 
assume that our cases are spread equally all over this area. Suppose that 
we һауе a problem with 500 cases. In solving the problem we find that .262 
of the area of the curve falls above a certain point. To determine the number 
of cases above this point, we merely multiply our proportion by the number 
of cases, in this case .262(500). We also use this area of the curve in talking 
about probability. Suppose that as an illustration we take a raw score which 
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has an equivalent standard score of + 1.88. By referring to the normal 
probability table in the Appendix (Table II) we note that approximately .03 
of the area of the curve falls above this point. We then say that the proba- 
bility of obtaining a score equal to or higher than this one of + 1.88 is .03 or 


3 in 100. 


AREAS UNDER THE NORMAL CURVE 


In the chapter,in which we discussed standard deviations we mentioned 
some of the relationships between standard deviation units and the normal 
curve. The most important of these relationships are again repeated in 
Figure 7.1. To summarize, one standard deviation taken on each side of the 
mean includes a total area of 68.26 percent of the curve of approximately 
two-thirds of the cases. In terms of probability, we can state that the 
chances are about two out of three of a score in any sample falling within the 
area of one standard deviation on each side of the mean. А second standard 
deviation measured beyond the first one cuts off 13.59 percent of the area. 


—3s —2s is x +15 +25 +35 


FIGURE 7.1 Percentages under the normal curve at yarious standard 
deviation units from the mean. 


By adding all of the area included by two standard deviation units on both 
sides of the mean we have accounted for more than 95 percent of the area or 
Cases. Continuing and measuring off another or third standard deviation 
оп each side of the mean, we cut off another piece equal to 2.15 percent of the 
area. The sum of all of the areas included by these six standard deviation 
units is equal to 99.74 percent of the total. From this it follows that .26 
Percent of the cases are beyond three standard deviation units from the mean. 
This means 26 in 10,000, and dividing this by 2 to distribute these equally 
on both sides of the mean, we see that on each side we can expect 13 cases in 
10,000 to fall beyond three standard deviation units from the mean. 

Areas Cut Off Between Different Points. Suppose to begin with we take 
the problem illustrated in Figure 7.2. We wish to find the proportion of the 
area or of the number of cases included between the two points + .5s and 
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+ 1.76s units above the mean. The problems are all worked using the 
normal probability table, Table II in the Appendix. We begin by going to 
the table and finding the area of the curve cut off between the mean and a 
point equivalent to a standard score of .5 above the mean. This value 
appears in the second column of the table and is found to be .1915. Next we 
continue down the table in the left-hand column until we come to a standard 
score of 1.76. Ву looking in column (2) we find that .4608 of the area is 
included between the mean and this point. Then the area of the curve 
between these two points is the difference between the two points, .4608 — 
-1915, which equals .2693. We can then state that approximately 27 percent 
of the cases fall between these two points or that the probability of a score's 
falling between these two points is .27. 

In the next illustration we shall take two points which are on different sides 
ofthe mean. This time we wish to determine what proportion of the normal 


FIGURE 7.2 Percentage of the area of the normal curve between two 
points on the same side of the mean. 

curve falls between a standard score of —.48 and one of + 1.5 (Figure 7.3). 
There are no values for negative standard scores in Tablell. As far as areas 
50, equal standard scores, whether positive or negative, include equal areas 
when taken from the mean. From the table we find that à standard score of 
— 48 cuts off an area of .1844 between it and the mean. A standard score 
of +1.5 likewise includes .4332 of the area of the curve between it and the 
mean. The area included between both points is then equal to the sum of 
these two areas, .1844 + .4332, which is equal to .6176 or approximately 
62 percent of the area. 

Before we go any further, we might examine the other columns of Table П 
inthe Appendix. The third one is labeled the area in the larger portion and 
the fourth, the area in the smaller portion. Any time we take a point on the 
base line of a curve and erect a perpendicular at this point, we divide the curve 
into two areas, a larger one and a smaller one. For any given standard score 
the sum of these two areas is equal to unity. The last column of the table, 
the ordinates, gives the size of the ordinates for the various standard scores, 
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Here is another type of problem that can be solved using these tables. 
Suppose that we have a distribution of test scores for which the following 
statistics have been computed: X = 80, s = 16, N = 510. We wish to 
know what percentage of the scores in this distribution fall above a raw score 


-0.48: Х +1.5s 


FIGURE 7.3 Percentage of the area of the normal curve between two 
points on different sides of the mean. 


of 110 (Figure 7.4). This can, of course, be solved for any score in this 
distribution. Since the table of the normal curve is in standard units, the 
first thing to do is to change the raw score of 110 to a standard score as 


follows: E е 
Х-Х 110-80 _ 30 _ 75 


= 16 16 


16 Cases 


2 
Х=80 х=110 
2= 1.875 
FIGURE 7.4 Percentage of cases іп а normal distribution falling above 
a certain score. 
Going into the tables we find that this score is halfway between 1.87 and 1.88 
so we have to interpolate at this point. This time we are interested in the 
at a given standard score point. The 


area in the smaller portion of the curve Г 
Value from the aes is half the distance between .0307 and .0301 which 
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equals .0304. Next we multiply our М by this proportion to find the number 
of cases above this raw score of 110. We find that 510(.0304) = 15.504 cases. 
This in round numbers is approximately 16 cases. 

Points Above or Below Which Certain Proportions of the Area Fall. Now we 
are going to reverse the process we have been using. Suppose that we wish 
to find that point in the distribution which has 10 percent of the cases below 
it and 90 percent of the cases above it (Figure 7.5). This point would be the 
10th centile. Again we enter the normal probability table and, using the 
fourth column, the area in the smaller portion, we locate that value closest to 
110. In the table we find this to be .1003, and reading to the left we find that 
a standard score of 1.28 divides the area of the curve into the two proportions 
as desired. Since this standard score is to the left of the mean it has to have 
a minus sign in front of it and is correctly written as — 1.28. We could have 


~ 90% 
NM 
Cio Coo 
і---1.28 z=+1.28 N=1000 
Х-80 
0-16 


FIGURE 7.5 Points in the normal curve above and below which 
different percentages of the curve lie. 


solved this problem just as well by using the third column of the table, the 
area in the larger portion. We would have gone down this column until we 
got as close to .90 as possible. This value is .8997 which puts us in the same 
row as before and the results from there оп are similar. If we wanted to find 
the point in the distribution with 10 percent of the cases above it (Соо), the 
work would be identical to that just completed except that in the end the value 
of the standard score would be +1.28 because this time our point is to the 
right of the mean. 

Setting Up Centile Norms Using the Normal Probability Table. So far we 
have taken up two methods of setting up a table of centile norms. The first 
of these was the computation method in which the raw score equivalent for 
each centile point was computed exactly as was done for the median. 
Secondly, we constructed an ogive curve and read from this the various centile 
points. Now we are going to take up a third method using the technique in 
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the previous paragraph. These norms may be referred to as normalized 
centile norms. 

To illustrate this process, suppose that we have a distribution with the 
following statistics and we wish to set up a set of centile norms for the 
distribution: Х = 80, 5 = 16, N = 500. The results of doing this for the 
various deciles are shown in Table 7.1. Let us take the 9th decile or Сор first. 


TABLE 7.1. Normalized Centiles 
for a Set of Data 


z Ж 
Coo +1.28 101 
Cio + .84 94 
Сло + .525 89 
Сө + 25 84 
Cso 00 80 
40 TE 76 
Co =. 1525 71 
C — B4 66 
Cio —128 59 


Nore: For these data X = 80 
and 5= 16. 


Going into the table and continuing down in the column of the area in the 
smaller portion, we find that a standard score of +1.28 divides our area with 
90 percent of the area below it and 10 percent above it. Our next task is to 
convert this standard or z-score into a raw score and round it upward. This 
will be our centile score. The formula for the z-score is as follows: 
x-X 
5 


2 


Іп this case z is known, X is known, and so is s. Hence we wish to solve this 
for Y. It will be more convenient if we solve the above equation for X and 


then substitute into this one. 


M а саты 
5 
-Х- × 
-Х--і- Ё 
X=2+X 


Then for Cog in which z = 1.28, we substitute 


X = (1.28)16 + 80 
X = 21 + 80 
X = 101 


We continue in this fashion for the rest of the decile points. It should be 
Noted that after one gets to the mean that the other half of the centile or 
decile points do not have to be computed as their value is the same distance 

elow the mean as their corresponding point is above the mean. For 
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example, Со, which corresponds to Сор, is 21 points below the mean and thus 
equal to 59. 


NORMALIZING A DISTRIBUTION OF SCORES 


Next we are going to take up the process by which we normalize a distri- 
bution of scores. This is often referred to as setting up the best-fitting normal 
curve or distribution for a set of data. This best-fitting curve has the same 
mean and standard deviation as the original data and is based upon the same 
number of cases. E 

We shall illustrate this process by using the data in Table 7.2. These data 
are based upon 160 cases and have a mean of 63.9 and a standard deviation 


TaBLE 7.2. Normalizing a Distribution of Scores 


а) (2) (3) (4) (5) (6) (7) (8) 09) 
Upper Proportion Proportion 

fo Limit x z Below Within в Ж 
110-119 2 119.5 55.6 2.48 .9934 0141 206 2 
100-109 8 109.5 45.6 2.04 .9793 10341 5.46 5 
90-99 12 99.5 35.6 1.60 9452 0723 11.57 12 
80-89 16 89.6 25.6 1.14 .8729 1180 18.88 19 
70-9 22 79.5 15.6 69 .7549 .1562 2499 25 
60-60 36 695 5.6 25 .5987 .1740 27.88 28 
50-59 27 595 —44 —.19 4247 .1636 26.18 26 
40-49 13 495  —144 —.64 2611 .1232 19.71 20 
30-39 12 395  —244 —109 .1379 10761 1218 12 
20-29 8 295 —344 -1.54 0618 10379 6.06 6 
10-19 3 19.5 -444 -198 10239 0164 2.62 3 
0-9 1 95 -544 -243 0075 0075 1.20 1 

У = 160 .9934 158.79 159 


of 22.4. In column (1) appears the frequency distribution and in column (2) 
the frequencies, which are labeled this time Јо. the observed frequencies. 
After setting up these two columns, we proceed as follows: 

1. Determine the upper limit of each interval and record these in column (3). 

2. Determine the x-values of column (4) by subtracting the mean, 63.9, from 

each of the upper limits in column (3). 
3. Change each of these x-values to a standard score, г, by dividing each by 
the standard deviation, 22.4. 

. From the normal probability table in the Appendix (Table II), determine 
the proportion of the area in the normal curve below each of these standard 
Scores. For the bottom one, —2.43, we find from the table that .0075 of 
the area is below this point. These Proportions are recorded in column (6). 

5. The values in column (7) are determined as follows. The bottom value of 

this column would have the same value as the bottom value of column (6), 
for the proportion within (and below) this interval would be the same as 
the proportion below the upper limit of the interval 0-9. The proportion 
within the second interval from the bottom is obtained by subtracting 
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.0075, the proportion in the bottom interval, from .0239, the proportion 
below the upper limit of the second interval. This gives a value of .0164. 
For the proportion within the third interval, we subtract .0239 from .0618. 
This process is continued until all the values in column (7) are determined. 
The sum of this column should be close to 1.000 but is actually a little less 
than this, for there are always cases out in the extreme tails of the normal 
curve which are not taken into account in this process. 

6. The values in column (8) are obtained by multiplying the number of cases, 
160, by each of the proportions in column (7). Again these add up to a 
trifle less than 7160. These values are labeled /;, expected or theoretical 
frequencies. This distribution, when normalized, has frequency values 
similar to those noted in column (8). Suppose that we plot these fre- 
quencies along with our original observed frequencies. Before we do 


40 
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FIGURE 7.6 Frequency polygon and normalized curve for the data in Table 7.2. 


values in column (9) to the nearest integer to 
Figure 7.6, the axes have been prepared in the 
usual manner for the plotting of a frequency polygon. First the fo's are 
plotted and these points connected with a ruler as is the method when 
plotting a frequency polygon. Then the values in column (9) are plotted 
and these are connected by means of a smooth curve. In Figure 7.6 we 
have then the best-fitting normal curve for these data superimposed upon 
a frequency polygon illustrating the original data. | 
The student may by now Бе wondering when he should normalize a curve 
Or even if there is any justification for performing the act. Later in Chapter 14 
оп chi square we shall see that one of the uses of chi square is to see if a 
distribution is normal or not. In order to make a chi square test we must be 
able to set up the expected frequencies for any set of data. Also, there are 
times when a distribution of a sample of scores is not normal; yet the research 


this, we shall round the f; 
simplify our plotting. In 
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worker has the hunch or knows that the distribution of the trait with which he 
is concerned is normally distributed in the population. Since he can justify 
this, he goes ahead and normalizes the data which make up his sample. 


Exercises 


1. The following terms are associated with the normal curve. Define each term. 


(a) asymptotic (d) mathematical function 
(b) symmetric (e) ordinate T 
(c) unimodal (f) smooth 


2. Given the following z's find the corresponding area from the mean to the z. 


27 — 247 
15 .80 
3.00 =.05 
1.00 -.65 


3. Given ап N of 300 anda normally distributed population, how many cases would 
be expected to exceed each of the z’s given in Exercise 2? Then express each of 
the z's as a centile point. 


4. If a frequency polygon were drawn for each of the following populations, 
which ones do you think would approximate the normal curve? 


(a) Age (in months) of fourth grade pupils. 

(b) Income (in dollars) of 40-year-old males. 

(c) Height of cornstalks (in inches) in a field. 

(d) Weight (in ounces) of statistics textbooks. 

(e) Means of an infinite number of samples (N — 10) drawn from a normally 
distributed, infinitely large population. 

(f) Errors in the estimation of the speed of an earth satellite. (Assume no 
errors in instrumentation.) 


5. Below are the scores of 130 university students on the Minnesota Paper Form 
Board Test. 


60-62 2 
57-59 4 
54-56 8 
51-53 10 
48-50 18 | 
45-47 16 | 
42-44 14 
39-41 14 | 
36-38 10 
33-35 18 
30-32 14 
27-29 2 
М- 130 
Я = 42.8 


5 = 82 
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(а) Find and plot the best-fitting normal curve for these data. Оп the same 
axes plot the frequency polygon for the original data. 

(b) What percent of the cases would you expect to find between the mean and 
the following scores for the above distribution? 60, 52, 38, 34, 28. 

(с) Find the percentage and number of cases falling between the following pairs 
of scores: 35 and 45; 50 and 55; 30 and 40; 56 and 60. 

(d) How many cases would you expect to find above a raw score of 50? Below 


a score of 35? 
(е) Compute the 95th, 75th, 20th, and 5th centiles for these data. 


” 


е 


CORRELATION—THE PEARSON г 


Correlation is basically a measure of relationship between two or more 
variables. If we notice some of the common things that we measure, we see 
that high grades in English tend to be associated with high grades in foreign 
languages. Both of these tend to be associated with high scores on in- 
telligence tests. In the physical domain, tall people tend to be heavier than 
short people. The volume of a gas is related to the pressure under which it 
is kept. In the field of economics, there is a correlation between the price 
at which products are sold and the amount available for sale. So in all 
aspects of life, we find that there are relationships of one sort or another, It 
should be noted here that these relationships do not necessarily imply that 
one is the cause of the other. This may or may not be the case. In some 
situations, we find that two variables are related because they are both related 
to or caused by a third variable. 

The size of the Pearson product-moment correlation coefficient varies from 
+1 through 0 to —1. Most correlation coefficients tell us two things. First 
we have an indication of the magnitude of the relationship. It is worth 
noting at this point that a correlation of —.88 is the same size as one of +.88. 
The sign has nothing to do with the size of the relationship, but it does give 
information about the direction of the relationship. When two variables are 
positively related, as one increases, the other also increases. Intelligence test 
Scores are positively related to academic grades. In general, the higher the 
intelligence test scores, the higher the grades received in school. Other 
variables are inversely related. By this we mean that as one increases, the 
other decreases. Think for a moment of the relationship between the speed 
of an automobile in high gear and the number of miles per gallon obtained 
from a gallon of gasoline. The faster that one drives, the worse the gasoline 
mileage. Тһе absence of a relationship is denoted by a correlation coefficient 
of .00 or thereabouts. 

A Perfect Positive Relationship. Figure 8.1 has been constructed to show 
simultaneously the relationship between two variables. Note how it is set 
up. On the abscissa are plotted the X-values and on the ordinate, the У- 

78 
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values. Each point on the graph stands for an individual’s score on both Х 
and Y. Such a double-entry chart as this is referred to as a scattergram or 
scatterplot. It should be emphasized that a scatterplot should be set up 
every time one is computing a correlation coefficient, no matter what com- 
puting technique is being used. The importance of this will be discussed 
later. To return to Figure 8.1, notice that for every increase of two units 
on the X-variable, there is a corresponding increase of one unit on the 
Y-variable. This is true for all pairs of the two variables. When pairs of 
values like these are plotted, they fall along a straight line, and, when this 
straight line runs from the lower left of the scattergram to the upper right, we 
have an example of a perfect positive relationship. Тһе correlation coeffi- 


cient is equal to + 1.00. 
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FIGURE 8.1 А perfect positive relationship. 


A Perfect Negative Relationship. Figure 8.2 is just the opposite of this. 
Notice that for these data, for every increase of two units on the X-axis, 
there is a corresponding decrease of one unit on the Y-axis. Again this 
relationship is maintained throughout the range. This time our points again 
fall along a straight line which now runs from the upper left-hand part of the 
Scatterplot to the lower right. This is the example of a perfect negative 
relationship, a value of —1.00. This means that the individual with the 
highest score on the X-variable had the lowest score on the Y-variable. The 
second highest scorer on the X was second lowest on Y, until at the bottom, 
the lowest on X was the highest on Y. SN 

Other Relationships. Іп actual life situations we usually have situations 
in which the relationship is not perfect. Figure 8.3 shows the scatterplot of 
à very high positive correlation. Notice here that while the tallies do not fall 
along a straight line, the line is still apparent. In Figure 8.4 we have the 
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illustration of a low negative relationship. On this scatterplot the tallies are 
scattered more or less all over. There is an indication of the tallies falling 
in the general direction from the upper left to the lower right. When the 
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FIGURE 8.3 А high positive relationship (.87). 


tallies in the scattergram are spread evenly all over it, we have an example of 
no relationship. 


By making scatterplots, the student can get an indication of the magnitude 
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of the correlation coefficient and also an indication of the sign of the relation- 
ship. This, in part, is a rough check on the computational work. 
Assumptions Involved in the Computation ofr. Before г is computed the 
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FIGURE 8.5 Ап example of curvilinear regression. 


data should be examined and tested to see if two basic assumptions are met. 
The first of these is that we have linear regression (also referred to as rectilinear 
regression). This means that our tally plots on the scattergram tend to fall 
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along a straight line. This is true of the data pictured in Figures 8.1, 8.2, 
and 8.3. However, now look at Figure 8.5. Notice here that beginning at 
the lower left, as the Y-variable increases, so does the X-variable; but as X 
keeps increasing, Y begins to slow down, and further along as X continues 
to increase, Y starts and continues to decrease. This pattern of relationship 
is referred to as curvilinear regression. Such relationships are by no means 
rare. Consider many of our motor skills. As we get older, we are able to 
runfaster. Then comes a period of no improvement, and then as we further 
increase in age, our running speed decreases. Scores of school children on 
intelligence tests and personality inventories show the same pattern. The 
average child in mental ability has fewer personality problems than either the 
bright child or the dull child. 

A more exact description of linear regression is that the means of the 
columns and rows fall along a straight line. Suppose that you refer to а 
scattergram similar to that of Table 8.4 but having many more frequencies. 
Starting at the left it would be possible to find the mean of each of these 
Y-columns and to plot this mean on the scattergram. If there is linear 
regression, these means will tend to fall along a straight line. In a similar 
fashion the mean of each row could be determined and then plotted. There 
are then two regression lines (except when r — 1.00, when they coincide). 
We shall discuss these lines in the next chapter. 

To the extent that one does not meet this assumption of linearity, the size 
of the computed r is diminished. It is possible that a very high relationship 
appears to be almost nothing because of the use of the incorrect statistic. 
When regression is curvilinear, the eta coefficient or the correlation ratio 
must be used. This is discussed in Chapter 16. 

The second assumption is that the data possess homoscedasticity. Ву this 
is meant that the standard deviations (or variances) of the arrays (columns 
and rows) tend to be equal. In Figure 8.6 there are three diagrams. In 


a b 


FIGURE 8.6 Figures a and b lack homoscedasticity. 
ticity and linear regression. 


= 


Figure с has both homoscedas- 


(a) the variance of the columns near the center of the X-distribution is smaller 
than that of the extreme columns. In diagram (6) all of the columns at the 
left have smaller variances than those of the center and right. Diagram (c) 
represents the situation when both assumptions are met. Note that the 
tallies tend to fall in about an ellipse built about the regression line. 
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Computation of the Pearson Product-Moment Correlation Coefficient. Of 
the various correlation coefficients in current use, the one most frequently 
encountered is called the Pearson product-moment correlation coefficient, 
the symbol of which is г. In the pages that follow, we shall present various 
methods for computing this coefficient. 

The Pearson г from Standard Scores. Table 8.1 presents the scores of ten 
individuals on two variables, Х and Y (columns (1) and (2). Beneath each 


TABLE 8.1. Computation of the Pearson Product-Moment Correlation Coefficient 
a by the Use of Deviations from the Means 


а) (2) з @ © (6) (7) (8) (9) (10) 
X ғ и м 2х 2у ZxZy x2 у2 ху 
20 12 p 2 1.61 54 .8694 49 4 14 
18 16 2 6 1.15 1.62 1.8637 25 36 30 
16 10 3 0 .69 .00 .0000 9 0 0 
15 14 2 4 46 1.08 4968 4 16 8 
14 12 1 2 23 54 .1242 1 4 2 
12 10 -1 0 -2 00 .0000 1 0 0 
12 9 -1 -1 —.23 -.27 .0621 1 фе 1 
10 8 -3 -2 —.69 —.54 .3726 9 4 6 

8 7 -5 -3 -1415 —.81 19315 25 9 15 

5 2 -8 -8 —1.84 -2416 3.9744 64 64 64 


21-130 Х-100 54-434 Х--8.6947 Х-188 Х-138 Х-140 


Х-13 7=10 $y23.7 


of these is the mean. In column (3) is found the deviation of each of the 
X-scores from the mean of X, and in column (4) we find the deviation of each 
of the Y-scores from the mean of Y. Beneath these two columns are the 
standard deviations of the columns. Іп columns (5) and (6) are the standard 
scores for each of the scores in columns (1) and (2. These were obtained 
by dividing each score in column (3) by 5, (4.34) and each value in column (4) 
by s, (3.7). Here we are using the usual formula Гог 2, 2 = x/s. Column (7) 
is the product of the two z-scores, the product of the values in columns (5) 
апа (6). These are summed, and the Pearson r is obtained by the following 
formula which describes r as the mean z-score product: 


_ Улуту 
= (8.1) 


r 


Substituting into this formula, we obtain 
8.6947 


me 10 


1 


r= .869 or .87 


viations from the Means. Since a standard score 


The Pearson r from the De Sir 1 
f f a score from its mean divided by its standard 


is defined as the deviation о 
deviation, we can write 
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Then taking formula 8.1 and substituting for z, and zy each of the above and 
solving, we can reduce the formula for r to 


_ xy 
r= Музу (8.2) 
which further reduces to 
ae (8.3) 
М(®х?у(®у?) 


Іп columns (8), (9), and (10) of Table 8.1 are the values for x?, y?, and xy, 


and the sum of each column is given at the bottom. Substituting these into 
formula 8.3, we obtain 


X 140 
V(188)(138) 
_ 140 140 
7 25955 161 


r= 87 


which is identical with the value obtained previously. 

Both of the above methods would be very laborious with an N of any size. 
We shall pass on next to the two methods most frequently encountered in the 
computation of r. 

The Machine Formula for Computing г from Raw Scores. We shall now 
50 from formula 8.3 to the so-called machine formula. We have previously 
written the sum of the squares as 


с (Ex) 
рур — Men. 
Хх хх N 


Dyp =D 2 _ (БҮ) 
y Y N 


TABLE 8.2. The Pearson r Computed 
from Raw Scores 


а) (2) (3) (4) (5) 
x Y 


x2 y2 ХУ 

20 12 400 144 240 
18 16 324 256 288 
16 10 256 100 160 
15 14 225 196 210 
14 12 196 144 168 
12 10 144 100 120 
12 9 144 81 108 
10 8 100 64 80 
8 7 64 49 56 
5 2 25 4 10 
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and it follows by analogy that 


жу = ХХҮ — ene 


When we substitute the above values into formula 8.3, we have 
Ew МУХҮ – (2X\@Y) ва) 
VINEX? — (EXQINZY?- (®У)?] i 


The same data that appear in Table 8.1 have been reproduced in Table 8.2. 
The original pairs of scores appear in columns (1) and (2). In column (3) 
are the squares of each of the X-scores and in column (4) are the squares of 
each of the Y-scores. Column (5) consists of the cross-products, the product 
of each Y times each У. All five columns are summed, and we enter formula 


8.4 as follows: 
E 10(1440) — (130)(100) 


"= VIOd878) = (130101138) — (1002 
26 14400 — 13000 
17018780 = 16900)(11380 — 10000) 

b 222-1400 

7 1/0880) (1380) - 

222140 
7 47594400 

1400 

"= 1610 
r= 87 


which we have obtained twice previously for the same set of data. 

If the above formula is used as a hand formula, considerable time is saved 
by remembering that there is a table of squares in the Appendix. It should 
also be noted that much time will be saved if the data are coded. Consider 
the data in Table 8.3. Notice the scores in the first column. They are all 
large, the smallest being 80 and the highest 114. If each of these scores is 
first reduced by 80 and the values in the second column by 30 (this would 
result in one negative score, but would be more convenient than reducing 
each score by 28, which is the lowest score in this distribution), the corre- 
lation coefficient computed from the coded data would be identical to that 
obtained from the uncoded scores, and the work would be much easier. 
Even if all of the work is to be done on the calculating machine, many people 
find that it is time-saving to code the scores in the manner indicated. If 
automatic calculators are available, it is not necessary to go through all of 
the steps as shown in Table 8.2 as the machine keeps running sums of the 
sum of the X’s, the sum of ће Y's, the sum of the X?'s, the sum of the Y?'s, 
and the sum of the Y Y's as each pair of scores isentered. When the last pair 
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has been put into the machine, the final rea 
The work in the solving of the formula is 
calculating machine is available. 

The Scattergram Method. Тһе final method to be taken up consists of 


tallying all of the scores into a scatter 
that. It has b 


а scattergram when he is 
In Table 8.3 are the scores of 35 universit 


dings of all five values appear. 
also considerably reduced if a 


ese two sets of scores by the 
scattergram method. 
TABLE 8.3. Scores of Thirty-Five Students on Two Art Judgment Tests 
Meier Art Graves Meier Art Graves 
Individual Judgment Design Individual Judgment Design 
1 80 61 19 105 86 
2 95 28 20 80 63 
3 94 74 21 85 31 
4 101 46 22 93 57 
5 105 44 23 85 70 
6 89 38 24 92 43 
ТІ 106 72 25 90 70 
8 92 41 26 89 54 
9 105 49 27 85 51 
10 107 69 28 96 58 
11 111 82 29 85 63 
12 114 76 30 98 73 
13 83 39 31 101 71 
14 112 64 32 106 76 
15 91 77 33 112 76 
16 88 50 34 93 5 
ПІ 105 35 55 110 
18 106 59 


71 
In doing this we go throu 


igh the following steps: 


1. Set up two frequency distribution 
the Meier scores on the 


lass ) data оп the Y-axis is 3; 
AXIS is 5. The size of the class intervals of the 
have to be the same. 

We take the first Pair, which is а score of 80 on 


X-axis. To enter this we 
terval containing 80 and th 


containing 28, 
intervals meet, W 
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are entered. One is very apt to make mistakes in this plotting and it is a 
good idea, if time is available, to replot the two sets of frequencies and 
compare results before proceeding with the computations. An inspection 
of our tally marks leads us to anticipate a moderate size correlation 
coefficient for these data. 

. Next we go to the bottom of the scatterplot and sum our frequencies, row 
A. The next three rows should be familiar to the student. Notice that 
this time the arbitrary reference point for the x-variable is taken as the 
midpoint of the interval 25-29. Rows C and D are then summed. 

- Then we proceed to the right-hand side of the scattergram and complete 
columns P, О, В, and S. This time the arbitrary reference point is taken 
to be the midpoint of the interval 78-80. Sum columns R and S. 

. Column T is new. Notice that it is labeled xy’, the product of the devia- 
tion from the two arbitrary reference points. Since deviations are 
moments, this could be called the product-moment. Hence the name for 
this correlational technique. Let us see how the ху” is obtained. Let 
us go to the row 114-116. Іп this row there is one tally and this tally is 
10 units from the arbitrary reference point for Х and 12 units from the 
reference point for У and hence has a product-moment of 120. In the 
next row, since we have three tallies, we have to find the sum of each x'y'. 
The first one is 77 (7 x 11), the second 110 (10 x 11), and the third 
121 (11 x 11). The sum of these three is 308. In the next row there is 
only опе tally with an ху" of 90. In the next row we have (3 x 9) + 
(4 x 9) + 2(6 x 9) + (8 X 9) + (9 x 9) + (9 х 10) + (12 x 9) which is 
equal to 522. In this manner all of the ху” values are obtained. This 
column is then summed. 

. The value of r is obtained by solving the following formula for r using 


coded values: 
Ses суо» ) 


(8.5) 


229)(207 
| 1508 — 220 
» 229)? 207)? 
[isis - 02) | Ер Е om 
1508 — 1354.4 
r= 1701815 = 149831632 — 1222.5) 
200 153.6 
"= 470316774095) 
153.6 
r= 17129688:65 
153.6 
"= 7360 


к= .427 = 43 


TABLE 8.4. Calculation of the Pearson ғ by the Scattergram Method 
X-Axis—Graves Design Judgment Test 


41а! а я а ||| | о 
TEENIE ETN GLO ESTE ІРГЕГЕ Ју? Е) 
13 13 
114-116 |12 Fra Dt c ccr ТБ БЕ 144 | | 
gms |n Е = Ей ӨЗІ ЕШ 783 363 РЯ 
х | 10-10 [10 [Е 1 |10| 10 100 
&| 105-107 | 9 [zi 8 9| 72 648 
5 | 10-104 | 8 0 8 0 0 
“| 99-101 |7 mw > i ое Е 2 7| 14 98 
$ | 9695 6 2 6| 12 72 
7 93-95 |5 АШЫ ЕЕ?! 100 Е | 
| %92 |4 Г] ЕЖ PIENE TES ЕСІ 16 64 
ы 87-89 3 3 3 9 27 
84-86 2n 2) WES. | ges, ыр 2 8 16 
81-83 1 1 1 1 1 
78-80 0 | | EE 0 0 | о 
(4) Т ЖЕ ЖЕ 3| s| 4| 1| 7| 4| a] 1 35=N 52-207 | 5=1632 г. | 
(В) УЖ ON te за: s| e| 7| s| 9| ШЕП 12|13 E 
ЖДО КАЕШ ДЕЛ 8115 | 30] 28] 8| 63| 40] 11| 12 3= 229 
р j|&?|2]|1]|8 |27 | 32 | 75 |180 196 ва |567 |400 | 121 | 144 $=1815 
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It is now possible to obtain the means and standard deviations for each of 
the distributions from the data on the scatterplot. Let us take the variable 
on the X-axis first. 


2 _ PIDE уе уд — (Уре)? 
X=27+ -N 9 Ух? = Xfx EC 
р 229 b 
Х= 27 + 35 (5) From above this is 316.7 
Ж = 27 + 327 Ex = (Ex?) 
X = 59.7 = 5316.7) = 7917.5 
7917.5 2 
т ^/232.8 = 15.2 


Similarly, the mean and standard deviations of the Y-variable are found. 


Y= + 207 (3) Dy? = Ху? (i?) 
= 79 + 17.7 Ху? = 409.5(9) 
= 96.7 Ху? = 3685.5 
_ [3685.5 _ بحر‎ 
5 = a 108.4 
sy = 104 


Correlation Coefficients and the Range. Anyone who uses the correlation 


Coefficient to any extent soon notices that the size of the correlation coefficient 
18 rather directly related to the range in the two variables being correlated. 
For example, if one were to go into any fourth grade and correlate the height 
Of the children in that grade with their weights, he would probably end up 
With a rather low coefficient. However, if he were to take a group of 
children in grades two through seven, he would find a rather high positive 
Correlation between height and weight. Grades in graduate school when 
Correlated with intelligence test scores аге likely to result in low coefficients ; 
whereas there is a moderate sized correlation coefficient between these two 


Variables when children in grades three through eight are so studied. In 
ituations, one of which has a more 


both of these examples we have two 51 


restricted range than the other. ү, 
f 16 individuals on two tests. In the two 


, Table 8.5 presents the scores 0 А | 
right-hand columns аге the ranks of the persons on both. An inspection of 
sitive correlation between the two 


the data shows that there is a high po : 
Variables, An individual who is high on one variable tends to be about the 


Same on the other. There is little fluctuation of the ranks within the two 
Columns, Suppose that we examine now the scores and ranks of the top 
Ме cases. By doing this we are reducing the range rather considerably. 
Otice individual 3. On the first test he has rank 3, on the second rank 5. 
is rank has changed from 3 to 5 and since there were only 5 ranks, this 
Makes a change of 40 percent. When the total test is used, his change is 2 out 
Of a possible 16 or about 12 percent. Thus when we have a restricted group, 
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TABLE 8.5. Data to Illustrate the Effect 
of Restricted Range опг 


Individual x Y Rx Ry 
1 40 19 1 2 
2 38 21 2 1 
3 36 16 3 5 
4 34 18 4 3 
5 30 17 5 4 
6 29 14 6 6i 
7 28 13 7 7 
8 26 12 8 8 
9 25 10 9 П 

10 24 1] 10 9 
11 22 10 11 11 
12 20 8 12 14 
13 19 9 13 13 
14 16 10 14 11 
15 15 4 15 15 
16 10 2 16 16 


Source: Adapted from Reliability and Con- 
dence. Tes; Service Bulletin, No. 44. New 
York: Psychological Corporation, 1952. 


Suppose that we 
rrelation between 
5, We would find it to be +1.00. 
ork when Correlation сое се 
‹ tricted ranges. Suppose th 
Air Force, Т i ini 
battery of tests, 


h ou е dropped. Finally we have a 
UP getting commissioned, ]f we were to use the group of 

hich to study ion tests, we would soon find that 
Owever, there are 
sing them, we can 
Tange. These may be found 


Exercises 
1. For each of the 


Strong or weak 
relationship, 


(а) The number of Schools in а nh T 
that área: P а rural area and the number of students living in 


following Pairs of Variables tej] whi 
n Қ ethe we 
relationship, a linear Ог curvili , you would expect а 


near, а positive ог negative 
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(b) Те number of Negro residents of a state and the number of segregated 
schools. 

(c) The height and age of a given species of trees. 

(4) The social status and the proportion of income spent on food of a group 


of families. 
(е) The birthrate and degree of urbanization in a culture. 


2. Why is the Pearson r reduced when the assumption of linearity is not met? 


3. The figure below represents the shape of a scatterplot. What assumption has 
not been met? , 


4. A class of 30 students takes two forms of the same test. 
Xz,z, = 27.585 


What is the correlation between the two forms? 
5. А group of 16 students take а mental ability test and an English achievement test. 


Their scores were as follows: 


English Mental Ability 
149 44 
157 44 
163 43 
173 46 
203 54 
141 42 
202 44 
158 43 
176 45 
188 53 
163 39 
192 47 
139 37 
169 43 
162 40 
161 46 


Compute r by using formula 8.3. 


6. Ten people are asked to guess th 
Two weeks later they are asked to 
time they are told it contains somet 


e weight of a package to the nearest pound. 
guess the weight of the same package; this 
hing worth $1500. 
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First Guess 


MO لہ یہ دت‎ олом IA 


Using the raw score formula (8.4), 


7. Use the Scattergram method to co: 


Sales Attitude Score 


Second Guess 


www 


10 
compute the r. 
mpute r for these data. 


Sales Index 
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Sales Attitude Score Sales Index 


21 9 
20 11 
18 11 
17 10 
15 8 


8. The following scores were made by 30 individuals: 
Minn. Clerical Minn. Clerical Minn. Paper Otis Quick Scoring 


Numbers Names Form Board Mental Ability 
1 68 74 32 42 
2 169 167 45 54 
3 87 98 45 62 
H 93 76 34 45 
5 87 65 24 38 
6 77 74 27 32 
7 154 145 34 36 
8 99 69 38 42 
9 87 98 22 37 
10 110 98 64 60 
1 107 104 47 66 
12 119 87 45 45 
13 67 78 24 42 
14 78 100 20 46 
15 186 169 57 55 
16 113 97 45 47 
17 145 159 40 40 
18 65 78 20 33 
19 106 106 34 48 
20 98 105 34 52 
21 76 96 49 48 
22 119 125 60 54 
23 100 109 24 44 
24 118 109 36 56 
25 154 174 32 42 
26 87 88 23 39 
27 109 101 41 47 
28 88 108 31 48 
29 67 76 18 42 
30 89 100 47 68 


Compute the correlation among some or all of the above scores using the method 
directed by the instructor. 


LINEAR REGRESSION 


In the previous chapter we noted that one of 
met before a Pearson product-moment 
be a linear relationship between the tw 


We shall start by discussing the 
. In its simplest form this is 

Y= a+ bX (9.1) 
First we must find 
the equation as У = 


we wish for X and solve for the 


Corresponding value of У. A few of these 
values are shown below, 

X ¥ 

0 4 

1 6 

2 8 

3 10 

4 12 


1 WO sets of th 
line in detail now. Notice that for an Increase of one 
94 
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point on the X-variable there is an increase of two points on the Y-variable. 
The two in this equation is the b-coefficient of equation 9.1. Тһе b-coefficient 
gives the relationship between the change in У in reference to change іп Х. 
This ratio of change in one variable to change in another is referred to as the 
slope of the line. In Figure 9.1 another line has been drawn, У = 1 + 2X. 
This runs parallel to the first line because it has the same slope. Theoretically 
an infinite number of such lines with a slope of 2 can be drawn on these axes. 
The slope of both of these lines is positive as the lines run from the lower left 


аы —— 


o Bets 6 v 8 9 10-4 


0 1 
FIGURE 9.1 Two lines with the same slope. 


to the upper right on the graph. As was noted previously a line located like 
this one is an indication of a positive relationship between the two variables. 
Now examine Figure 9.2. Here we have the equation Y — 4 — .5X. 


Solving for values of Y we have: 


~< 


м 


=) 
оороо Б 
a 


the corresponding change in У is from 
Y relative to the change in X is for this 
the other is decreasing, and 


This time as X increases from 0 to 1, 
4 to 3.5. The ratio of the change in. : 
example .5. But as one variable is increasing, 


for this case the b-coefficient is —.5. | 

Ав was noted above, there is an infinite number of lines of the same slope 
which can be drawn on the same set of axes. Two such lines are shown in 
Figure 9.1. Notice that one of these lines crosses the Y-axis at 4 and the 
other at 1. These values of 4 and 1 are the a-coefficients for the two straight 
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lines. Hence, we might define the a-coefficient as the Y-intercept, that point 
where the straight line crosses the Y-axis. The a-coefficient identifies one of 
this infinite number of lines of the same slope. 


The straight line used in regression analysis is written on a slightly altered 
form from that given above: 


Y’=a+bXxX (9.2) 


where У’ is read as the predicted value of 
Y, for the score that is predicted from this 


1 е closer to Because of 
this relationship, this phenomenon is refer 


ati гей to as regression. 
Obtaining the a- and b- Coefficients. In obtaining the values of a and ba 
method referred to as the method of least squares is used. The errors of 


84 8 É OF $ و‎ NE 


FIGURE 9.2 4 line with a negative slope. 


Trors of prediction. In 
his line of best fit is used. 


ххү- QUY) 
Des N 
У Iy: _ ОХ} (9.3) 


N 
where N = 


the number of pairs, 
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Since we have already noted that 


2 
ze- GU yy 


and that 


SKY = 


EXE 
сюер E Xxy 


the b-coefficient for predicting У from X may be written as follows: 
p 
М bye = = (9.4) 
The a-coefficient is obtained from the following equation: 
ay = Y- 0) (9.5) 
where X and Y are the means of the two variables and by, is the b-coefficient 


used in predicting Y from Х. 

Since there are two regression lines except when there is a perfect relation- 
ship between two variables, it follows that there is another set of a- and b- 
coefficients, this time those used in predicting Х from У. These would be 


written as follows: 


> 
bxy = 5 (9.6) 
а,-Х- ЖЬ) (9.7) 


An Actual Problem. We shall now illustrate the calculation of the regres- 
sion lines by using the data in Table 8.4 in the previous chapter. In that 
problem we ran a correlation between scores on the Meier Art Judgment Test 


and the Graves Design Judgment Test and found this correlation coefficient 


to be .427. Also for the same data we found the following: 


Я = 597 Y = 96.7 
Xx? = 7915.5 Ху? = 3685.5 
М = 43 


We also need Exy which is obtained as follows: 
хх) 
Sy РЕ =. | GG 


The student will note that this is the numerator of the equation for the 
Pearson r by the scattergram method multiplied by the size of the two class 


intervals. 
Улу = (153.95) = 153.6(15) = 2304 


First we find the 5-coefficient 


Хху 
Бух = xx 

2304 
bys = 7915.5 


Бух = 291 
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We now have the information necessary for the solution of the a-coefficient 
ах = ¥ — X (b,x) 
аух = 96.7 - (59.7) (.291) 
аух = 96.7 — 17.4 
ау, = 79.3 
Then substituting in the e 


quation for a Straight line, Y’ = а + bX, we have 
Y’ = 79.3 + .291 X which i 


$ the regression equation for the Y-variable on Х 

for these data. 
We shall next plot this line. Since two points determine a straight line, 
we can solve the above regression equation for a couple of points and plot 
these as shown in Figure 9.3, Suppose that we take three values of X and 


У=79.3 + 0.291x 


these val 
тон [4 alues in the regression equation obtain the predicted 
x у’ 
20 85.1 
40 90.9 
0 97.8 


” -—— ج‎ 
сы x — 
— лы тн—_—— - 


Linear Regression 99 


First the 5-coefficient: 


Хху, 
bo = gy 
b., = 2304 
*" 3685.5 
Bey .625 
Then the a-coefficient: 
4 xy = X — (7)6,,) 
аху = 59.7 — (96.7)(.625) 
ау = —.7 


The regression equation for predicting X from Y then becomes 
X’ = byy¥ + axy 
X’= 625Y—.7 


Let us again obtain three sets of points and plot this line on the same 
figure as the other. Substituting in the equation for various values of У, we 


obtain and then plot the following: 


Y ЖҰ 
120 75 
100 61.8 

80 49.3 


Checks upon the Work. There are several ways of determining if the cal- 
culations are correct. First of all the product of the two b-coefficients should 
equal r2 

(byx)(bxy) = r° 
(.291)(.625) = (.427)? 
11819 = .1823 


which checks disregarding rounding errors. | 

Secondly, when plotted, the two regression lines should cross at a point 
equal to the mean of Х and the mean of Y. An inspection of Figure 9.3 
shows that this is so. This is the same as saying that when the mean of X 
is substituted in the equation for predicting У, the predicted value of Y will 
be the mean of Y. i 

Substituting for X, the mean of X, 59.7, we obtain 

у’ = 79.3 + (.291) (59.7) 

у’ = 79.3 + 17.4 = 96.7 
the mean of Y is substituted in the other 
regression equation, the predicted value of X will be the mean of X. 

The Standard Error of Estimate. It has already been stated that rarely 
will our obtained Y-scores be identical with the predicted Y-scores. There 
is an error in all of our predictions and the extent of this error is measured 
by a statistic known as the standard error of estimate. When the size of the 


which is the mean of У. When 
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correlation coefficient between two variables is high, the size of the standard 
error of estimate is small, and conversely, when the relationship between two 
variables is low, the size of the standard error of estimate is large. If we 
have a perfect relationship between ¥ and Y, our obtained Y's will be exactly 
the same as the predicted ones. This is saying that all of the Y’-values will 
fall on the regression line. Since there is no variation from this line for the 


various values of Х, there is no standard error of estimate. When we have 
the opposite situation, the si 
the two variables, we have 


г quivalent of the standard 
he size of the standard error of estimate 


; of the standard deviation of the dependent 
variable (Y). Most of the situations that are encountered fall in between 


deviation of the Y-variable. Т 


etw ach set of these can be obtained, Squared, and then 
Summed. Dividing this by N — 2 and then taking the square root results 


= J= Y 
В 


JAS (9.8)‏ = مرد 
A more useful formula is‏ 
eS‏ 
эсу з)‏ 


We shall now find the standard 


error of estimate for predictin X fi Y 
for the data of Table 9.4. Substituting in formula 9:0; sis obtain’ T9 


дао ӨШ 

2304) 

3685.5 - (2304) 

E 2. с; 5- 79153 
ух 


cE = 

к". 885 — ema 
2: етта 

/3014.7 
Loo = ------ 
ve 33 
Sy = V9135 
Syy = 9.55 
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| There is an alternate formula for the standard error of estimate often found 
in measurement books 

Sj = Sy VI — rg? (9.10) 
Solving this for these data, we have 
= 10.4 VI = (427)? 


5ух 

Зух = 10.4 V.817671 
e зуу = 10.4 (.904) 

Syx = 940 


These two formulas do not give identical results, but for all practical purposes 


these are the same. 

Interpretation of the Standard Error of Estimate. Let us take the value of 
9.55 rounded to 9.6 for the interpretation of this statistic. In predicting Y 
from X we can say that for any given value of X, the chances are two out of 
three that the observed cases will fall within a band which is the predicted 


Y 


115 
110 
105 
100 
95 Ү'= 79.3 +0.291Х 
90 
85 
80 


75 


ر ب ب ааа‏ را 
X‏ 85 80 75 70 65 60 55 50 45 40 35 30 25 20 


FIGURE 9.4 Regression line of Ү оп X. Each of the outer parallel 
lines is one standard error of estimate from the regression line. 


value of У plus and minus опе standard error of estimate. When Х is equal 
to 20, we would expect to find two-thirds of the observed cases between 
85.1( У’) + 9.6 or between 75.5 апа 94.7. This is shown on Figure 9.4. 
Since we assume that the standard error of estimate is constant throughout 
the range, we could measure off 9.6 units on each side of the regression line 
for any other value of Х and then draw two lines parallel to the regression 
line. Two-thirds of all of the observed scores should fall between these two 
Outer parallel lines. One could set off two lines within which 95 percent of 
the observed cases should fall by measuring two standard errors of estimate 


On each side of the regression line. 
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Exercises 
1. Solve for Y' in each of the following: 
@x= 5 a=-3 b= 2 
(b) Х--10 a= 4 b= -2 
(© Х--3 а=) b= 3 
(9) X = 7 a= 50 b= 125 


2. Since we have a single correlation coefficient for two variables, why do we have 


two regression lines? How might a practical situation call for one rather than 
another of the two lines ? 


3. Given the following data, what would У’ corresponding to ап X of 20 be? 
P4 Y 
12 53 
23 120 
14 61 
16 82 
15 73 


- What is the standard error of estimate in Exercise 3? 


- A small college is doing research in their entrance testing. А mathematics 


achievement test is given as part of the entrance battery. Scores on this test 
and mathematics grades are given for 20 freshmen. 


аз 


Mathematics Test Mathematics Grade 
120 90 
112 78 
87 61 
42 28 
56 48 
99 71 
22 18 
50 55 
73 81 

11 18 

63 50 
132 96 

85 81 

93 78 

47 45 

77 63 a 
61 42 м 
88 ” 73 

47 5,27 21 

75 ы 


(а) Plot a Scattergram for these data. 
(b) Compute the a- 


and b-coefficients for redictin: 
en р! 8 grades from test scores 
9 рош the regression lines оп the Scattergram 
(d) Compute the standard error of estimate f à i 
ог each o 

тыы f the lines and plot them 

(е) If 70 is the minimum Passing grade, at which i 
0 min › test score 
denied admission to this course? nigh caval atten 


(f) Do you think the math test is doing a good job? 


10 


THE BINOMIAL DISTRIBUTION 
AND PROBABILITY 


, In previous chapters we have talked about probability and used the term 
in interpreting various statistics. Іп this chapter we shall consider the laws 
of probability, the binomial expansion and its relationship to probability, 
and some applications of this binomial to actual situations. 

It is easier to talk about probability than it is to define it. For example, the 
doctor makes a prognosis about a patient’s future recovery, the meteorologist 
forecasts the weather of the next day, the agriculturist predicts the size of 
next year's winter wheat crop—each man is making use of a probability 
Statement. The doctor says that if you take this medicine, if you do as I 
tell you, etc., you will be better in a couple of days. Granted that the doctor 
does not say that the chances are two out of three that a patient will recover, 
but the physician can never say that the chances are absolutely perfect that 
а patient will recover. When we think of it, we find that there are very few 
things in life about which we can be absolutely certain. One of these is that 
each of us will someday die. We can say that the probability of the occur- 
rence of this is 1. On the other extreme, we can find some other situations, 
the probability of whose occurrence is 0. For example, the probability of 
the reader's swimming the Pacific Ocean to Hawaii or in the course of his 
lifetime taking a space ship to a re star is in both of these cases zero. 

Most things in life. however, БВУ values of their occurrence 
Somewhere between 1 and 0. In making many predictions of outcomes, 
Such as those of the physician or the weather forecaster, a numerical value 
Is rarely assigned to the probability statement. In our work we shall 
endeavor to be more specific. Let us begin with a familiar object, a one-cent 
Piece. If we take a new coin which in no way has been mutilated and toss 
it, we can state that the probability of obtaining a head when we toss this 
coin is one out of two. We write this as p = 15 or .5. It is also true that 
the probability of obtaining а tail is 1/2 or .5. Іп this situation, only one of 
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es can occur. The toss will result іп a head or in a tail 
м not interested in cases іп which the coin lands іп a crack 
or against an object and stands on edge. Notice that the sum of the two 
probabilities is equal to 1. We designate the. probability of an event's 
occurring by use of the symbol p and the probability of its not occurring by 
the symbol 4. Тһе sum of p + д is always equal to one. ‚Аз an additional 
example let us take a die (one of a pair of dice) and throw it into the air. If 
this is an accurate and well-made die, the probability of any single side 
coming up is 1/6 or .167. That is, when we toss a die, the chance of throwing 
а six-spot is one in six. There are five in six chances of some other number 
appearing on the upturned face. In this case, р = 1/ç and g = 5/6, and again 
P + 4 =1. In test work, the probability of a student's getting an answer 
correct when he knows nothing about the item is, for true-false items, 1/; or 


:5. If we have a five-response multiple-choice item, the probability of getting 
the correct answer by chance is 1/5 ог .2. 


What then is this probability that we have been 
that it is related to the laws of chance. 
statements about the expected outcomes. 
in terms of probability values. 
expected frequency when the laws 


talking about? It seems 
When chance operates, we can make 

These statements can be expressed 
Probability, then, is the theoretical or 
of chance are operating. 


LAWS OF PROBABILITY 


To illustrate these, let us return to the tossing of a die. Suppose we toss 
a die, and this time, Suppose that we are interested in the appearance of a 
three-spot on the upturned face. The probability of a three-spot showing 
is 1/6. If we toss the same die a second time, the probability of again getting 


a three-spot is still one in six. What happens the second time is in no way 
affected by what happened the first time. We say that events like this are 
mutually exclusive. Even if we tossed ten 

bility of obtaining a three- One in six. Sup- 
pose instead of tossing on 


What is the probability 


OUS or successive occurrence of 
the product of their separate 


5 P €-spot or a four-spot. 
Since the probability of the Occurrence of ej + 1/6, the daca 
a "Spot or a four-spot is 1/;, 
the sum of the probability of each. This illustrates a second law of wit 


more) mutually 
separate probabilities. 
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THE BINOMIAL EXPANSION 


If we toss two cents at once, three possibilities may occur. We may find 
that two heads have come up, a head and a tail, or that both cents show tails. 
In terms of symbols this may be expressed like this: 


First Cent Second Cent 
H H 
H Т 
T H 
> T T 


From this we see that there are actually four possible outcomes, but two of 
them are the same in the end, for a head and a tail may be produced in two 
different ways. Since there are four possible outcomes, we can write that 
the probability of getting two heads is 1/4, the probability of getting a head 
and a tail is !/, and the probability of obtaining both tails is 1/4. The sum 
of all these probabilities is again equal to one. 

The results obtained above are what we would obtain by squaring a 
binomial. It may be recalled that the square of the binomial (x + y) is 
equal to (x? + 2xy + у?). In the case of tossing two coins x is the head or 
Н and y the tail or Т. If we multiply (H + T) by itself, we obtain HH + 
2HT + TT. 

When we have only two coins, it is fairly easy to see what the probability 
will be for the various outcomes. But as the number of coins increases, we 
have to find more efficient ways for obtaining our probability values. This 
is where we use the binomial theorem, which in its general form looks like 
this: 

n—l xo , An — 1-2 Б 
(p + 4)" = р" + 1P" + 5 ) pong Hi e (153903 
nin = Иа — 2n — 3 o е 

“де т Vo 
Suppose that we have eight cents and that we toss them simultaneously. 
Let us see how we can use the above equation. In this problem the proba- 
bility of getting heads on any one coin, р, is !/; and, n, the number of coins, 
15 8, 


Then by substitution 
(3 - («19 ШОШ + BO 
ETE M 


Simplifying, this becomes 


ода 8 128,26, 439,284 8,1 
( J' = 356 + 5e + 256 + 256 + 286 * 256 * 286 * 256 + 256 
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Several things should be noted from the above. Іп the first place, the sum 
of all of the values in the numerators must equal the value of the denominator, 
for the sum of all of the separate probabilities must equal 1. Secondly, after 
the middle term was reached, each of the other terms repeats one of the 
earlier ones in descending order of size. Thirdly, in a problem where р = 1/;, 
the denominators are all the same. In this case they were all equal to (1/2). 
Hence after the first one was computed, there was no point in multiplying 
the rest of the p and q terms. And fourthly, note that there is one more term 
than n; in this case we һауе 9 terms іп our expansion. Suppose we summarize 
our results in columnar form, showing the probabilities for the various 
combinations of heads and tails, as in Table 10.1. From this we see that the 


TABLE 10.1. Probabilities of Obtaining 
Various Combinations of Heads and 
Tails When Eight Coins Are Tossed 


H T p p 
8 0 1/256 -004 
7 1 8/56 031 
6 2 28/256 -109 
ҚАТЫ 56/56 219 
4 4 70/256 273 
4-25 56/56 219 
42770 HEP 1109 
1 7 /256 :031 
D 18 i 1004 
256/255 = 1.000 


probability of getting all heads is .004, about 4 chances in 1000. The 
probability of getting either 8 heads or 8 tails is -008, the sum of the two 
Separate probabilities. We can also answer other questions such as what is 
the probability of getting at least 6 heads. The probability of this is the sum 


of the probabilities for 6 heads, 7 heads, and 8 heads—.109 + .031 + .004 
which equals .144 or 144 in 1000. 


Instead of going through all of the 
shown above, considerable time та 
Pascal’s triangle which is shown in 


/n = біп this fashion, all of the values in 
In this manner the 


ustrate this we comp 
The first term would 


indefinitely. Suppose to ill 
row, that is, when л = 10. 
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TABLE 10.2. Pascal's Triangle 


n Binomial Coefficients Denominator of p 
1 i 1 2 
2 1211 4 
3 1. 8239) 4 8 
4 224. 5L Ш 16 
5 r 25 102 ЛОР aoe Л 32 
6 ә 1 20 45 6 1 64 
7 1 КУА do 920 7-1 128 
8 1 8 28/56 70 56 28 8 1 256 
9 1 9 36 84 126 126 84 36 9 1 512 


e fourth term, 36 + 84, or 120; 
term, 126 + 126, or 252; and 
the ones already computed in 


1 + 9 or 10; the third term, 9 + 36 or 45; th 
the fifth term, 184 + 126, or 210; the middle 
the rest of the terms would be the same as 


reverse order. f 
The Binomial and the Normal Distribution. In Figure 10.1 is shown a 


frequency polygon representing (p + q): when p = .5 and n= 6. As we 


FIGURE 10.1 Curve of the binomial distribution when n = 6. 

might expect, there are seven columns, each in proportion to its probability. 
Suppose now that instead of tossing 6 coins we tossed 100 coins. This time 
we would have 101 columns in our graph. Now let us also suppose that for 
both of these graphs we have the same area and the same base line. It 


follows that these columns will be much narrower than those in Figure 10.1. 
If we have an infinite number, the columns would be very narrow and this 
binomial distribution would then approximate the normal distribution. 
Actually this binomial distribution is always discontinuous, but as the number 


of cases gets larger, this binomial curve gets closer and closer to the normal 
curve, but it never becomes, like the latter, continuous. | 
Parameters of the Binomial Distribution. Before we can use this binomial 
distribution in any problems, we have to learn how to compute several para- 
meters which describe the curve. Notice now that we are using the term 
parameter because we аге по longer dealing with samples but with population 
values. In Table 10.3 are shown the results of tossing eight coins at once, 
or if we wish to deal in educational terms, the chance results of answering 


108 Basic Statistical Methods 


TABLE 10.3. Worksheet for the Com- 
putation of Binomial Parameters 


(D- Q (3) 4 © © 
Ж fe fX x 2 ра 
8 1 8 4 16 16 
7 8 56 3 9 72 
6 28 168 2 4 1 
5 56 280 1 1 56 
4 70 280 0 0 0 
3 56 168 —1 1 56 * 
2 28 56 —2 4 112 
1 8 8 -3 9 72 
0 1 0 -4 16 16 

I's 256 1024 512 


eight true-false test items. Іп column (1), labeled X, we have all the possible 
scores or outcomes. Since we had ann of eight to begin with, there are nine 
values in this column. In column (2) we have the expected frequencies. 
These were obtained by the use of either the binomial theorem or Pascal’s 
triangle. The third column is obtained by multiplying the values in each of 
the first two columns row by row. Column (3) is summed. If we wish to 
obtain the mean, we must divide this sum by the number of cases 


m=4 


In column (4) we have the deviation of each of the X-values in column (1) 
from this mean of 4. In column (5), each of these is squared and in column 
(6) each of the values in column (5) has been multiplied by the frequency for 


its row. This last column is then summed. Next we compute the standard 
deviation in the following manner: 


on [ER 
N 
өз Б 
256 
в= v2 
с = 1.42 


It should be noticed that we are using different symb 
e ols for bo 
standard deviation at this time. y th mean and 


Also we no longer divid th 
squares by (N — 1) because we a à E E 


( 3 ге no longer correcting samples for bi 
but are dealing with population values. ji p p 
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If we are dealing with an actual problem, it is not necessary to go through 
the work shown in Table 8.3. Both of these parameters can be obtained by 
the use of the following formulas: 


т = пр (10.2) 
where 
m = the mean of the binomial distribution. 
p = the probability of the event’s occurring. 


n = the number of objects involved, or the exponent of the binomial. 


For these data we have 


m = np 
т = 8(4) 
m=4 


which was the value obtained previously. The formula for the standard 
deviation of the binomial distribution is as follows: 


с = Vnpq (10.3) 


where all symbols are as previously defined. 
For our problem we find the standard deviation as follows: 


в = VIDA 
с= 2 
= 1.42 


which is again the same as the value previously computed. The above 
formulas are used when the binomial distribution is taken as an approxi- 
mation of the normal distribution. This should only be done when np or 
ng (whichever is the smaller) is equal to or greater than 5. 

Use of the Formulas of the Binomial Distribution. Suppose that we con- 
struct a true-false test consisting of 26 items. We ask the question “ What 
is the probability of getting a score of 20 or higher by chance alone?” that 
is, by guessing. We must assume that the examinee knows nothing about 
the material on which he is being tested. First we compute the mean and 
standard deviation for this distribution. Since np is larger than 5, we can go 
ahead and use the formulas for the binomial distribution. 


т = np 


т = 26(4) 

т = 13 

с = Упра 

с = VODA 
с = 0 

с = 2.55 


his mean of 13. Note that 


In Figure 10.2 we have drawn a curve with t of 1: 
The question is exactly how 


we һауе placed this score of 20 off to the right. 
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| 
i his score of 20. We have 

of the area of the normal curve is above t f у 

ы problems like this before. Тһе first thing that we do is to change this 

raw score of 20 to a standard or z-score as follows: 


Х-т | 
о 


_ 20—13 
5 740155 


z= 


This standard score formula is based upon a normal сигуе where the distri- 
bution is continuous. Since we are dealing with a discrete, or noncontinuous 
distribution, we make a correction for the lack of continuity at this point. 


0.0054 


س 


т=13 19.5 
6 -2.55 2=2.55 
FIGURE 10.2 Finding the 


Probability of obtaining a score of 20 or 
more on а 26-item true-false t. 


est by chance alone. 
This is done by using, ins 
limit of 20 which is 19.5. 
more accurate. 

Then we have 


tead of the score of 20 in the formula, the lower 
When we make this correction our work is much 


Going to the normal probabilit table (Table II in the i 

.0054 of the area of the = | i шор acy) we ind that 
chances are 54 in 10,000 that an individual can get 20 or more of these items 
correct by chance alone, 

Next let us ask another question, 
probability of obtaining a score of e 
chance alone. This time refer to Fi 
and the upper limit is 18.5. We the 


This time we want to know what is the 
xactly 18 on this sa; 


те true-false test by 
gure 10.3. The lower limit of 18 is 17.5 
п want to find the area of the curve which 
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falls between these two points. We first change both of these values to 
z-scores and then enter the normal probability tables to find the area cut off 
between the mean and each of these points. We then subtract the smaller 
of these.areas from the larger. The remainder will be the area of the curve 


cut off by the two points. 


22 UU 2185-13 
z= 255 2 2155 
= 45. zie) 

т 21/- 2:55 2 = 255 
21 = 177 z = 2.16 


Going to the normal probability table, we find the following areas between 


the mean and each of these points: 


я = 177 4616 
z= 216 .4846 


The difference between these two areas is (023. Then we can say that the 


mm 17.5 18.5 
с =2.55 z=1.77 2.16 
obtaining a score of 18 ona 


FIGURE 10.3 Finding the probability of 
Ise test by chance alone. 


26-item true-fal 
chances are 23 in 1000 that an individual will obtain a score of exactly 18 on 
this 26-item true-false test. Lond raus Я 
In psychological research, the binomial distribution is used to determine 
the ability of individuals to distinguish between different types of cola drinks, 
and the like. This is the way it is 


Orange juices, cigarettes, oleo and butter, 
weg Suppose that we have four cola drinks and we set up the hypothesis 


that an individual is unable to separate cola A from the three others. Sup- 
Pose that over a period of days We give an individual 60 trials and we observe 
that he identified cola A correct The question is whether this 


ly 20 times. 
differs significantly from chance. We solve this problem exactly as we 
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did the previous ones. First we compute the mean and standard devia- 
tions:! 


m — np 
т = 60(1) 
т = 15 


с = VO) 


= [180 
SE чє 


в = V11.25 
о = 3.35 


Changing this observed fre 


quency to a standard score and correcting for 
continuity we have 


Е 19.5 - 15 
3:35 
"ES 
9:95 
2- 1.34 


Entering the normal probabili 
that .0901 of the area of the 
erected at this point. The 


ty table with a standard score of 1.34, we find 
normal curve falls to the right of an ordinate 
chances then are 9 in 100 that this individual 
could identify cola A when samples of it are tasted along with three other 
kinds. We shall discuss the real significance of this probability value in a 
later chapter when we discuss the general problem of testing hypotheses. It 
might be noted here, however, that it is the usual Practice to require a 
probability value of 5 in 100 or better before we are willing to accept the 
hypothesis that an individual is doing better than we would expect by chance. 


Exercises 
1. The following terms are discussed in this chapter; define each. 
Қ Р (f) discontinuous distribution 
4 


Е; (g) parameter 

(с) probability (h) discrete data 

(d) mutually exclusive events (i) binomial 

(е) Pascal’s triangle (j) independent events 


raw when the first 
not replaced in the deck. 


! Note that in this problem the probability 


a of guessing the correct cola by chance is 1/4 
r. 
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. What is the probability of these events? 


(a) Obtaining five successive heads when tossing a coin. 
(b) Throwing a twelve with a pair of dice. 
(c) Throwing an odd number with a die. 

. How does the curve of the binomial distribution differ from the normal curve? 
How is it similar? 

. Smokers claim that they can identify the brand of cigarette which they custom- 
arily smoke. То test this an experiment is set up in which an individual is given 
four cigarettes to smoke, one of which is his favorite brand. All cigarettes are 
of the ordinary. type. Of 110 subjects tested, 32 identify their own brand 
correctly. Is this a significantly larger number than would be expected by chance? 


. A 40-item multiple-choice test is made up of five-response items. 
(a) If a person knows nothing about the material tested, what score could we 


expect by chance? 
(b) What is the probability of getting a score of 12 by chance alone? 
(c) What is the probability of getting a score 12 or higher by chance alone? 

. Bowles and Pronko gave 96 subjects a sample of each of three different cola 
drinks.2 Coca Cola was correctly identified 39 times; Pepsi Cola, 36 times. 
Is either of these identifications significantly different from what would be 
expected by chance? 

. Suppose that you were going to take a 30-item true-false test on ancient Greek 
literature and further suppose that you know nothing about this subject. You 


decide to answer the items on the test by tossing a coin. 


(a) What is the probability of your getting a score of 20 correct? 
(b) What is the probability of getting a score of 20 or higher? 
(c) What is the probability of getting all items correct? 


2 Journal of Applied Psychology, 1948, 32, 558-564. 


П 


SAMPLING AND MAKING 
INFERENCES 


SAMPLING 


the adequacy of our sample or samples. We 
samples and the characteristics of good ones. 


A good 
Selective 
individuals were arranged in order for their 


psules 
These were then placed 
ited States, blindfolded, 
capsule. The number first drawn placed all 


‘aft boards who held this number first in order 
for induction. Then а second number was drawn and the process continued 


until all those registered received an induction order number. Placing each 
number in a similar capsule, putting th mixing them, 


e this type of sampling truly random. 


ing a straw ballot to determine how the 


At that time, this National 
14 
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news magazine sent out ballots to а large number of individuals asking them 
whom they supported in the race for president, Roosevelt or Landon. On 
the basis of their returns, they stated that Landon was going to win easily 
over Roosevelt. In 1936 the Republicans carried two states, Maine and 
Vermont. Why was this poll far off? An investigation showed that the 
straw ballots were sent in general to two types of individuals, those who 
owned cars and those who had telephones. The names were taken from 
automobile registration lists and from telephone directories. Apparently 
the majority of individuals having autos and telephones in 1936 were 
Republicans. м 

A similar situation, though not so extreme, again appeared іп 1948. As 
early as September of that year one of the national pollsters closed up shop 
saying that it was useless to do any more sampling as it was very obvious that 
Dewey was going to defeat Truman by a large majority. Again, it is history 
that the opposite happened. Along with poor sampling in some of the 
socioeconomic groups was an additional problem of a large number of voters 
who had not yet made up their minds as to how they were going to vote. In 
the past pollsters had relegated these undecided cases equally to both candi- 
dates. In 1948, a majority of these who were undecided apparently voted for 
Truman. А 

Such sampling as this is referred to as biased sampling. If I take a tele- 
Phone book and select every twenty-fifth name as the individual to whom I 
am going to send a questionnaire and if I feel that I am studying the attitudes 
of any city on the basis of this questionnaire, I have a biased sample of the 
residents of this city. Any generalizations made would be valid about 
telephone subscribers but would be questionable about the city as a whole. 
This sample, though, could be considered as a random sample of telephone 
Subscribers. Campus newspapers frequently run polls of how the students 
feel about various problems by asking the students a series of questions. The 
usual procedure is to go to a popular student hangout and ask the questions 
there. The results are reflections of the students who spend their time in 
such places and not the attitudes of the entire student body. | 

Suppose that we wanted to get a good picture of the attitudes of the entire 
Student body on a certain campus issue. Suppose, to simplify things, that 
we deal with a campus of a large liberal arts college. The first thing to do 
would be to find out the number of freshmen, sophomores, juniors, and 
Seniors in the entire student body. Then we would get the number of males 
and females in each class. If the issues involved aspects in which belonging 
to a fraternity or to a sorority was important, then we should know the 
number of students belonging in each of the classes and by sex in each class. 
Then we would turn all of these data into proportions or percentages. Our 
sample should be so drawn that it is made up of the same proportion of the 
different classes as is the entire student body. Also the proportion of males 
and females and fraternity and nonfraternity members in our sample should 
be the same as that of the entire student body. If instead of a liberal arts 
College, we had a large university, then we would have to see that the different 
Schools of the university are represented proportionately in our sample. 
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After we decide the number of freshmen, male, fraternity men that we 
need in our sample, we should then have random sampling among all the 
freshmen, male, fraternity men. This would be true also of all the other 
groups too. Such a sample as this is described as being a random stratified 
sample. Sampling of this type is called for whenever a large heterogeneous 
group is being studied. If we wanted to study the attitudes of residents of a 
state, we would again begin by stratifying the population of the state. For 
example, we might begin by such a breakdown as rural and urban, breaking 
the latter into various groups on the basis of size of the population of each 
urban community. , 

There are other types of samples, too. Anyone who has been around a 
large university for any length of time usually becomes a part of a sample 
in some study or other. This is especially true of students in psychology 
classes, the elementary course being the most noted in this respect. Findings 
based upon such studies have to be interpreted in the most cautious and 
limited manner. Very few generalizations can be drawn as these university 
sophomores represent a biased sample of the larger population of youths of 
their own ages. Most of the results are limited to these groups of university 
students or to similar ones, if they exist in any other place. 

There may be occasions where we study an entire group. It may be 
recalled that we have previously described a population or universe as an 
arbitrarily defined group. Suppose that we define our population as all of 
the seniors majoring in home economics in a university. Since this group 
is likely to be fairly small, we may use all of the individuals who make it up 
in the study. There is по sampling problem here. The numerical measures 


computed such as means and standard deviations would this time be described 
as parameters instead of statistics. 


SAMPLING DISTRIBUTION OF THE MEAN 


To begin our discussion of this suppose 
such as all 10-year-olds in the United States. With a population of this size 
and of this nature we can pull sample after sam 


that we take a group of 30 of these 10-year-olds in a certain school and give 
them an intelligence test. We find that the 


this test are 98.7 and 17.8 
30 cases in another school, 
deviation of the intelligence 
that we draw 998 more samples. 
and standard deviations, 


» respectively. 


We can use 
we have of the population mean or 


5 casure all of these 10-year-olds, 
the true or population mean can never be known. The best we can do is to 


get estimates of it from samples. We now have the mean of 1000 means. 
Each of these sample means deviates from this grand mean by a certain 
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amount. It is now possible to find the standard deviations of all of these 
sample means about the population mean. This standard deviation which 
is the standard deviation of a group of sample means about a population 
mean is now given a special name, the standard error of the mean. 

All statistics have sampling distributions and thus all have standard errors. 
These standard errors give us an indication of the reliability of any given 
statistic. When the size of the standard error is small in relation to the units 
of measurement, it follows that our statistics will tend to vary less from sample 
to sample and thus we can have more confidence in our results when the 
size of the standard error for any sample is small. 

In actual practice we never draw one sample after another until we have a 
large enough series to compute a standard error as we did above. Fre- 
quently, we have but one sample and draw all of our conclusions from this 


single sample. We get an estimate of the standard error of the mean by 
using the following formula: 
i (11.1) 


5% VN 
where 
Sg = the standard error of the mean. 
5 = the standard deviation of the sample. 
N = the number of cases in the sample. 
Suppose that we have a sample with a standard deviation of 15.6 and based 
upon an N of 144. Тһе standard error of the mean of this sample is as 


follows: 


An inspection of formula 11.1 reveals a very important characteristic of 
standard errors and that is that the larger the sample, the smaller the size of 
the standard error. This makes sense, for we would expect samples based 
upon larger samples to be more reliable than those based upon smaller ones. 
To be more exact we can say that the size of the standard error of the mean 
1s inversely proportional to the square root of the number of cases in the 
sample and directly proportional to the standard deviation of the sample. 
This is what we see in formula 11.1. We can generalize from this and say 
that the size of the standard error of any statistic is inversely proportional 
to the number of cases in the sample upon which the statistic was computed. 

The sample mean is usually described as being an unbiased estimate of the 
Population mean. By this we mean that any given sample mean may be 
higher or lower than the population mean. If we take enough of these 
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samples and average them out, the result will be an unbiased estimate of the 
population, that is, this result will tend to be neither too large nor too small 
when compared with the parameter mean. This is in contrast with the sample 
standard deviation which is described as a biased sample of the population 
standard deviation. If we draw a small sample, say, 20 cases, from a large 
population, these 20 cases are likely to come from near the center of the 
distribution rather than from the extremes because of chance. Hence the 
standard deviation of the sample will tend to be lower or smaller than that 
of the population. The smaller the sample, in reference to the size of the 
population, the greater this bias. We can then say that the sample standard 
deviation is a biased estimate of the population standard deviation because it 
tends to be smaller than the population value. It may be recalled that we 
corrected for this bias by using М — 1 in our formula for the sample standard 
deviation rather than just N as is found in some books. 

Interpretation of the Standard Error of the Mean. 
is a standard deviation, we can interpret this standard error of the mean in 
the same manner as we would a standard deviation. Suppose that for this 
sample of 144 cases the mean on a certain test is found to be 70. We have 
calculated the standard error of this mean and found it to be 1.3. We do 
not know where the population mean for the trait or characteristic measured 


by this test lies, but we can Say the chances are two out of three (or 68 in 100) 
that samples the same size as this o 


Since a standard error 


mean, the more confidence we can have i 
statistics are more reliable. 


more similar from sample to 
of the standard error of the m 
computed standard error of the mean of 1.3 only applies t 


cases. If we had a smaller number in our sample, the size of the standard 
error would increase; if we had a larger sample, the value of the standard 
error of the mean would decrease. 


mples tend to be 
oted that the size 
the sample. This 
0 a sample of 144 
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SETTING UP CONFIDENCE LEVELS 


Suppose that we begin by using the sample that we have previously dis- 
cussed having a mean of 70. Since we do not know what the value of the 
population mean for this sample is, we can only make hypotheses about it. 
We can test these hypotheses until we get one that has an acceptable proba- 
bility of being correct. Suppose that we start by assuming that the popula- 
tion mean is 74. This is shown in Figure 11.1. This sample mean of ours 
(70) deviates four units from this assumed population mean. We next can 
change this deviation of four to a standard score or to a z-score and see what 
the probability is that the population mean will be 74. 


A z-score of this magnitude when measured off from the mean cuts off in the 
smaller part of the curve .0010 of the area. Since a deviation of four could 
also take place in the other direction (that is, by assuming the population 
mean to be 66), we have to double this area or probability. We can say that 
the chances are 2 in 1000 that the population mean for this sample is as much 


69 70 71 72 73 74 


FIGURE 11.1 Sampling distributions related to different hypotheses 
made about the population mean when the sample mean is 70. 
as four units from the sample mean. So we can reject with confidence the 


statement that the population mean is 74. 4 
Suppose that next we hypothesize that the population mean is 73. This 


time we have a deviation of three, which when converted into a standard score 
results in a z-score of 2.31. Again referring to the normal probability table, 
we find that a standard score of this size when taken from the mean cuts off 
0104 of the curve in the smaller area. Multiplying this by 2 to take care of 
a deviation of the same size on the other side of the mean results in a value 
of .0208. Again we can say that the probability that the population mean 
is as large as 73 or as small as 67 is about 2 in 100. Again, we reject with 
some confidence the hypothesis that the population mean is as large as 73. 
Suppose that our next hypothesis is that the population mean for this 
sample is 72. This time our deviation is as large as two and this, when 
converted into a standard score, results in one of 1.54. The normal proba- 
bility table reveals that this z-score of 1.54, when measured from the mean, 
includes .0618 of the area in the smaller portion. Doubling this results ina 
value of .1236. How we can say that the chances are about 12 in 100 that 
the population mean is 72. We cannot reject the hypothesis that the popula- 


tion mean is 72 with any degree of confidence. 
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Our last hypothesis about the population mean for this sample is that it is 
71. Changing a deviation of this size to a standard score results in one of 
77. "When this is measured from the mean, the smaller portion contains 
:2206 of the area, and doubling this gives a value of .4412. Now the proba- 
bility is about 44 in 100 that the population mean is 71 or 69. With a value 
like this, we cannot reject the hypothesis. 

When we wish to make inferences about the population mean on the basis 
of a sample mean, we do not go through all the trial-and-error operations as 
we did above. It is the usual procedure, when testing an hypothesis, to use 
the 5 or 1 percent levels. By this we mean that we will reject these hypotheses 
about the mean when we can бау that the probability is 5 in 100 or 1 in 100 
that they are so. There is nothing sacred about the 5 or 1 percent level. 
When the probability value goes above 5, say 8, 10, or 20, most users of 
Statistics feel that the odds are too much against them to use these values. 
At the 5 percent level, there are 5 chances in 100 that we are wrong, that is, 
that the hypothesis that we are rejecting should not be rejected. The 1 per- 
cent level cuts these chances of error to 1 in 100. 

Since we usually operate at the 5 and 1 percent levels, we can set up limits 
for each of these levels in which we would expect the population mean to 
fall. These limits are referred to as confidence limits. Supoose that we set 
up the 5 percent confidence limits for our problem with the mean of 70 and 
the standard error of the mean equal to 1.3. If we go to the normal proba- 
bility table we find that the standard Score which cuts off 2.5 percent of the 
area in each tail of the normal curve is 1.96. It is important to remember 
that a z equal to 1.96 is the 5 percent level. Setting up the 5 percent con- 


fidence interval is done by taking a distance of 1.96 standard error units on 
each side of the sample mean as follows: 


5% confidence interval = X + (1.96)(5:) 


70 + (1.96)(1.3) 

= 70 + 2.55 

= 67.45 — 72,55 
We can now state that the chances are 95 in 100 for this sample that the 
population mean falls within the band 67.45-72.55, 

The 1 percent confidence interval is set u 
the normal Probability table, we find th 
percent of the area in the smaller portion. 
in a deviation of the same size on both side 
1 percent of the area of the curve. The pri 
for the 5 percent interval except that this ti 


Il 


p in the same way. If we consult 
at а z-score of 2.58 cuts off .005 
Doubling this to include the area 
5 of the mean results in taking in 
ocedure is the same as that above 
me 2.58 is used instead of 1.96. 

175 confidence interval — y + (2.58)(5;) (11.3) 


=70+ (2.58)(1.3) 

EO 335 

= 66.65 — 73.35 
This time we can make the statement th. 


1 ‚ at the chances аге 99 in 100 that the 
population mean for this sample falls within the band the limits of which are 
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66.65 and 73.35. It is logical that the confidence interval for the 1 percent 
value should be larger than that for the 5 percent value. 


OTHER STANDARD ERRORS 


The Standard Error of the Median. The standard error of the median is 
obtained by the following formula: 


1.253s 
5 са (11.4) 
Мап VN 


where all terms are as previously defined. If we compare this formula with 
that for the standard error of the mean we can see that the standard error of 
the median is about 25 percent larger than that of the mean. It may be 
recalled that it was stated in an earlier chapter that the mean was the most 
reliable measure of central tendency. By this we meant that it had the 
smallest standard error of the various measures of central tendency. 
Standard Error of a Proportion. The standard error of a proportion is 
estimated by the following formula: 
sp= „|9 (11.5) 
where q = 1 — p. i 
There are several limitations to the use of this formula. In the first place 
the sampling distribution of p is not the same for all values of p. It may be 


p=0 р=0.10 p=0.50 p=0.95 


FIGURE 11.2 Sampling distributions of the various values of p. 


recalled that p can never be larger than 1, the values for this statistic falling 
between 0 and 1. It follows that if the population values of p are either 
large or small, that is, in either extreme of the distribution, it is impossible 
for the sampling distribution to be a normal one. This is shown in Figure 11.2 
where the sampling distributions of population proportion values of .10, .50, 
and .95 are illustrated. The sampling distribution of both of the extreme 
Proportions is skewed. The closer the value approaches .50, the more normal 
the curve of the sampling distribution will be. 

Also this statistic should not be used with small samples. If Np or Nq, 
Which ever is the smaller, is less than 10, this formula for the standard error 
of a proportion is not to be used. We shall see later that we have other 
statistics which we can use when our numbers are small and when the pro- 


portions of our samples tend to be in the extremes. 
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The Standard Error of a Percentage. Since a percentage is 100 times a 
proportion, we can write the formula for the standard error of a percentage 
as follows in terms of proportions: 


P 
sp = 100/59 (11.6) 


or like this in terms of percents: 


spi [^g (11.7) 


where О = 100 — Р. This statistic has similar limitations to those of the 
standard error of a proportion. 


Exercises 


1. Which of the following selection techniques will result in random samples? 
(a) Population: all the residents of a given city. 


Sampling technique: Stopping every third person who passes by a busy 
downtown street corner for one week. 


(b) Population: all the students in a large primary School. 


Sampling technique: selecting the first 75 students reporting to school on a 
Monday morning. 


(c) Population: all tomato plants in a field. 
Sampling technique: selecting one plant, blindfolded, from each Square yard. 
2. Suppose there are 1300 fifth grade students in a sch 
the task of estimating their arithmetic achievement. 
(a) Define precisely the population. 
(b) How would you sample this population? 
(c) Would your sampling cost less than the population measure? 
(d) It has been said that an investigator can learn more from a sample than from 
a universe. Ina practical situation, does this make sense? Why? 
3. What is a sampling distribution? 


(a) What is plotted on the vertical axis of a sampling distribution? 
(b) What is plotted on the horizontal axis? 


4. What effect will sample size have on the size о 


sampling distribution of sample standard devia 
sample size so large that 


ool system. You are given 


f the standard deviation of the 


: tions. 15 it possible to get the 
а Spuriously large estimate is given? 


Glaser Critical Thinking Appraisal 36 Ph, 
ап Score of 65. The standard deviation 
(a) What is the Standard erro 


D. candidates in education 
of the sample is 12.0. 
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TESTING DIFFERENCES 
BETWEEN MEANS 


In this chapter and the next one we shall consider the various methods of 
testing the differences between two or more statistics. What we are basically 
interested in is whether or not the difference between two statistics is a real 
difference or whether it is merely a chance variation. We would expect the 
real difference to appear in future samples. These tests are referred to as 


tests of significance of differences. 


DIFFERENCES BETWEEN MEANS—UNCORRELATED DATA 


We shall start with one of the simpler situations in which we have two 
samples based upon a large N and in which there is no correlation between 
the two sets of data. Let us suppose that we have computed the following 


Statistics for the two samples: 


X, = 58.6 Х, = 56 
№ = 95 № = 100 
1 = 8.3 52 = 6.2 


We start a problem like this by stating what is 

Such a hypothesis is a statement of no difference. 
e hypothesis that we wish to test in various ways. 
We can state that there is no difference between these two means. Also we 
might say that these two means аге the same. Basically we are saying in 
both of these null hypotheses that as far as the trait being measured here is 
Concerned, these two sample means came from the same population, A 
basic assumption is that the samples are randomly drawn from a population 
in which the trait is normally distributed.! The purpose of stating a null 
not be met, it is still possible to make tests of significance 
free statistics described in Chapter 18. 

123 


The Null Hypothesis. 
known as а ний hypothesis. 
Actually we could state th 


1 When this assumption can 
using some of the distribution- 
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hypothesis is to have a hypothesis that can be tested. It may be noted that 
such logical procedures as these are most fundamental in experimental 
research in all areas of learning from agriculture to zodlogy. 

We begin by stating a null hypothesis about these two means. We state 
that the difference between these two means is 0. By this we are saying that 
this difference between means, 58.6 — 56, or 2.6, is merely a chance deviation 
when the population value for the difference between these two means is 0. 
In other words, we now have set up a situation with a mean of 0 and a devia- 
tion of 2.6. Is this deviation too large to be accounted for by chance? By 
now the student should be familiar with the solution to this question by the 
use of the standard score 2.2 In this problem 2 is the ratio of the difference 
between the means to the standard error of the difference between the means. 


For the standard error of the difference between the means we use the 
following for uncorrelated data: 


$p, = У 54,2 + 58,2 (12.1) 
where 


Sps = the standard error of the difference between two means for un- 
correlated data. 
Sz Sz, = the standard errors of the two means the difference of which is 
being tested. 


First, in solving this problem, we have to compute the standard error of 
each of the means. This is done as follows: ` 


з = لک‎ 4, = cf 

VN, VN2 

$$ = 20 Sz, = _6.2_ 

95 ” 10% 
жаға wi 
t 5 5247710 
Sz, = .85 5%, = .62 


Then using equation 12.1, we һауе 


SD; = Vig? + 552 


SD, = V(85)? + C62) 
Sp, = 7225 + 3844 
ӛр; = УТ.1069 

Sp; = 1.05 


Next we change our deviation into Standard score units as follows: 


Dz 


SD; (12.2) 
2 We shall use z with а tildi і Я t F 
В НОВ, e over it (2) to denote that we are dealing now with sampling 


z= 


Testing Differences Between Means 125 


D, = the difference between the two means. 
the standard error of the difference between the two means. 


2-0 
Spx 


© 

[>] 

x 
І 


Evaluating the Results of the Test. There are two different approaches to 
handling a null hypothesis. In much experimental work, the research worker 
states ahead of time at what level of significance he will reject his null hypo- 
thesis. If he decides in advance that all decisions will be made at the 1 per- 
cent level, he merely evaluates his results at this level and disregards other 
results such as a difference being significant at the 5 or 10 percent level. 

There are many other situations where we make a null hypothesis and 
merely observe the level at which the statistic is significant. In item analysis 
work we test how well an item separates good students from poor ones (that 
is, how well the item discriminates between two groups) by correlating the 
responses to each individual item with total test scores. Then we test each 
correlation coefficient to see whether or not it is a significant one. The best 
items have discrimination indices significant at the 1 percent level; then there 
are those significant at the 5 percent level. Sometimes to obtain enough items 
for a test we include other items which are significant at the 10 percent level. 

To return to our particular problem, suppose that in advance we set our 
level of significance at the 5 percent level. Since the 2 of 2.18 is between 
1.96 and 2.58, we would then reject the null hypothesis at the 5 percent level. 
If we had set our level of significance in advance at the 1 percent level, the 
standard score of 2.18 would give us no reason for rejecting the null 
hypothesis. 

If we were to use the observational approach, we would directly reject our 
hypothesis at the 5 percent level. It should be pointed out here that there is 
nothing sacred about the 1 and 5 percent levels. There may be situations in 
which an individual is willing to operate at the 10 percent level. Note, 
however, that when we reject the null hypothesis at the 1 percent level we have 
1 chance in 100 of being wrong; at the 5 percent level, we have 5 chances in 
100; and at the 10 percent level, we have 10 chances in 100 of being wrong. 
Perhaps the level of significance selected is related to how much of a gambler 
the experimental worker is. Note further that these standard scores of 1.96 
and 2.58 are used repeatedly with tests of significance. The student will do 
well to associate them at once with their appropriate significance levels. 

Two-Tailed Tests. We have just concluded a two-tailed test of significance. 
We started out by making a null hypothesis of.no difference. We are merely 
trying to find out if there is a difference between the two means. Whether 
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the first mean is larger or smaller than the second is of no concern. In using 
the two-tailed test, we use both ends of the curve as is shown in Figure M 
In this figure we see that a Z-score of 1.96 has been marked off at each end o 

the curve. Each of these cuts off 2.5 percent of the total area of the curve. 
Doubling this gives us 5 percent, the value our computed 2-5соге must equal 
for our results to be significant at the 5 percent level. In a similar fashion a 
standard score of 2.58 cuts off 1/2 of 1 percent of the area on each side of the 
curve, making a total of 1 percent of the area. When we make a two-tailed 
test, a negative Z-score is interpreted in the same manner as a positive one. 
When we reject a hypothesis using a two-tailed test, we say that we have 
rejected the hypothesis at the 1 or 5 percent /evel. 


2.5% 


— 1196 +1.96 
FIGURE 12.1 Two-tailed test at the 5 percent level. 


One-Tailed Tests. There are times when 
ences with the variables in an experiment o 
are able to make what is called a one-tailed test. 
experiment using a new reading technique. 
control group, which is taught by one of the conventional reading methods, 


and the experimental group, which is taught by the new method. We have 
reasons to feel, on the basis of previous work wi 
experimental group should score higher on the reading test which they are 
given at the end of the semester. Our null hypothesis this time is that the 
experimental group has a mean achievement score which is equal to or less 

ІГ this hypothesis can be rejected, then it 
bility statement about the alternative hypo- 
t score of the experimental group is higher 
This time we are concerned only with one 
gure 12.2. At the 5 percent level, we have 
5 percent of the area all in one tai 


е l rather than having it equally divided into 
two tails. From the normal probability table we find that a z-score of 1.64 


the smaller part, and a standard score of 
2.33 cuts off 1 percent of the area, 


| he 5 or 1 percent of the area in the 
left-hand tail of the curve only. 
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When we were dealing with a two-tailed test, we noted that we rejected 
hypotheses at the 1 or 5 percent levels. То distinguish one-tailed tests from 
these, we say, when we reject a hypothesis using a one-tailed test, that we are 
rejecting at the 1 or 5 percent points. 

Two Types of Error. When we reject a null hypothesis at the 5 percent 
level or point, there are 5 chances in 100 that we are wrong. This means 
that we are rejecting the hypothesis when it is actually true. Іп statistics this 
sort of error is referred to as a Type I error. We can reduce this type of 
error by using a more rigorous test. That is, we can decide to reject our null 
hypotheses at the 1 percent level only. Then there is only 1 chance in 100 
of being wrong. If we so desire, we can further reduce our chances of error 


5% 


+1.64 
FIGURE 12.2 One-tailed test at the 5 percent point. 


by going to the .1 percent level, and so on. But as we keep reducing our 
chances of making these so-called Type I errors, we are increasing our 
chances of making the Type II error. This type consists of not rejecting the 
null hypothesis when it should be rejected. There is a paradox here with no 
solution. As we decrease the possibility of making one type, we increase 
the possibility of making the other type. Most workers would rather be on 
the cautious side and tend to try to control Type I errors. 


WEEN MEANS—CORRELATED DATA 


ch the two sets of data are correlated. 
hey consist of two sets of measure- 


DIFFERENCES BET 


We shall next consider the case in whi 


We say that data are correlated when t 1 
шеп on the same individuals, repeated measurements of the same in- 


dividuals with the same scale, or measures made upon twins or siblings. For 
example, suppose that we had two groups made up of brothers and sisters, 
the boys comprising one group and the girls the other. An intelligence test 
is administered to each group. These two sets of scores will be correlated. 
If data are correlated, such correlations have to be taken into account when 
tests of significance are being made. 

In Table 12.1 are two sets of measurements (Х and Y) on each of 20 
individuals. At the bottom of the table are the two means and the rest of the 
table consists of the information necessary for the computation of the 
Pearson product-moment correlation coefficient by the use of deviations from 
the means. Substituting into the equation for r, 

Уху 
pa = 
VEE?) 
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ТЕЛІ») 
EEG 26 

` viio 348 
r=.79 


» 


r 


TABLE 12.1. Scores on Two Variables for Twenty Individuals 


X ý х 


y xy x2 y2 
18 20 1 1 1 1 1 

16 22 --1 3 -3 1 9 

18 24 1 2 5 1 25 

12 10 -5 -9 45 25 81 

20 25 3 6 18 9 36 

17 19 0 0 0 0 0 

18 20 1 1 1 1 1 

20 21 3 2 6 9 4 

22 23 5 4 20 25 16 

20 20 3 1 3 9 1 

10 10 = =} 63 49 81 

8 12 -9 -7 63 81 49 

20 22 3 2. 9 9 9 

12 14 -5 -5 25 25 29 

16 12 Л --7 7 1 49 

16 20 -1 1 —1 1 1 

18 22 1 3 3 1 9 

20 24 3 5 15 9 25 

18 23 1 4 4 1 16 

21 17 4 =2 -8 16 4 

У” = 340 380 0 0 276 274 442 

X= 17 19 


The procedure with t 
correlated data. We ag 


Significant. In this probl 


error of difference between the two means: 


Sign disappears. ау be considered t i 1 
Гог the standard error of the difference b 4 gU MES E 
Next we shall com 
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bution and then to use each of these in calculating the standard error of each 
mean. 


- [ee Pa 
5х = NN -1 YNNI 
= г . fa 
х= 4 19 374719 
Sy = V14.42 Sy = 23.26 
Зу = 3:8 Sy = 4.8 
Then the standard error of each mean follows: 
зе = М Ex S 
ШЕСІ ” VN 
3.8 4.8 
Sg —— g= —— 
1/20 v20 
E 2-48 
53 = 4.47 772441 
sz = 85 Sy = 1.07 


Substituting into the formula for the standard error of the difference between 


the means, we have 
Sp, = 4/(85)2 + (1.07)? — (2)(.79)(.85)(1.07) 


sp, = V.7225 + 1.1449 - 1.4370 
Sp; = V1.8674 - 1.4370 


зр; = 4 
Sp; = -656 
The last step is to compute the usual 2-зсоге as follows: 
ie ДЕН 
2 = Sm 
Ig 49 

^ кі С58 
22-2 
257656 
z= —3.05 


A value of this magnitude with a two-tailed test allows us to reject our null 
hypothesis of no difference between the means at the 1 percent level. 
Suppose that we did not wish to calculate the correlation coefficient but 
wished to determine the size of the standard error of the difference between 
the means directly and thus shorten the work. In Table 12.2 the same set 
of scores that appeared in Table 12.1 are again reproduced. By this method 
“е go following steps: 
1; Set и, (3) ME R the difference between column (1) and 
column (2). Tt makes no difference which way these are subtracted except 
that the direction started must be continued throughout the entire process. 
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TABLE 12.2. Testing the Significance of 
the Difference Between Means When 
Data Are Correlated 


u) (2) (3) (4) 
X ¥ D D2 
18 20 2 4 
16 22 6 36 
18 24 6 36 
12 10 =2 4 
20 25 5 25 
17 19 2 4 
18 20 2 4 
20 21 1 1 
22 23 1 1 
20 20 0 0 
10 10 0 0 
8 12 4 16 

20 22 2 4 
12 14 2 4 
16 12 -4 16 
16 20 4 16 
18 22 4 16 
20 24 4 16 
18 23 2 25 
21 17 -4 16 
У = 40 У = 244 


2. Sum this column of differences. Add the negative values and then sub- 
tract this sum from the sum of the positive values. Divide this sum by the 
number of pairs to compute the mean difference. For these data the 
mean difference is equal to 40 + 20 which is 2. It should be noted that 
this mean difference is identical to the difference between the means 
which we have previously computed. 

3. We are now going to take this mean difference, compute its standard 
error, and make the usual Z-test. We first need, however, the sum of the 
squares for d and then the standard deviation for 4. 

4. Square all of the values in column (3). Then sum these values in 


column (4). 
5. Compute the sum of the Squares for d. 
s (2D)? 
2 = = 
Xd? = D2 N 


Xd? = 244 — 40)? 


20 
Eq? = 244 — 80 
Xd? = 164 
6. Find the standard deviation of these differences. 
D / Ха? 
€ ANT 
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19 
s, = V8.6316 
54 = 2.94 


7. Then the standard error of the mean difference is found. 


Sa 
si = —— 
UC VN 
__ 2.94 
E 
1/20 
52294 
a 447 
sj = .658 


8. Then the usual Z-score is computed. 


mean difference 
standard error of mean difference 


p= 2. 
Z= 658 
2-3.04 


This value of 3.04 agrees within rounding error with that computed by the 
use of the correlation coefficient using formula 12.3.3 There is no question 


but that this second method is easier and faster. 
It is to the advantage of the research worker that he use the correct formula 


when testing differences between the means. Examination of the formula 
for the standard error of the difference between two means (12.3) shows that 
when the data are correlated the size of the standard error is reduced, depend- 
ing upon the size of the correlation coefficient. When the standard error of 
difference decreases, the size of the z-score computed is larger, with the same 
value remaining in the numerator. Thus when the student uses the formula 
for uncorrelated data when he actually has correlated data, he is applying 


unnecessarily stringent tests to his data. 


DIFFERENCES BETWEEN MEANS IN SMALL SAMPLES 


r we have paid no attention to the size of the sample. 
this is something that cannot be overlooked. 
we use the standard score, 2, as the ratio of the 
to the standard error of this difference and 
f the normal probability tables. When the 
Шу when it is less than 25, a different 


g the results. 


In all of the work so fa 
However, in actual practice 
When the sample size is large. 
difference between the means 
interpret this Z-score by the use о 
Size of the sample is small, especia 
technique must be used in interpretin 
2) from those in column (1), the mean difference 


3 If we had subtracted scores in column ( 1 
-score would have been negative. 


Would have been negative and hence our z 
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The t-ratio or Student’s t. When the number of cases is small, we use the 
t-ratio or Student's ¢ in interpreting our ratios instead of the normal proba- 
bility tables. These ratios were published by W. S. Gosset in papers which 
were signed only “Student.” Ап inspection of the t-table in the Appendix 
(Table Ш) shows that when N(df )* is large, the size of the 1 percent and 5 per- 
cent values of the ¢ are the same as that for 2. By the time that N(df) has 
decreased to 100, the 1 percent value is 2.626 and the 5 percent is 1.984. 
From this point on down there is considerable difference between the values 
of t and those of 2. 

The 1-гайо is defined in the same fashion as 2. In other words it is a 
deviation divided by a standard deviation, the difference between the means 
being the deviation and the standard error of the difference between the means 
being the standard deviation. It follows then that it is not the computation 
of our work that has to change when we use small samples but the interpre- 
tation of our results. This is so because this t-statistic is not normally 
distributed when N is small. As the number of cases decreases, the sampling 
distribution of т becomes more and more peaked (leptokurtic) and the 
extremes of the tails become lifted from the base line, allowing for more cases 
in the tails. Student's ¢ takes the shape of this distribution into account. 

Degrees of Freedom. Notice that Table III in the Appendix is entered not 
with the size of the sample but with the number of degrees of freedom (df). 
Degrees of freedom means freedom to vary. Suppose we have six scores 
and the mean of these six scores is to be 10. This sixth score makes adjust- 
ments in the variation brought about by the first five scores and assures that 
the mean of the scores will be 10. For example, suppose we have five scores 
10, 12, 18, 16, and 4. In order for the mean to be equal to 10 a sixth score 
must be 0. In another series, 2, 8, 4, 6, and 10, the sixth score must this time 
be 30 if the mean of the six scores is to Бе 10. In each of these cases we 
have 5 degrees of freedom. Five of the Scores in the series may have any 


value, but the size of the sixth is determined, because the mean in each case 
is 10. 


Suppose we take a case of 44 scores. 
we take the deviation of each score from 
deviation of the sample. In computing 
of freedom. We had 44 degrees of fre 
computing the mean we have (№ 


ts here, but the small sample was used to make the illustration compact 
enough to fit into one table. 
Setting Up Confidence Intervals for Small Samples, 


; We have previousl 
discussed the method for setting up confidence interval } ч 


Is for large sample. 
4 Explained below, 
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To do this for the 5 percent level the confidence interval of the mean was 
obtained as follows: 
(X + (1.96)(5;) 


Suppose now that we have the following statistics for a set of data: Х = 40, 
5 = 6, N = 25. We wish to set up the 5 percent confidence interval for this 
mean. We would compute the standard error of this mean which is 6/۷25 
which equals 1.20. Instead of using 1.96 for the 5 percent value of 2, we go 
into the t-table with the appropriate number of degrees of freedom, 24 іп this 
case, and obtain the /-уаше. We find this to be 2.49. So the 5 percent 


confidence interval for these data becomes 


40 + (2.49)(1.20) 
40 + 2.99 
37.01 — 42.99 


In the same manner the 1 percent confidence interval is set up using a /-гайо 
of 2.80 which is the 1 percent value for df = 24. These confidence intervals 
are interpreted in the same manner as are those for large samples. 

Small Sample Techniques for Testing Differences Between Means. When 
the data are correlated, the usual technique is to set up the data as shown in 
Table 12.2, make the t-test, and then interpret the results using (М — 1) 
degrees of freedom. When the data are uncorrelated, we proceed as follows. 
In Table 12.3 are shown the scores of two groups of ten individuals on a short 


TABLE 12.3. Scores of Two Groups of Individuals 
on the Same Test 


x X» x X22 

16 4 256 16 

12 8 144 64 

22 10 484 100 

16 14 256 196 

14 12 196 144 

10 4 100 16 

20 10 400 100 

18 12 324 144 

10 4 144 16 

22 12 484 144 

Z's = 160 90 2744 940 
Х- 16 9 
Ex = 184 130 


test. The third and fourth columns are the squares of the first two columns. 
The means and the sums of the squares are shown at the bottom of the table. 
The sum of the squares for each distribution was obtained by the use of this 
formula: 
; EX)? 
Lx? = BK с 
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It is necessary that these sums be computed because they are used later in the 
computation. 

We start with the usual null hypothesis of no difference between the means. 
This time we are going to use the t-test and this is defined as the ratio of the 
difference between the means divided by the standard error of the difference, 
to wit: 

وک = ٭& ے 

ET 

Instead of using the formula for the standard error of the difference between 
the means that we used previously, we use a modification of this which is said 
to be based upon the pooled variances of the two samples. Instead of using 
two separate variances from each of the samples as an independent estimate 
of the population variance, the two sample variances are pooled to give a 
better estimate of the population variance. 


J The F-Test. Before we proceed to pool two variances, we must make an 
F-test. F is defined as follows: 


1 


РЕ 
uini (12.4) 
where 
512 — the larger of the two sample variances. 
522 = 


2? = the smaller of the two sample variances. 


At this point we are testing a null hypothesis of no differences between the 
variances. If we can let the null hypothesis stand because of a nonsignificant 
F, then we can go ahead and pool the variance. If the Fis found to be signifi- 


cant, formula 12.1 may be used in computing the standard error of the 
difference between the two means. 


For this problem we now have to calculate the two variances. This 
follows: 
184 130 
S = Б еле: 
$4? = 204 Sx? = 144 
Тһеп 
20.4 
aa 1.52 


Entering the F-table, 
variance (greater mean 


Square), we find that our F-value of 1.52 is far below t 
values. Hence we accept the null 


two variances and pool the variances. 


The formula for the Standard error of the difference between two means 
using the pooled variances is as follows: 


Sp, = d Ex? Ex? (1 1 е 
а A + уз) (12.5) 
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ч | 184 + 130 (1,1 
Ds (10 + 10) — 2\10 * 10 


314 
зр; = „| T8 (2) 


зр; = 8 
Sp; = 1.87 
Then we make the /-test. 
КЕРЛЕРІ 
5р; 
pa 16-9 
1.87 
Mr 
1.87 
t= 3.14 


For a problem like this, the number of degrees of freedom is (N, + №) — 2 
In this case df = 20 — 2 = 18. Going to the мае we find that for 18 df 
the 1 percent value is 2.878. Hence we can reject our null hypothesis of no 
difference between the two means with great confidence. — it 

Comparison of Changes. There is another type of situation in which differ- 
ences between means are tested that requires special treatment. Commonly 
in experimental work we set up two groups, an experimental one and a control 
group. Some sort of a pre-test or initial test is administered to both groups 
at the beginning of the experiment. Then another variable is introduced and 
applied to the experimental group but not to the control group. This might 


be the introduction of a new type of learning, a new drug, a new. fertilizer for 
plants, a new food for pigs, or any other similar experimental variable. Then 
This may be the same as the pre- 


both groups are again given а similar test. _ 
test or one similar to it. This second test is referred to as the end-test. 


We now have two means for both the control and the experimental groups, 
and on the basis of what we have learned in this chapter we might test these 


means the following ways: 

1. We could take the two pre 
2. We could take the experimenta 
test with the mean on the pre-test. 

3. We could take the control group an 

with the mean on the pre-test. f 
4. We could take the end-test for both groups and test these to see if the 


means are significantly different. E | 
Suppose that we examine each of the above possibilities, one at a time. If 


we find that there are no differences between the two groups on the pre-tests, 
we might conclude that the two groups were equally matched, and thus our 
experiment had a good beginning. If we compare the mean on the end-test 
with that of the pre-test for the experimental group and find that there is a 
Significant difference between the two, we might conclude that the application 


-tests and test these two means. 
1 group and compare the mean on the end- 


d compare the mean on the end-test 
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of the experimental variable brought about a change, especially if we found 
no significant differences between the means of pre- and end-tests of the 
control group. Again, if we find a significant difference between the end- 
tests of the two groups, we might conclude that the experiment worked, 
especially if there was no difference between the two groups on the pre-test. 
Any one of these conclusions that we might make is not necessarily true, 
because other factors may have brought about the change which occurred. 
At any rate, none of these methods gets down to an evaluation of the net 
change. This has to be done by testing the significance of the difference 
between the two changes or the changes in the two groups. In symbols this 
would be D — Dg — Dc 


where 


Dg — mean change in experimental group. 
Юс = mean change in control group. 


To do this we would compute our usual z-score which in this case would 
be equal to the difference between scores on the pre- and end-tests divided 
by the standard error of this difference. Thus: 


Dg — Dc 
М ре? + 5рс? 


Since we һауе demonstrated that the difference between the two means is 
equal to the mean difference, we can solve this problem by using the method 
of differences as shown in Table 14.2. If this method is used, it will always 
be correct as it is the method for correlated data. Frequently, there is 
a correlation between the two groups because the subjects entered into the 
two groups were carefully matched. Since it is to our advantage to use a 
formula for correlated data when a correlation exists, we must do so here. 

Difference scores should be used with caution as they are apt to be more 
unreliable than the pre- and end-test scores from which they are derived. 


Frequently, much time and effort are spent in studying difference scores, the 
reliability of which is near zero. 


Еш 


(12.6) 


OTHER TESTS OF DIFFERENCES 


We have studied in detail some of the ways in which we test the differences 
between two means. Now we shall consider specifically differences between 
proportions and percentages. Before we do this, however, we should note 
that there is a general way of testing the differences between two statistics. 
We use a 2- or a t-test, depending on the size of the sample. Both of these 
are defined as the difference between the two statistics that we are considering 
over the standard error of this difference. In the previous section it was the 
difference between the means divided by the standard error of the difference 
between the means. It could just as easily be the difference between the two 
medians or the two Proportions. Of course, we have to use the correct 
formula for the standard error of the different statistics that we are using. 
Some of these formulas were presented at the end of Chapter 11. 
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Testing the Difference Between Two Proportions or Two Percentages. It 
may be recalled from Chapter 11 that the formula for the standard error of 
a proportion is 
ра 
sy 7 | (12.7) 
Then our test of significance would be the following: 
pi = P2 
12.8 
Vine Spe un 
Before we go ahead and solve this we can make the solution easier if we change 


the denominator as follows: 
Sp, = Уә + Sp (12.9) 


2 ҒАС 

ДЛ) +) 

Substituting formula 12.7 for its equivalent, we have 
аруз ге + EU (12.10) 
uld be used in preference to the denominator of (12.8) 
t directly with our p-values, and the computation of 


rors of the proportions is not necessary. 
that we have the following data: 


м 


This latter equation sho 

because we can go into i 

he two separate standard er 

As an illustration suppose 
рі = 10 р» = .80 

№ = 200 № = 150 ғә = .00 

We first compute the standard error of the difference between the two pro- 


portions as follows: Won c cc 
= (.70)(.30) т (.80)(.20) 


3D, = ^^ 200 150 
Т EJUS, dl 
SD» = ,/200 + 150 
ss iac айы 
= V.00105 + .00107 


SDp 
5рь = .046 

Then, making our test of significance, we have 

з- Е P2 
5р; 

. -70 — .80 
а AOS 
2.710 
жит 
z= —2.17 


Since this value is larger than the 5 percent level (1.96), we can reject the null 
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hypothesis of no difference between the two proportions at the 5 percent 
level. 

When Samples Are Small or Proportions Are Extreme. The above tech- 
nique works adequately when the N's are above 100. However, if either of the 
N’s is less than 100 and either or both of the p’s are extreme, that is, less than 
-10 or greater than .90, it is better to base the standard error of the difference 
on the proportion in the two groups combined. Since we are setting up a 
null hypothesis that the sample proportions are similar, we are justified in 
doing this. 

Here are some more data. 

рі = .90 P2 = .80 

N, = 40 № = 30 rp = .00 
First we compute р which is the proportion in the two groups combined, 
Thus p, is made up of 36 individuals (.90 x 40) and p» is made up of 24 
individuals (.80 x 30). There is a total of 70 individuals (40 + 30). Then 


3 ші to 26 + 24 60 _ 
gareg 0 0O 
Then 
= Йй pd. 

чар Г: ER (12.11) 

ог 
1 1 
SD, = e zs х) (12.12) 


Substituting Гог the given data, 


Sp, = у свекла (a5 + x) 
sp, = VCI20C025 + 033) 
5p, = V CI204) 058) 

SD, = V .0069832 

SD, = .084 


Then 


pa PL 
SD, 

_ :90 — .80 
.084 


[4 


_ 10 
= 1084 
t= 1.19 


This is not significant at the 5 percent level and hence our n 
no difference between the two Proportions stands, 

The above technique can be used with large samples as well as with small 
ones. With large samples the difference in the results will be trivial; with 
smaller samples, more reliable results are obtained using the last method. 


ull hypothesis of 
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With data like these, the number of degrees of freedom is equal to the sum 
of the number of degrees of freedom in each of the samples. For example, 
in the last problem, df = (N, — 1) + (№ — 1) or 39 + 29 which equals 68. 

The student should note that the above solutions were for uncorrelated 
data, r = .00. When the data are correlated, the formula for the standard 
error of the difference between two proportions becomes 

Sp, = М5р2 + sp? — 2 (r12 Spy) (бр) (12.13) 

McNemar (10) has developed a technique for testing the difference between 
two percentages that does not necessitate the computation of the correlation 
coefficient between the two variables. The data have to be tabulated into 
а two-by-two table as shown in Table 12.4. Suppose that we are interested 


TABLE 12.4. Responses of 120 
Individuals to Two Attitude 
Scale Items 


Item 2 


in the differences of the responses that the same group of individuals make 
to two different attitude scale items. The responses of each individual have 
to be taken separately and each one entered into the table. Suppose that the 
first individual responded “Yes” to the first and second items. A tally 
would then be placed in the cell labeled b. The next individual responded 
“No” to the first item and “Yes” to the second one. This tally would be 
placed in the d cell. In this fashion the responses to all of the items by all 
of the individuals are tallied. Notice that the tallies placed in the b and с 
responses are those individuals who responded in the same direction to the 
two items. Cells а and d represent the individuals who answered the two 
items differently. In Table 12.4 are shown the responses of 120 individuals 
to two such items tallied in the manner just described. 
The test of significance is made in the following manner: 


ae (12.14) 

.. [83-15 

2= 33415. 

=. 2 
48 N 48 

2= 2.60 


which is significant at the 1 percent level. 
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As a concluding note, since proportions and percentages are similar, all 
techniques applied here to proportions can be used equally well with 
percentages. 


Exercises 


1. Two groups in two high schools were given the Minnesota Paper Formboard with 
the following results: 


A B 
Жі = 32 Х, = 36 
51 = 62 52 = 74 
N = 144 М = 81 


Is there a significant difference between the two means? 


2. A group of students was given a test of addition. A state of "anxiety" was 
induced and the arithmetic test readministered. The results are: 


Pre-test End-test 
Х = 70 Х = 69 
5= 6 5 = 5.8 
М = 64 М = 64 


r between pre-test and end-test scores is .82. 


* (а) Is there a significant difference between the two sets of scores? 


(b) Test the hypothesis that the mean on the end-test is significantiy lower than 
the mean of the pre-test. 


3. The following sets of scores were made by 16 individuals in a laboratory experi- 
ment on perception: 


Individual Test 1 Test 2 
1 18 16 
2 12 14 
3 8 8 
4 6 8 
3 3 8 
6 12 10 
е 16 8 
8 1. 14 
9 8 2 

10 12 8 
M 15 14 
7 
13 5 E 
14 12 6 
15 3 0 
16 11 7 


Test if there is a significant difference between the two means. 
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4. A group of 24 seniors іп а technical high school achieve the following score on 
the DAT Numerical Ability Test. 


25 17 29 29 
27 33 23 14 
20 27 26 32 
17 23 20 30 


26 
21 
20 
26 


24 
26 
32 
12 


A group of 25 seniors taking college preparatory work at another high school 
in the same city earn these scores on the same test. 


21 26 28 31 
29 23 18 25 
16 21 17 20 

7 18 29 32 


27 
23 
23 
17 


(a) Using the appropriate test, determine if there is a significant difference 
between the two means. 


(b) Suppose that you are 
students is significant 


only interested in 


Use a one-tailed test to determine this. 


Assuming 
there is a 


attitude test item. 


Phi Beta Kappa. 


There were 49 Democra 
proportions of Phi Beta Кар 


. (а) Why does опе 
(b) Suppose that 


from which Sample A is 
sented by Sample В.” 
This difference is not 
reject our null hypothesis. 
. Set up the 1 and 5 percent confidence intervals for t 


. Thirty-two іп a group of 40 a 


. In 1958 there were in the U.S. Senate 11 


Item 1 


78 


Right 
22 


Wrong 


Is there a 


Nine of these were 


state a null hypothesis ? 


we state the null hypothesis: 


drawn is equal 


Interpret your results. 


ts and 47 Republicans. 
pans statistically significant ? 


> We test the signi 


knowing if the mean of the technical 


ly higher than that of the college preparatory seniors. 


. The following are the responses of 100 students to two items on a test: 


Item 2 


68 
32 


т 
that the responses to the two items are uncorrelated, test to see if 
significant difference in the responses to the two items. 
nd 18 in a group of 50 respond "Yes" to а certain 
difference in the responses of the two groups? 
members of the scholastic honor society, 
Democrats and two were Republicans. 
Is the difference between the 


Why not make a positive statement ? 


“Тһе 


mean of the population 


to the mean of the population repre- 


ficance of the difference Y, — Хв. 
significant at the 5 percent level. Therefore we cannot 
Can we accept it? 


he means in Exercise 4. 


ІЗ 


TESTING THE SIGNIFICANCE 
OF THE PEARSON r 


The problem frequently arises after a correlation coefficient has been 
computed as to whether or not it is a measure of a real relationship or 
whether the coefficient at hand is merely a chance deviation froma population 
in which the ris 0. This is especially true when either the size of the Pearson r 
or the size of the sample, or both, is small. 

Suppose that we compute the Pearson r for two sets of data based upon 82 
cases and obtain an r of .30. We wish to know if this r indicates a real re- 
lationship between these two variables, 


"in the usual way by making a 2- 
ог t-test. Again these are defined as the ratio of a deviation to a standard 
deviation. Тһе deviation in this case is our obtained ғ; the standard devia- 
tion is the standard error of this r. We obtain the standard error of the ғ by 
the use of the following formula: 


Sry = 


c= Ут (13.1) 
where 

Sr, = Standard error when it is assumed to be 0. 

N — number of pairs used in computing r. 

82—1 
reir m 
2-30 
ll 
Z = 2,73 


which with N — 2 degrees of freedom is significant at the 1 percent level. 
142 
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Let us next take a case in which the N is small. Suppose that we have 
М = 18 апа г = .50. The above technique is suitable when М is large, but 
when N is less than 30, the standard error of r has to be computed by the 


following formula: 
ЕН 
SS a» 


J = (50)? _ fi = 25 T5 
5074 18-2 16 М 16 
Sn = V.0469 = .216 

We follow this with the t-test. 


Then 


= -50 
` 216 


t= 231 


This value with (М — 2) df, or 16 df, is significant at the 5 percent level 
(tos = 2.12 for df = 16). | і 

A table has been developed which makes it unnecessary to go through either 
of the above procedures. This table (Т able VI in the Appendix) is entered 
with (N — 2) degrees of freedom, and the sizes of the r’s needed to be 
significant for various degrees of freedom are shown. Suppose that we do the 
Previous problem by the use of this table. М is 18; hence df is 16. For 
df — 16 we see that the r must be at least equal to .468 to be significant at the 
5 percent level and .590 at the 1 percent level. Since the obtained r is .50 and 
falls between these two table values, we can reject the null hypothesis at the 
5 percent level. In general the obtained r is compared with the table values. 
If it is larger than both, the null hypothesis of not being significant is rejected 
at the 1 percent level; if it falls in between the two table values, the null 
hypothesis is rejected at the 5 percent level; and if it is smaller than both 
table values, the null hypothesis stands. т 

Тһе student should check the significance of any r that he is going to use 
in further computations. For example, in testing the difference between 
means, the ғ can rapidly be checked by the use of Table VI and the appropriate 
formula can be used in the calculation of the standard error of the difference 


between the two means. 


t 


TESTING THE DIFFERENCE BETWEEN TWO r’s 


Т) 1 istribution of r. We shall first consider the sampling distri- 
Buon arr a du be ma that the size of r varies between —1 and +1. 
Since this is so, the sampling distribution ofr cannot be normal. suppos 
that we take the distribution of the sample r’s when the population value is 
90. Because of the location of this parameter on the со of id it is 
impossible for the sampling distribution to be normal. No sample p ue can 
be larger than 1. But on the other side of .90 the size of the sample r’s сап 
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extend downward with no limitation. Such a sampling distribution will be 
negatively skewed. This is true of all high correlation coefficients. _Skew- 
ness for high negative r’s will be positive. Actually the sampling distribution 
of r is roughly normal when the parameter size is .00. The further the 
population values are from this, the more skewed is their sampling distri- 
bution. This is shown in Figure 13.1. Since these sampling distributions 
are distorted, it is recommended that the usual = or t not be used in testing 
the difference between two r’s. 


- 0.90 0.00 +0.90 
Values of r 

--1,47 0.00 + 1.47 
Values of 2 


FIGURE 13.1 Sampling distribution of r when the population 
yalues are .00 and +.90 and the sampling distributions of the 
Z-statistics are equivalent to the r’s. 


Fisher's Z-Statistic or Transformation. В. A. Fisher has made a logarithmic 
transformation of r which is referred to as the Z-statistic. The sampling 
distribution of this statistic is normal for all values. This is most useful for 
we can change the r’s, the difference of which we wish to test, to Z’s, test the 
difference between the two Z’s, and, if this is significant, conclude that the 
difference between the two correlation coefficients is significant. The 
standard error of Fisher’s Z-transformation is as follows: 


1 


у= NIS (13.3) 


Testing the Difference Between Two Correlation Coefficients for Uncorre- 
lated Data. Suppose that we have the following data: 
ry = .85 r34 = .78 
N = 103 М = 147 


We wish to test the null hypothesis of no difference between these two 
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correlation coefficients. The first thing that we do is change each of these 
into Fisher’s Z-statistic by the use of Table VII in the Appendix. This gives 
us 

ті: 85° = 7 126 

ға 18 = 2 1.05 


The problem now is one of testing the difference between these two 2/5. The 
standard error of the difference between two Z’s is written as shown in 13.4, 
but we simplify it to the form of equation 13.5 before we use it. 


Spz = Vsz,? + 52,2 (13.4) 
as) * oid 
аре 2 
"s VN -3 VN;-3 
1 1 
SD = em —3 + Мұса 2574 (13.5) 


1 1 
s= зз ТЕЗ 


1 1 
Sox = A100 + 144 


sp, = МОЇ + .0069 = V.0169 


Sp, = -13 


Next we make the usual test of significance. 


Since this is less than 1.96, it is not significant. Hence, since there is no 
significant difference between the two Z-statistics, we conclude that there is 
No significant difference between the two correlation coefficients. 

If the situation exists in which variable 1 is correlated with variable 2, and 
variable 1 is also correlated with variable 3, and all measurements made upon 
the same sample, the above technique cannot be used, for here there has to 
be taken into account the relationship between the pairs of r’s. Once again 
we are dealing with correlated data. McNemar (10) has suggested a t-test 
that can be made when this situation occurs. 


£ (rig = r) VON — 3) (1 + r23) (13.6) 
Vu = n — ns — "2% 2712 ris r23) 


table with М — 3 degrees of freedom. 


This is interpreted by going into the t- 
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Averaging Pearson г’5. Since Pearson r’s are not equal units of measure- 
ment, they cannot be added and averaged. To find an average correlation 
coefficient, change each r to its respective Z using Table VII. Then average 
these Z’s, and using the same table, convert this 2 back to an r. This is the 
average г. For example, 


r Z 
.68 .83 
77 1.02 
.86 1:29 
179 1.07 
92 1.59 
Sums 4.02 5.80 
Means .80 1.16 which converts to ап ғ or .82 


The sum and mean in the left-hand column are merely inserted to show that 
there is a difference between the two techniques. If the r’s were all fairly 
similar in size, little would be gained by using this technique. Also if they 
were all small, they could be averaged as is, for an inspection of Table ҮП 
reveals that up to an r of .25, the values of r and Z are similar. 


Exercises 


1. A student computes ап r of .32 with 22 cases. By use of the appropriate formula 


test the significance of this r. Check your results by using the tables for testing 
the significance of an ғ. 


2. N = 103, What is the standard error of a Fisher's Z which corresponds to an 
ғ of .90? 


3. We find r' of —.60 and —.51, N being 85 in both sets of data. Using the 


formula for uncorrelated data, test the hypothesis of no difference between these 
two r's. 


4. The following correlations are found among three variables in the same sample 
of 103 individuals: 


A B С 


А — 76 493 
В — — .85 
Gian = | 


Is the correlation between A and B si 
between A and C? 


5. On five independent samples the following r’s were obtained: 


93 


ignificantly different from the correlation 


What is the best estimate of the population r? 


I4: 


X'—CHI SQUARE 


Chi square is a test of significance. This statistic is a very useful one in 
research because no particular assumptions have to be made about the shape 
of the distributions of the frequencies being tested. It is most commonly 
used when data are in frequencies such as in the number of responses in 
different categories. It can be used with any data that can be reduced to pro- 
portions and percentages. The social psychologist involved in research upon 
the attitudes of people finds this statistic a very useful one. 

As a simple illustration suppose that we toss a fifty cent piece in the air 
100 times and record our results. We observe that 40 heads and 60 tails 
appear. We refer to these frequencies as the observed frequencies. Іп a 
previous chapter we gave these the symbol fọ, However in this chapter we 
shall, for the sake of convenience, refer to these observed frequencies with 
the symbol О. Next we make the usual null hypothesis that this distribution 
of 40 heads and 60 tails does not differ from what we would expect by 
chance, that is, 50 heads and 50 tails. These frequencies are called the 
expected, theoretical, or hypothetical frequencies. In this chapter we shall 


refer to these using the symbol Е. 
We test our hypothesis by using the general formula for chi square. 


- 2 
y= 002 (14.1) 
(40 — 50? , (60 — 50)? 
2 = — ڪڪ‎ аы 
x 50 7 30 
_ (102 90 
Хо * 50 
100 100 
v= 50 + 50 
X2 = 2 + 2 
x? = 4.00 


Formula 14.1 demands that we take each observed frequency, subtract from 
147 
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it the corresponding expected frequency, square the difference, and divide the 
result by the expected frequency. The sum of these is chi square.! 

Table IV in the Appendix is used for the interpretation of chisquare. We 
enter this table with df = 1 (this will be explained later) and compare our 
computed value of chi square with the table values. We note that the 5 per- 
cent value of chi square for 1 df is 3.841. Our computed value of 4.00 is 
larger than this but less than the 2 and 1 percent values; hence we reject our 
hypothesis of no difference at the 5 percent level of significance. We can 
be fairly confident that these results are different from those produced by 
chance alone. 

Suppose that we take another example. This time we toss a die 144 times 


and we observe that a five-spot appears 36 times. We set our observations 
up as follows: 


[o E 

five-spots 36 24 
Not five-spots 108 120 
Total 144 144 


Since there were 36 five-spots, it follows that there were 108 observations that 
were not five-spots. Our expected frequencies are based upon chance. 
Since the probability of tossing a five-spot is 1/6, we put down our expected 
frequencies in that proportion, which in this case gives us 24 and 120. It 
is important to note that in a chi square problem, the sum of the observed 
frequencies has to equal the sum of the expected frequencies. For these data 
(36 - 24» 108 — 120)? 
улы ا‎ pe 
2 122, 122 144 , 144 
7,26 7 120. 24, 1% 
X2 = 6.0 + 1.2 
2 = 7.20 
which with df = 1 is significant at the 1 percent level. 

Chi Square in a 2 x 2 Table. One of the commonest uses of chi square 
is found in the so-called 2 x 2 table or fourfold table. In Table 14.1 are 
shown the **Yes-No" responses of two groups to an item on an attitude 
1 


TABLE 14.1. Chi Square in a 2 x 2 Table 


E 
Yes No 


1 Note that we consider both the “heads” and the “nonheads” or negative responses 
in solving for x2. 
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inventory. The observed frequencies have been entered in the left-hand 
table. Such a table as this is referred to as a contingency table. Assuming 
that chance alone is operating, the expected frequencies are set up, since the 
groups are equal in size, by assigning half of the “Yes” responses and half 
of the “Мо” responses to each of the two groups. It might be noted that 
it is not necessary to have the groups of equal size for the use of this technique. 
Chi square is computed for these data in the same manner as it was for the 
previous problem, except now we have four sets of cells to compare. 


— 45)2 — 23)2 — 45)2 = 282 
_ (40 — 45) + Q8 23) 4 60 45) + Gs 23) 


x 
45 23 45 23 
25 251257 25 
RSE o n 
x? = .555 + 1.087 + .555 + 1.087 
x? = 3285 


Degrees of Freedom. In a chi square problem degrees of freedom are 
determined generally by the use of the following formula: 
df= (r — 1)(c — 1) (14.2) 
where 
r = the numbers of rows in the contingency table. 
с = the number of columns in the contingency table. 


For the data in Table 14.2, this reduces to 
df= (2 - X2- 1)=1xl1=1 

The student will note that as soon as one of the cell values is determined, the 
marginal values remaining the same, the frequencies of the other cells are then 
fixed, For this table then there is only 1 df. Obviously, this formula cannot 
be applied to the two problems that we worked first for then we would have 
Odf. Ina2 х 1 table, dfis always equal to 1. Entering the chi square table 
in the Appendix we find that for df = 1 a chi square of 3.285 is not significant. 

Another method for finding the value of chi square in a 2 x 2 table is by 
the use of the following formula which avoids the computation of the 
expected frequencies. 

2 _ М(аа) - (bc) (14.3) 
X = 000070) 

where the various letters аге shown іп the left-hand contingency table in 
Table 14.1 and N is the total number of frequencies. Solving the data in 
Table 14.1 by the use of this formula 


136[(40)(18) - (28)(50)]? 


= 


(68)(68)(90)(46) 
_ 136(720 — 1400)? _ 62,886,400 
= 19143360 . 19,143,360 
= 3.285 


which is identical to the answer computed by the other method. 
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Obtaining the Expected Frequencies. To illustrate how the expected fre- 
quencies are obtained, we shall use the material in Table 14.2. The cell 
frequencies of this 3 x 3 contingency table are designated by the letters 
within the cells. The rows and columns are summed and the total number 
of frequencies is represented by 7. We are going to obtain these expected 


TABLE 14.2. Obtaining the Expected Frequencies 


MUN P T 


frequencies by manipulating the margins. To obtain the expected frequency 
for the cell in the extreme upper-left cell, we multiply M by К and divide this 
by the total number of cases T. Тһе Е for the cell below this is obtained by 
multiplying M by S and dividing byT. After we finish the left-hand column 
of the contingency table, we move to the right, and to obtain the E for the 
top middle cell we multiply N by R and divide this by T. In this manner all 
the expected cell frequencies in the contingency table may be determined. If 
the student wishes he may go back to Table 14.1 and, if the method just 
described is applied, he will compute the same expected frequencies as are 
noted there. 

Chi Square When Frequencies Are Small and df = 1. When any of the 
expected frequencies is small, say less than 10, the chi Square computed is 
likely to be an overestimate. With df = 1, a correction called Yates? 
correction for continuity is applied. This correction is used because the dis- 
tribution of chi square is discrete, whereas the values obtained by the 
formulas result in continuous distributions, When frequencies are large 
this difference is of no importance; but as the frequencies become small, 


Yates’ correction should be applied. When we work the data by formula 
14.1, the corrected formula becomes 


pe ys Е = .5)2 (Ша) 


In the above formula what is ас 
larger than E is decreased by 5a 
by .5. 


When Yates’ correction is applied to formula 14.3, this formula becomes 


tually happening is that each O which is 
nd each O which is less than E is increased 


N (lad - be| -X 3 


№ = — 1 


(OG) (14.5) 
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The parallel lines around the (О — Е) and the (ad — bc) indicate that it is 

the absolute values that аге to be reduced by .5. If (O — Е) were —3.5, this 
would be reduced to —3. 

To illustrate the use of Yates’ correction, we shall work the data in 

Table 14.3. Іп Table 14.3 are shown the expected frequencies which result 


in 


P" [2 - б = @- E- S at 


- چ‎ + [a 


19 
= (.6447 + 2.0417)(2) 
= (2.6864)(2) 
= 5.3728 
TABLE 14.3. Тһе Use of Yates’ Correction in Chi Square 
о Е 
Yes Мо Yes Мо 
Group 1 23 2 25 19 6 25 
а b k 
molas 19 6 25 
15 10 2. = 
Groupi с а 1 38 12 50 
38 12 50 
m n N 


which, with df = 1, is significant at the 5 percent level. It might be noted 
here that the chi square when computed for these data, not using Yates’ cor- 
rection, is 7.017 which is significant at the 1 percent level. 

Using formula 14.5, this problem is worked as follows: 


s0 |2310) - ase E Ey 
X = —g50588502  . 


_ 500200 — 25)? 
= — 285000 

_ 1531250 

= 285000 

= 5.37 


When Е values аге less than 5, and especially when they are around 2, even 
Yates’ correction for continuity is not too good, and a method known as 
Fisher’s exact method must be used. This will not be discussed here, but it 
may be found іп McNemar (10, p. 241). This method is a complicated one. 
The student might find it to his advantage to increase the size of his N rather 


than be concerned with frequencies of 1 or 2. 


* Since the other two cells would be identical to the first two, we multiply by 2. 
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Chi Square and z. When df = 1, x? = 22. This may be illustrated by 
using the following data: 


о Е 
36 24 

108 120 

144 — 144 


We have already found that chi square for these data is 7.20. Since the 
above data resulted from the toss of a die, the probability that any particular 


face of the die will appear is 1/6. Applying the formulas for the binomial 
(10.2 and 10.3), 


т = Np c = VNpq 

т = (144 о = VANE) 

т = 24 c = 720/36 = V20 
с = 4.472 


We next consider our observed frequency of 36 five-spots as a deviation from 


the mean of 24 and apply a z-test to see if this deviation is large enough to 
be a significant one. 


36—042 
2= 4472 = 44172 
2 = 2.6833 

22 = 7.20 


which was the value previously computed for chi square. For certain 
problems, then it follows that we have a choice as to which Statistic we use 
in making a test of significance. It must be remembered that this relation- 
ship between z and chi square holds only when df = 1. 

Chi Square in a Table Larger Than 2 x 2. Suppose that we have the 
responses of three groups to a single item of an attitude inventory scale. The 
responses were recorded as “Strongly Agree," "Agree," “Мо Opinion," 
“Disagree,” and "Strongly Disagree." The frequencies of the responses for 
the three groups are shown in Table 14.4. There is nothing different in the 
solution of the chi square for these data than that for the 2 x 2 table, other 
thantheamount of workinvolved. Firstthe marginal values for the observed 
frequencies are obtained. Then using these margins, the expected frequencies 
are determined. For this problem these were carried to the nearest tenth. 
The chi square component for each cell is then determined, these components 
are summed, the chi square table in the Appendix is entered with (3 — 1)(5 -1) 
or 8 degrees of freedom, and the appropriate conclusion is drawn. 

The resulting chi square is large and we reject the null hypothesis of no 
difference among the three groups at the 1 percent level. We now have 
strong reason to believe that there is a difference among the three groups. 
But where? Further tests have to be made to see if each group differs from 
the other or if two of them are similar, both differing from a third. A chi 


х2— СЫ Square 153 
TABLE 14.4. Chi Square іп a Large Table 


о 
SA А NOD SD 


Group 1 
Group 2 
Group 3 


E 
Group 1 11.9 7.0 70/| 92 
Group 2 21.6 | 12.7 | 12.7 | 16.6 


Group 3 10.5 6.3 6.3 8.2 
70 44 26 26 34 200 
(12- 18.9? , (48 — 34.3)? (12 — 8.2)24 


ZU NSW eu о 


2.519 + 5.472 +... + 1.761 


34.209 which with df = 8 is significant for 
x2 with df = 8, at the 1% level = 20.09 


2 


\ 


а Twelve of the components аге not shown. 


Square test can be now made, taking one group at a time versus another 
group. If the overall chi square had not been significant, we could have 
stopped at that point. But if we have evidence that differences are present, 


we should take additional steps to find out where they are. 


Small Frequencies in Large Tables. Suppose, using the same terminology 


as used in Table 14.4, we have the following responses of two groups to an 
attitude test item: 
SA Аз мо (о SD 


Group 1 2 15 12 18 1 
Group 2 1 14 8 13 2. 


Before we start we should combine the frequencies іп the “Strongly Agree 
and “Agree” categories and those also in the two disagree categories and 


apply chi square to a contingency table that looks like this: 


» 


A мо 3D 


Group 1 17 12 19 
Group 2 15 8 15 


2 A good rule to follow is to do this when any E is less than 5. 
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Another situation like this may arise: 
SA A NO D SD 


Group 1 24 46 2 14 8 
Group 2 16 13 3 34 16 
For these data it would be best to discard the “No Opinion” category and 
run the chi square test using the other four columns. 
The next situation contains the responses of students in five different 
schools of a university to a five-response attitude test item. 


SA A NO D SD 


Liberal Arts 16 32 12 37 18 
Engineering 23 15 if 23 5 
Home Economics 6 14 6 13 6 
Fine Arts 9 23 6 1 8 
Education 2 3 4 10 1 


In the above contingency table it will be noted that the number of respondents 
in Education is small. There are three possibilities in handling data like 
this. First the Education data can be dropped from the analysis. Secondly, 
the frequencies of the Education group can be combined with those of some 
other group if there is any logic for such a combination. In this situation 
Education could be combined with Liberal Arts, for on some campuses 
these two groups are together. Thirdly, and probably the best, more in- 
dividuals in Education should be sampled. Yates’ correction is not applied 
to these larger tables. 

Chi Square Test for Correlated Proportions. 1n Chapter 12, we made a 
Z-test (or a t-test) for the difference between two proportions when the data 
are correlated. Тһе data used in Chapter 12 are reproduced below: 


Item 2 


No Yes 


In this table we have the responses of 120 individuals totwo test items. The 
data are arranged in the table by taking into account the agreement and dis- 
agreement of the responses of the individuals to the two items. 

The formula for chi square for this type of problem is 
2 _ @- dy 

ажа 

_ (33 - 15)? 

33 + 15 
(8? 324 

8 48 
= 6.76 


x 
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In Chapter 12, we found а = of 2.60 for this problem. This squared is equal 
to 6.76, which it should be, since with 1 df, 22 is equal to chi square. 

Testing Goodness of Fit. Another use of chi square is in testing goodness 
of fit. This is testing a set of data to see if the data are normally distributed. 
In Chapter 7 we learned how to normalize a set of data. The student who 
wishes to review at this point is referred to Table 7.2 and the discussion 
associated with it. In Table 7.2 we set up the expected frequencies for the 
distribution in the table. Both the observed and expected frequencies from 
Table 7.2 are reproduced in the first two columns of Table 14.5. It should 
be apparent by now that anytime that we have a set of observed and a set of 


expected frequencies we can apply the chi square test. 


TABLE 14.5. Testing Goodness of Fit 


a) (2) (3) (4) (5) (6) (7) 
- 2 
о Е о Е O-E (0 — EP (o EY 
10-19 2 2 
100-100 8 5 10 7 3 9 1286 
90-99 12 12 12 2 0 0 ‘000 
80-89 16 9 16 19 3 9 414 
9 2 25 2 5 3 9 360 
6-9 36 28 36 28 8 64 2:286 
5059 27 26 27 26 1 1 039 
40-49 13 20 B 20 7 49 2.450 
30-39 12 12 2 12 0 0 .000 
2029 8 6 2 10 2 4 “400 
10-9 3 2 
0-9 1 2 
У = 160 x = 7.295 


In columns (1) and (2) of Table 14.5 we have the observed and expected 
frequencies. In columns (3) and (4) are the same frequencies, this time with 
the frequencies in the extreme class intervals combined so that none of the 
expected frequencies is less than 5. In column (5) are shown the differences 
between each О and Е, in column (6) the square of these differences, and in 
column (7) the square of the differences divided by the expected frequencies. 
These are then summed and a chi square of 7.295 results. 

The null hypothesis that we have here is that the distribution of observed 
scores does not depart from normal. Basically the number of degrees of 
freedom for this situation is the number of intervals minus three. We placed 
three restrictions upon our data when we normalized them. We noted that 
the best-fitting normal curve for a set of data has the same mean, standard 
deviation, and number of cases as the original data. One degree of freedom 
was lost for each of these restrictions. In our problem we reduced the 
number of class intervals to 9 when we combined those in the tails having 


small frequencies. For these data it follows that df = 6, that is, 9 cate- 


gories minus 3. In the chi square table we find for df = 6 that the 5 percent 
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value of chi square is 12.592. Since our chi square value is smaller than this, 
the null hypothesis stands, meaning that, as far as we know, our original data 
do not depart significantly from that of the normal curve. 


Exercises 


1. A student responds to a 70-item true-false test by guessing the responses to 


every item. He obtains a score of 45. Does this differ significantly from what 
would be expected by chance? 


2. One hundred cards were pulled from a well-shuffled deck of ordinary playing 
cards, each card being replaced after being drawn and the deck then reshuffled. 
Do the following results deviate from what we would expect by chance? 


Red card 38 
Black card 62 
100 
Picture card 16 
Number card 84 
100 


. A job information test was given to attendants in a mental hospital. Below 
are the responses to two items of attendants rated “good” and “poor” by their 
Supervisors. Do the responses to the two items differ? 


Item Yes No 
Rated good 72 28 
Rated poor 22 4 

Item 2 
Rated good 12 88 
Rated poor 12 14 


4. In an experiment subjects were asked to de: 
drink was one of two well-known brands. 
brand one and half were given brand two. 
by 79 subjects and brand two by 61. 
expect by chance? 


5. Seven dimes were tossed 128 times, with the following results: 


7 heads, 0 tails 2 
6 heads, 1 tail 8 
5 heads, 2 tails 18 
4 heads, 3 tails 32 
3 heads, 4 tails 41 
2 heads, 5 tails 17 
1 head, 6tails 10 
0 heads, 7 tails 0 
Are these results different from what would be expected by chance? 
6. A study showed that 80 percent of freshmen scoring above a certain point ona 
physical science orientation test passed freshman chemistry. The next year 
600 freshmen were tested, and of those scoring at or 


х above the critical score 440 
passed and 160 failed. Does this differ significantly from the original results ? 


cide whether a sample of a cola 
Half of the subjects were given 
Brand one was correctly identified 
Does this differ from what we would 


10. 


. In working a chi square рг 


. A nation-wide sample of 2 


- А group of legi: 
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. Two hundred subjects of both sexes were given tastes of oleo and butter and 


asked to name the one that they preferred. Do the preferences of the two 
sexes differ in respect to these staples? 


First Choice First Choice 
Oleo Butter 
Males 34 46 
Females 72 48 


oblem the following observed and expected frequen- 
cies were obtained. Why should the problem be stopped here? 


о E 
Group 1 10 21 10 16 
Group 2 11 16 10 16 
Group 3 9 15 10 16 


000 high school students was asked to agree or to 
** People should not be allowed to vote unless they 


disagree with the statement: 
The responses of the two sexes were tabulated 


are intelligent and educated." 


separately. 
= М Agree Disagree 
Boys 360 640 
Girls 290 710 


(a) Set up a table for E’s and compute chi square. 

(b) Solve the problem using formula 15.3. 

In the same survey this question was posed: “Ро you think that some racial 
and religious groups should be prevented from living in certain sections of 
cities?" When the responses were tabulated by region, the following fre- 


quencies were observed: 


Agree Undecided Disagree 
East 89 79 297 
Midwest 118 130 350 
South 241 140 248 
West 37 59 197 


(a) Compute the expected frequencies. 
(b) How many degrees of freedom are there for this problem? 
(c) Do the responses of Eastern students differ from those of Western students 


on this question ? 
(d) Compare the res 
students. 


ponses of Midwestern students with those of Southern 


slators was asked this question: “Should there be laws against 
s of different races?" 


Undecided, ^ Undecided, 


marriage between person: 


Agree Probably Probably Disagree 
А Agree Disagree 
Democrats 37 9 13 35 
26 3 2 43 


Republicans 


By the use of chi square, test the significance of the difference of the responses 


of the members of the two parties. 


15 


SINGLE CLASSIFICATION 
ANALYSIS OF VARIANCE 


In the previous chapter we were concerned with the z- and t-tests for testing 
differences between two groups. In actual practice it often happens that 
more than two groups are involved in a study. One of the writers carried 
on a study involving a series of tests given to students in five different colleges 
of a large university. He was interested in differences in performance of the 
students in the different colleges on these different tests. Using the z-test he 
could have taken the colleges two at a time and tested for differences between 
each two. For the five different colleges this would have amounted to ten 
different z-tests. Frequently, there are more than five groups in a research 
study, and the number of comparisons that would have to be made to cover 
all possible tests would be too cumbersome to carryout. The general formula 
for determining the number of combinations to be made, taking the groups 

N(N — 1) Я 
OL e where N is the number of groups. For example, 
if there are 15 groups, we would have to run 105 Separate --tests. 
In addition to the nearly prohibitive number of calculations involved in 
comparing subsamples one by one, there is another, and more important, 
"limitation. When we analyze our data this way, we ignore the fact that 
these subsamples exist in a set. The elements of such sets are known to 
interact. This interaction should be taken into account in our analysis. 
Analysis of variance does not ignore interaction. In more complex statistical 
designs than we will be able to discuss here, estimates of variance due to 


interaction are made. These estimates often prove to be extremely important 
in the interpretation of the statistical analysis. 


To avoid these limitations, statisticians have d 
of variance techniques in which all of the dat. 
general null hypothesis of no difference amo 
groups is tested. In this simple type of analysi 
with two types of variation. 


two at a time, is 


esigned the so-called analysis 
à are treated at once and a 
ng the means of the various 
5 of variance we are concerned 
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Suppose that we have IQ scores on five samples of adults. The mean and 
variance (52) of each group is 


Group 
1 2 3 4 35; 
X 102 123 100 108 112 
52 15 12 12 14 10 


We сап see that the means of the groups vary. This variation of group means 
from the total or grand mean of all groups is referred to as “between groups” 
variance. 
Now let us suppose that we throw all the IQ scores into one big pot and 
“mix thoroughly.” We can forget for the moment which scores belong in 
he variation of these individual 


which groups. These scores will vary. Т 


scores is called “within group” variance. р 
The heart of analysis of variance Нез in the following fact: If the groups are 


not different, the two types of variance will be equal. We can test for the 
significance of the difference of the two types of variance by use of the F-test. 


ASSUMPTIONS UNDERLYING THE USE OF THE 
ANALYSIS OF VARIANCE 
When the analysis of variance technique is used, the following assumptions 


should be met: ү 
1. The individuals іп the various subgroups should be selected on the basis 


of random sampling from normally distributed populations. 

2. The variances of the subgroups should be homogeneous. This assump- 
tion of homogeneity of subgroup variance should be tested by Bartlett’s 
test (or some other) whenever analysis of variance is to be used (see 
Bartlett [1] or Edwards [4, 5]). "M 

3. The trait being studied should normally be distributed in each of the 
sample subgroups and in its corresponding population.! 


MEETING THE ASSUMPTIONS 


The three assumptions given are sufficient for the logical and mathematical 
theory underlying single classification analysis of variance. However, 
strictly speaking, the first is not entirely necessary for the derivation of the 


method. 

In the use of this method, though, all three assumptions are usually stated. 
These assumptions are not equally critical. It has been empirically shown 
that the distribution within the subgroups can be skewed to a rather high 
degree without affecting the significance test (2). The third assumption is not 


usually tested. 


The first assumption is dependent upon the adequacy of the experimental 


1 If these assumptions cannot be made, tests of significance might be applied, using one 
of the “‘distribution-free” techniques discussed in Chapter 18. 
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design. This emphasizes the necessity for careful planning prior to the 
execution of statistical tests. 

The second assumption, that of homogeneity of variance, is very important 
and is almost always tested before the analysis of variance is made. The 
most frequently used test of this assumption is one devised by Bartlett 1. Тһе 
computational method for performing this test is included in the model 
worksheet shown later as Table 15.5. Bartlett's test yields a chi square. If 
the chi square is significant with number of groups —1 degrees of freedom, 
we have reason to believe that the second assumption has not been met. 
Other methods have been developed for testing samples with significantly 
different variances. 

In this chapter we shall discuss only the very simplest application of the 
analysis of variance. Usually a 5004 share of a second and third course in 
statistics is devoted to the many uses and ramifications of this technique. 


TESTING THE DIFFERENCES AMONG SEVERAL MEANS 


We shall illustrate the basic solution of an analysis of variance problem by 
using the three sets of data in Table 15.1. Here we have the scores of 7 
individuals in three Broups, A, B, and C, to a short test. In the three 
columns at the right, we have the squares of each of these scores. 


TABLE 15.1. Example of Single Classification Analysis of Variance 


Group A Group B Group C Group A Group B Group C 
x x x x2 Хх? Х? 
12 18 6 144 324 36 
18 17 10 324 289 100 
16 16 18 256 256 324 
8 18 4 64 324 16 
6 12 6 36 144 36 
12 17 12 144 289 144 
10 10 14 100 100 196 
УХ = 82 108 70 ХХ? = 1 
X = 11.71 15.43 10 ni 1726 5: 
Хт = 12.38 


The Total Sum of Squares. Тһе total sum of squares could be obtained by 
finding the mean of the 21 scores, taking the deviation of each score from this 
mean, and squaring and summing these squared deviations, 
recalled that we can obtain the sum of the Squares by the use of th 


e е following 
equation: 


a С (УХ)? 
Ре А (15.1) 
This would mean 


(12? + (18? + (192... + 127 + (141 — c: 
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Or from the data in Table 15.1 


Sx? 1068 + 1726 + 852 (82 + 108 + 70)? 


21 
(260)? 
Fa ae 
Xx? = 3646 21 
67600 
5x2 = Sa 
Xx? = 3646 21 
Хх2 - 3646 - 3219 
Ух? = 427 


The “Between” Sum of Squares. The sum of the squares between the 
various groups can be found by taking the mean of each group, getting its 
deviation from the total mean, squaring this deviation, and then multiplying 
each of these by the number of individuals in each group, as follows: 

Xx? = LX — Xpn (15.2) 
Ex? = (11.71 - 12.38)2(7) + (15.43 - 12.38)2(7) + (10 — 12.38)2(7) 
3x2 = (—.67)2(7) + (3.05)2(7) + (—2.38)2(7) 

3x2 = (.4489)(7) + (9.3025)(7) + (5.6644)(7) 

3x2 = 3.1423 + 65.1175 + 39.6508 


Xx? = 107.9 
А more direct method of obtaining the so-called “between” sum of squares 
is as follows: zxy| exp? 
= = T. 
se = [>>] -S 053) 
EDE (108° (702) _ Geo» 
DA [ Jg "wm рт | 21 
6724 , 11664 | 4900 67600 à 
pO ур 22” 


Ул? = (960.6 + 1666.3 + 700) - 3219 
Ул? = 3326.9 - 3219 
Xx? = 107.9 
The “Within” Sum of Squares. То obtain the “within” sum of squares 
we could, group by group, take each score, subtract it from the mean of the 
group, square each score, and sum. 
Group А: (12— 12.38)? + (18 — 12.38)? +... + (10 — 12.38)? 
This is repeated for the other two groups, and then the three sums are 
summed. However, this is a rather tedious method and we obtain the 
identical results as follows: 
For Group A: 
—Ó 


2 
Хх? = 1068 — e» 


(15.4) 


Ex? = 1068 — 960.6 
Ex? = 107.4 
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For Group B: 
2 
Ух? = 1726 – 105 
Ух? = 1726 - 1666.3 
Ух? = 597 
For Group С: 


2 
Ух? = 852 — e» 


Xx? = 852 — 700 
Xx? = 152 


Summing for all three groups: 


Хх? = 107.4 + 59.7 + 152 
Ex? = 318.1 


The “within” sum of squares added to the “between” sum of squares should 
total the “total”? sum of squares. 


319.1 + 107.9 = 427 


It follows that the “within” sum of Squares can be obtained directly by sub- 
tracting the “between” sum of Squares directly from the sum of squares of 
the total instead of going through the process described above. 

Degrees of Freedom. Since there are 21 cases in the problem that we are 
working, we have М — 1 or 20df. In Group A there are 7 cases; hence there 
are 6 df for this group and, since in this problem the number of cases is the 
same in each problem, there are 6 df in each of the other groups. So far we 
have accounted for 18 of the total number of degrees of freedom. We have 
three groups. Then it follows that there are 2 df for the groups. To 


generalize: 
df for total groups = number of cases in total (М) minus 1. 
df for groups “between” = number of groups (К) minus 1. 
df for groups “within” = sum of the number of c 
group (п) minus 1. (n — 1) + (n; — 1)... 
The Analysis of Variance. 
table similar to Table 15.2. 
column the number of degrees 


ases within each sub- 


The usual technique at this point is to set up a 
Into this table we enter in the appropriate 
of freedom, the sum of the squares for each of 


TaBLE 15.2. Analysis of Variance for the Data 
in Table 15.1 


Source of 


гсе Sum of Mean 
Variation df Squares Square 
“Between” Groups 2 107.9 53.95 
“Within” Groups 18 319.1 17.72 
Total 20 427 


Ss eee 
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the three categories, and in the last column the so-called mean square values. 
These mean squares are obtained by dividing each of the sum of squares by 
its respective number of degrees of freedom. Such a ratio or division results 
in variances. The “between” and the “within” mean squares are then two 
estimates of the population variance. 

The F-Test. We made an F-test previously when we were testing the differ- 
ence between two variances to see whether or not we should go ahead and 
pool them. The analysis of variance table is evaluated by making the 


following F-test: 


F- mean square for “between” groups (155 

= “mean square for “within” groups 5) 
53.95 

pa 17.72 

F = 3.04 


use of the F-Table (Table V of the Appendix). 
h the number of degrees of freedom 
number of degrees of freedom in the 


F-ratios are interpreted by ‹ 
This table is entered across the top wit 


for the greater mean square and for the Í 
lesser mean square on the left-hand side. For this problem we go over to 2 


and down to 18. At that place we observe that the value of F needed for 
significance at the 5 percent point і 3.55. Since our value is lower than this, 
the null hypothesis of no difference between the three groups stands. 

There are times when the value of the F-ratio will be less than 1. There is 
no point in solving for the valu h a ratio as all such ratios are not 


e of suc! 
Significant. 


THE ANALYSIS OF VARIANCE WITH ONLY 
TWO GROUPS 


The analysis of variance may be applied to only two groups. When this is 
done, a relationship of the F-ratio and the /-гайо becomes apparent. In 
Table 15.3 are two sets of scores representing the responses of two groups to 
а short test. In the table аге shown the various sums and means. 


TABLE 15.3. Analysis of Variance for 
Groups 


Two 
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The sum of the squares is computed as follows: 
Sum of squares for total: 


(305)? 
У = — 
Ex? = 5219 20 


Xx? — 5219 — 4651.25 
Ух? = 567.75 
The “between” sum of squares: 
(192)? , (113)? (305)? 
zo را‎ 
E O a 
Хх? = (3686.4 + 1276.9) - 4651.25 
Xx? = 4963.3 — 4651.25 
Ух? = 312.05 


The “within” sum of squares: 


Within sum of squares — (total sum of squares) — (between sum of squares) 
Xx? — 567.75 — 312.05 — 255.7 
The analysis of variance table is set up as shown in Table 15.4 and the 
F-test is made. This time we find that the F-ratio is equal to 21.96. 
Suppose that we next compute a /-габіо for the above data. We shall use 
the following formula for г, the formula for small samples: 
Х — × 
Ух? + Ух? (1 = 1 
(Ni + N2 — 2\N, ` N, 
19.2 - 11.3 
99.6 + 156.1 ( 1 1 ) 


i= 


(10 + 10) — 2\10 * 10 


BID + (лл 


7.9 
ل1 
2 
1 
7.9 


У (14.20)(.2) 


t= 4.69 


Both this F of 21.96 and the t of 4.69 are si 


gnificant beyond the 1 t 
level of confidence. Both techniques lead to У регсеп 


the same conclusion. It may 
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TABLE 15.4. Analysis of Variance for the Data 


in Table 15.3 
Source of Sum of Mean 
Variation df Squares Square 
* Between" groups 1 312.05 312.05 
* Within" groups 18 255.7 14.21 
Total 19 567.75 


be noted that when df for “between” groups = 1, VF = t or, putting it the 
other way around, 2 = Е. 
21.96 = 4.69 = t 


t-Tests Made After F-Tests. In the problem worked first in this chapter 
no significant differences were found among the three groups when the F-test 
was applied to the data. Suppose that this F had been significant. Should 
we then proceed and make a series of t-tests to see just what groups differ from 
each other? In the statistical literature there tends to be confusion on the 
answer to this question. In general, it appears that it is best not to. One 
might look at the various means and carry on further research using the 
observed differences that appear to be large enough to be significant. 

Tukey (11) has come up with an exact answer to this problem of testing the 
differences between individual means when the F is significant. It involves 
making three tests, one for the “significant gap,” one for the *straggler," and 
one for “excessive variability.” These three tests are not difficult, but they 
are rather long. The student who is interested is referred to Tukey (17) or 


Edwards (5). 
A COMPUTATIONAL FORM 


А worksheet for computing single classification analysis of variance is 
shown in Table 15.5. This form includes Bartlett’s test for the homogeneity 
of variance assumption. | 

In this table the scores on а measure of social class of 971 high school 
students are tested against the following responses of the students to the 


question “ How do you feel about going to college?” 


. It would be a waste of time. 


. I don’t have the ability. у , 
. I would go chiefly to gain more earning power in terms of pay. 4 
. I would go chiefly to enjoy social contacts in college and have a good time. 

. I would go chiefly to prepare for more advanced training such as law and 


medicine. 
. I would go to gain know! 


ом‏ ج ی 


ledge for its own sake. 


aw scores are entered in the table in columns (а), 
1у filling in the remaining blanks, as the headings 


о 


Computations from the г 
(с), and (d). Then, by теге 
indicate, the analysis is completed. 


TABLE 15.5. Worksheet for Computing Single Classification Analysis of Variance 


g . 
— — — e TL XX НЕ» 70 TID ЖЕ Е жолы тан; Жа 
с2 T 
5 b bh 


log g 


2,232 847 13.661 1.13548 70.39976 


Waste of time 375 3,079 

Don’t have ability 116 115 557 4,009 2,675 1,334 11.600 1.06446 0 

More earning power 196 195 999 6,805 5,092 1,713 8.785 0.94374 184.02930 
1,776 683 14.229 1.15317 55.35216 


Social contacts 49 48 295 2,459 


Prepare for more 
10,896 3,506 11.726 1.06915 319.67585 


training 300 299 1,808 14,402 
ی‎ ін нын с G ee >” ne Bren eee eee | 
8,630 2,596 10.553 1.02337 251.74902 


Gain knowledge 247 246 1,460 11,226 
965 5,494 41,980 31,301 10,679 70.554 1003.61899 


971 


Bartlett: x2 = 2.3026 [(Xb) m — ХІ = 8.844 
55 df 
Total Уа – k 10,894 


"Within" Уа- Xe 10,679 965 


"Between" Le — k 215 


Other Computations 


n 


(2c)? 


log / 


30,184,036 


31,086 


11.0663 


1.04400 
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m МАЗ, test of homogeneity of variance is made. The constant 
P oris ШЕ Qs by the entries from the table yields a chi square. In this 
br з: т : i square of 8.844 is not significant. This means that variances 
pee al c sis scores of students choosing the alternatives can be assumed 
n Eie. peer p po o 
imately make the F-test. The sums of squ 

с d al freedom are entered into the final table as the heading E 
ik d mean square and “between mean square" are found by 
Ginn 13 eir corresponding sum of squares by their degrees of freedom. 
Hi y, the value of F, the ratio of the two mean squares, is computed. Іп 

example, this ratio equals 3.88. By comparing this value with the 


F-table (Table V in Appendix), we find that the Fis significant. This allows 


п ; 
$ to conclude that the students choosing different alternatives have signifi- 


cantly different social class scores. 


Exercises 
Е, 
x > UE 
40 29 22 27 
46 38 20 45 
35 20 31 17 
17 27 18 26 
11 28 22 29 


(а) Using an F-test, test the difference between the means of groups Х and У. 
(b) Test the significance of the difference between these two means using a 


t-test. 
2. The following data represent 


of a university on the Ohio Psy 
variance, test the difference betwee 


the scores of ten students in each of five schools 
chological Examination. By means of analysis of 
n the means. 


Business Home 
Liberal Arts Administration Economics Fine Arts Engineering 

106 79 133 50 109 
120 91 78 60 129 

92 127 40 97 77 
102 71 103 80 102 
121 115 80 62 130 
131 115 90 134 75 

62 62 84 98 93 
122 52 113 112 82 


sis of variance is not significant, can 


assification analy 
hich the samples were drawn are 


3. If the F-test in a single cl 
he population from м 


we say that the means oft 
equal? 


4. What do we call the risk we take of being wrong in rejecting a null hypothesis ? 
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5. The enrollment of the grades in an elementary school is as follows: 


First 75 
Second 86 
Third 72 
Fourth 68 
Fifth 61 
Sixth 58 
Seventh 53 
Eighth 43 


(a) Can we test the significance of the difference between the enrollments by 
analysis of variance? 


(b) Can we test by other means? 


6. Given the following four random samples, test the hypothesis that they are from 
the same population. 


Sample A SampleB ^ Sample С Sample D 


15 24 20 25 

20 22 22 18 

26 20 30 16 

26 21 27 32 

24 34 24 
18 


7. Three types of advertising were tested for their effectiveness. Their “effectivity” 
mean scores are: 


Mi-8 М,-45 M,=63 
An analysis of variance was performed and the means were found to differ 
significantly. 
(а) Do we know that Type 1 is better than Type 2? Type 1 is better than Type 3? 


(b) If you are the advertiser and Type 1 costs one-third more than Type 3, 
what would you do? 


(с) How might you use sales records? 


16 


OTHER CORRELATIONAL 
TECHNIQUES 


In Chapter 8, the entire chapter was devoted to the most widely used 
correlation coefficient, the Pearson г. When the data that we wish to cor- 
relate meet the assumptions basic to the computation of the Pearson r and 
when the two variables are continuous, it is the best statistic to use. How- 
ever, there are times when the relationship between two variables is not linear, 
when one or both of the variables are not continuous, or when the number of 
pairs of measurements is too small or not randomly collected so that the 
Pearson r is not applicable. In this chapter we shall study some of the special 
correlation techniques which may be applied to some of the situations just 


described. 


THE POINT-BISERIAL rps 


There are circumstances, especially in the field of test construction and test 
validation, where one of the variables is a continuous one and the other is 
conceived as being a dichotomy. In the usual scoring of items, the pro- 
cedure is to mark the item either right or wrong. This right-wrong scoring 
is regarded as being a true dichotomy. In item analysis work (see Chapter 17) 
the testmaker is usually concerned with how well the item is separating the 
good students from the poor ones. The ability of an item to discriminate 
between the two groups is frequently measured by a correlation coefficient. 
The usual procedure is to correlate the responses of each item with the total 


test score. pee 
a table like Table 16.1. In the first column 


This is done by setting up 
appears an interval grouping for the total test scores. Then the papers are 
taken one by one and the first item on the test is examined to see whether or 


not the subject answered it correctly. Suppose that the first paper has a 

score of 73 and that this student answered the item correctly. Then, a tally 

is placed in the “Right » column, column (2). Each paper 15 taken, and the 
169 
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TABLE 16.1. Worksheet for the Point-Biserial and Biserial г 


а) о) (3) @ 6) (6) (7) (8) 
fe fw fi x Six’ Лх? fx 

Right Wrong 
70-74 3 0 3 5 15 75 15 
65-69 6 1 7 4 28 112 24 
6 2 8 3 24 72 18 
55-59 5 4 9 2 18 36 10 
50-54 6 2 8 1 8 8 6 
45-49 7 6 13 0 0 0 0 
40-44 6 8 14 = -14 14 -6 
35-39 3 6 9 --2 -18 36 -6 
30-34 3 9 12 -3 —36 108 =9 
25-29 1 4 5 -4 -20 80 -4 
20-24 0 12 12 =5 — 60 300 0 
E246 Х-54 X-100 Х--55 X284 Х-48 


тезропзе of the first item is tallied into either column (2) or (3). Actually, 
what we have is a scatterplot with the variable on the Y-axis continuous, just 
as with the Pearson r, but with the variable on the X-axis reduced to two 
categories, 

Column (4) is the total number of frequencies falling in each of the intervals. 
The sum of this is 100 which is the sum of the number who responded cor- 
rectly and the number who responded incorrectly to the item. We now 
proceed to compute the mean and standard deviation of the total scores. 
Columns (5), (6), and (7) are set up in the usual way and columns (6) and (7) 
are summed. We also need the mean of the individuals getting the item 
correct. For this we set up column (8) which is the product of the values in 
columns (2) and (5). 

А formula for the point-biserial is as follows: 


5| ,3 = و 
A (16.1)‏ ت nj‏ 


where 
X, — the mean score of those answering the item correctly. 
X, — the mean of the total test scores. 


5, — the standard deviation of the test. 
P — the proportion of the total group answering the item correctly. 
4-1-р. 


We first solve for the two means. 


к = 48 z -55 
Хр = 47 + ac X,= 47 + mo 
Х,-47-52 Ж, = 474 (— 2.75) 


Х, = 522 X,— 442 
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The standard deviation must also be computed. 


First, the Хх2: Then, 5,: 
(-55)2 20268.75 
3 ИІ нс) (52 = 
Xs Е o" С) " g 
= (841 — 30.25)(25) = V 204.73 
= 20268.75 
46 _ = 
р= тр = 46 = 143 


Substituting these values in equation 16.1, we have 


_ 52.2 — 442 [46 
Tp = 143 54 


= .559(.923) 
= .516 or .52 


This coefficient is a product-moment correlation coefficient and is used and 
interpreted just as the Pearson ғ is. If the test being analyzed contains a 
large number of items, the use of this statistic is almost prohibitive from the 
point of view of time. There are some computing aids which will facilitate 
such computations, but in item analysis work the point biserial is not used too 
frequently. In test validation work, the criterion may be “Pass” or “Fail,” 
“Obtained his wings,” "Did not obtain his wings," “Оп probation," or 
“Not on probation," andthelike. The relationship between the test scores 
and such criteria may be computed by the use of this statistic. k 

Reliability of the Point-Biserial. The significance of the point-biserial 
correlation coefficient may be tested by the use of the following t-test and 


entering the t-table with N — 2 degrees of freedom. 


(16.2) 


For these data: 


i (.52)(9.8995) 
4/1 = .2704 


_ 4.1477 
= 852 


t = 4.86 


which with df = 98 is significant. 
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A quick and efficient method of estimating the point-biserial r is to use an 
abac prepared by Dingman (Figure 16.1). This abac can be used when one 
variable is divided at the median. The proportion of subjects in the upper 


алы 71i 


0.90 


0.80 


0.70 


Р, -Proportion of the Upper Subgroup 


0 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 
P, -Proportion of the Lower Subgroup 
FIGURE 16.1 Ап abac for estimates of the point-biserial r when one variable 
is divided at the median of distribution. (Prepared by Harvey F. Dingman.) 


Source: J. P. Guilford. Psychometric Methods. Мем York: McGraw Hill, 
1954. Reprinted by permission of the publisher. 


criterion group who pass a given item is found on the ordinate. The corre- 
sponding proportion from the “low” group is found on the abscissa. The 


estimated point-biserial r is found at the perpendicular intersection of these 
values. 


THE BISERIAL CORRELATION COEFFICIENT 


Another statistic wid 
When we use this statistic we have one vari 
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all those who just barely failed down to the utter failures. We reduce this 
continuum to a “‘pass-fail” dichotomy, and as this is the usual procedure in 
test scoring, the biserial r may be used as a measure of the discrimination 


index of an item. 
To find the value of the biserial r, one of the easiest formulas is 


2X - Ж(р 
nn Beh as» 


where all symbols are the same as defined for the point-biserial r except y 
which is the ordinate obtained from the normal probability table, cutting off 


above it an area equal to p. 
We shall take the data in Table 16.1 and this time solve for the biserial r. 


_ 52.2 — 442( 46 
ара 


.3969 
8 
rh = 145 1.159) 


гь = .559(1.159) 
гь = 65 


The biserial r is an estimation of the product-moment correlation coeffi- 
cient that would be obtained if both variables were treated as actually being 
continuous. The standard error of r, is larger than that of r, but actually 
the sampling distribution of the statistic is not well known. Both this 
statistic and the one previously studied are most reliable when the dichotomies 
are made somewhere near the middle of the distribution. The further that 
one departs from this, the less reliable the statistic. All papers must be used 
for these techniques. One must not take the upper 27 percent or 30 percent 
and contrast these papers with their corresponding percents at the other end 
of the distribution. 

Flanagan’s abac provides an efficient method for estimating r, (Figure 16.2). 
This device is designed for use when the “upper” and “lower” groups have 
each been selected to contain approximately 27 percent of the total distri- 


bution (see Chapter 17). 


THE FOURFOLD COEFFICIENT OR PHI 


The phi coefficient is used when each of the variables is reduced to a 
dichotomy. To illustrate this technique, let us suppose that we are making 
an item analysis of a test which has been administered to 370 students. For 
our analysis we are going to use the highest 100 papers and the lowest 100 
papers. We set the data up as shown ІП Table 16.2, with the high and low 
groups on the side and the score of * Right" or “Wrong” across the top. 
The number in the high and low groups that answered the item correctly and 
incorrectly is entered into the cells. Note that the cells are lettered and that 


174 


Basic Statistical Methods 


0.50 “Vo 


0.40 d 


0.30 


P,-Proportion of the Upper Subgroup 


0.20 


0.10 


0 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 


Ру -Proportion of the Lower Subgroup 


FIGURE 16.2 An abac for estimating biserial coefficients of correlation 
between item and total score when the sample has been restricted to the highest 
and lowest 27 percent of the total-score distribution. The Proportion of 
examinees passing the item in the upper criterion group, pi, is found on the 
ordinate, and the corresponding proportion from the lower criterion group, pi, 
is found on the abscissa. The coefficient rb is found at the intersection of 
perpendiculars at these values. Thus, with ри equal to .75 and pı equal to .45, 
ro=.31. (Adapted from a similar abac by J. C. Flanagan, with his permission.) 

Source: J. P. Guilford. Psychometric Methods. New York: McGraw 
Hill, 1954. Reprinted by permission of the publisher. 


TABLE 16.2. Responses of 

the Highest and Lowest 

One Hundred Papers to а 
Test Item 


Right Wrong 


` is presented іп Figure 16.3. 
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marginal values have been computed and given letters. The formula for the 
phi coefficient is 

(ad — bc) 
E (16.4) 
VOOM 
where the various letters are the frequencies as shown in Table 16.2. 
Solving for these data, we have 
_ _(70)(70) - (30)(30) 
+/ (100)(100)(100)(100) 
_ 4900 — 900 
~ 10,000 
_ 4,000 
~ 10,000 
= .40 
Guilford (6) has shown that when there is an equal number in both parts 
of the split, phi can be obtained by the following formula: 


Ф- er (16.5) 
where 
Py = proportion in the upper group answering the item correctly. 
proportion correct in the lower group answering the item correctly. 


gi 
p = proportion in the two groups responding correctly to the item. 
-і1-р. 
Using this formula for these data, we have 
- -70 — .30 
2/(.50)(.50) 
EJ 
77 200) 
m 40 _ 40 


bac for graphic estimation of the phi coefficient 


Guilford also presents an арас 10 t ; f 
division of cases in two categories. This abac 


when one variable has an even 
The student has probably been struck by 
the similarity of equation 16.4 with the equation for chi square when data 
are set up into a fourfold table. The two equations are very similar and the 
relationship between these two statistics can be given by 

ga МФ (16.6) 


Testing the Significance of Phi. 


the phi coefficient may be tested for significance 


Because of this relationship, 2 
ber in two groups, we can set up the 


by the use of chi square. For any num 
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P,-Proportion of the Upper Subgroup 


P, -Proportion of the Lower Subgroup 


FIGURE 16.3 An abac for 
variable has an even division o 
аһас in Figure 16.1. 

Source: J. P. Guilford. Psychometric Methods. 
1954. Reprinted by permission of the publisher. 


graphic estimates of the phi coefficient when one 
Г cases in two categories. Used similarly to the 


New York: McGraw Hill, 


1 percent and 5 percent values of phi and use these to evaluate the significance 
of the phi coefficients for the items of the test being analyzed. Obtaining the 


1 percent and 5 percent values of chi square for df = 1 from the chi Square 
table, we have 


x? = Nd? x? = NO? 
6.635 = 200Ф2 3.841 = 20092 

9? = 03318 9? = (019205 

Ф= 19% Ф-14 


Since this statistic is related to chi Square, it, like chi square, is based upon 


of the distribution of scores, In the 
he dichotomies were true dichotomies. 


n : гу, and the technique may be applied to 
two forced dichotomies. Because of the nature of the Statistic, it favors 


items which have difficulty values of 50 percent. 
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THE COEFFICIENT OF CONTINGENCY 


When data have been arranged in more than a 2 x 2 table, the coefficient 
of contingency may be used as a measure of relationship. If the chi square 
value for a contingency table proves to be significant (meaning that the null 
hypothesis of no relationship has been rejected), a measure of relationship 
can be obtained using the contingency coefficient (C). The formula for this 


coefficient follows: 


а= x 

= lee (16.7) 
This formula must not be applied to any chi square value but should be used 
only when the data to be tested can be arranged into a meaningful order. С 
is one of the few statistics applicable to nominal or qualitative data. 


THE TETRACHORIC CORRELATION COEFFICIENT 


The tetrachoric correlation coefficient also involves setting up data into a 
fourfold table. An assumption associated with this statistic is that both of 
the variables are continuous ones that have both been forced into a dichotomy. 
In the past the tetrachoric coefficient was obtained by solving a quadratic 
equation for r, to the second power. Since the use of these equations is 
laborious, various computing devices have been developed to aid in the 
of the statistic. Тһе one that we shall demonstrate here is that 
Davidoff and Goheen (Table VIII in the Appendix). 
at we have the responses of 100 individuals to a test item. A 
t shown in Table 16.3 is set up and the values in the various 


computation 
proposed by 

Suppose thi 
table such as tha 


TABLE 16.3. Responses of 
One Hundred Individuals to 
a Test Item, the Data Being 
Arranged for the Solution of 
the Tetrachoric Correlation 
Coefficient 


Right Wrong 


100 


70 


cells tabulated. Our papers were divided into the top 50 and the bottom 50, 
and then the right and wrong answers for each group were counted. Notice 
again that the cells are lettered in the usual fashion. Davidoff and Goheen’s 
table (Table VIII in the Appendix) is entered with the value ad/bc and from the 
table the estimation of the tetrachoric coefficient is obtained. For these data: 


(20)(40) _ 800 _ 
(80/10) 300 267 
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Going into the tables with a value of 2.67 leads to an r, of .37. Solving the 
equation for these data resulted іп an r, of .36. Both of these, however, are 
approximations, for this quadratic equation is only solved for r, to the second 
power, all higher powers being ignored. 

If ad is less than bc, we use the ratio bc/ad for entering the tables. The larger 
of the two products is always placed in the numerator. This table works 
best when both variables have been dichotomized on the basis of a 50-50 
split. As a statistic ғ, is less reliable than the Pearson r but as its standard 
error is complicated, it will not be discussed here. 


RANK CORRELATIONS 


Many times data are collected in the form of ranks. Sometimes one 
variable may be in this form and the other comprised of measurement data. 
There are other times when measurement data are reduced to ranks, for 
example, when samples are small and when the assumptions for parametric 
statistics cannot be met. Two major coefficients can be applied to such data, 


the Spearman rank-order correlation coefficient and Kendall's coefficient of 
concordance. 


SPEARMAN RANK-ORDER CORRELATION 
COEFFICIENT (RHO) 


This is the most widely used of the rank correlational methods. It is 
particularly well-suited to situations where the number of cases is 25 or 30 
orless. Itis also much easier and faster to compute than the Pearson ғ. 

To illustrate the computation of the rank-order correlation coefficient, we 
shall use the data in Table 16.4. In this table the Scores of 17 boys on the 


TABLE 16.4. Calculation of the Spearman Rank-Order 
Correlation Coefficient 


T Minn. Paper Otis Self- 
Individual Form Board Administering К Ra 


o 
Я 


5 
А 


1 ә 1 
2 54 68 21 1 1 
3 53 40 3 15 85 72.25 
49 52 45 3 1.5 2.25 
5 49 51 45 45 0 0 
6 47 38 6 14 8 64 
1 46 51 7 45 25 6.25 
45 32 9 17 8 64 
9 45 39 9 1% 4 16 
10 45 41 9 10 1 1 
11 43 50 H 6 s 25 
12 41 48 12 75 45 20.25 
13 39 36 13 16 3 9 
14 38 48 14 75 65 42.25 
г z 0 155 ns 4 16 
9 
17 25 45 PD s 4225 
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Minnesota Paper Form Board and on the Otis Self-Administering Test of 
Mental Ability are given. To obtain the coefficient, we go through the 
following steps: 

1. Take the first column of scores (Minnesota Paper Form Board) and rank 
them, giving the high score a rank of 1. Since these scores have been 
arranged from high to low this is easy. However, notice that we have two 
individuals tied with scores of 49. These two 49's occupy ranks 4 and 5. 
These two ranks are averaged and both individuals are assigned this 
average rank which in this case is 4.5. Тоо many such ties will affect the 
size of the correlation coefficient; but usually there are not enough to 
justify the formulas that are available to correct these ties. 

2. Rank the second set of scores again, assigning the rank of 1 to the highest 
score. 

3. Obtain the difference between the two sets of ranks. The sign of this 
difference is of no importance as these differences are squared in the next 


operation. | à 
se differences and sum this column of squares. 


4. Square each of the | : 
5. Solve for the rank-order correlation coefficient by the use of the following 
equation: p 
р=1- ND (16.8) 
where 


N = the number of pairs. 
— rho, the rank-order correlation coefficient. 


р 
6(386.5) 

Р=1- 708 — 1) 
2319.0 

Р=1- 496 

р=1- .47. 

р = 53. 


Interpretation of Rho. Rho is a product-moment correlation coefficient 
for ranked data. For all practical purposes 1t may be interpreted the same 
as r. When Nis small, special tables are available for testing the significance 
of rho. If the size of the sample is over 25, the t-test can be made, using the 


following formula: 
P N-2 (16.9) 


t= 
я 


і igni The 
This i formula used for testing the significance of an r. 
Шыт = ed tt a table can be used in lieu of this formula forr. The 
same table may be used in testing the significance of rho when the number of 


irs i bove. : 
и : om we have a coefficient that makes a good substitute for r 
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when the number of cases is small. Rho is almost useless when N is large, 
for by the time that all the data are ranked, a Pearson r could have been 
computed by the scattergram or some other method. This statistic is 
interpreted in the same manner as r and has approximately the same size 
standard error. 


KENDALL’S COEFFICIENT OF CONCORDANCE, W 


If one wishes to determine the relationship among three or more sets of 
ranks, one rank could be selected and a Spearman rho coefficient computed 
between it and all of the others, and this process could then be continued until 
a rho coefficient has been obtained between each set of two ranks. Then 
these rho’s could be averaged for an overall measure of relationship. 

Kendall, though, has developed a technique and a statistic which makes 
all of this unnecessary. Suppose that five judges (m) rank the projects of ten 
individuals (М) in a judging contest, and we wish to determine the overall 
relationship among the ratings of the five judges. The rankings of these 
judges have been set up in Table 16.5. First the rankings by the five judges 


TABLE 16.5. Calculation of the Coefficient of Concordance, the Data 
Consisting of the Ranking of Ten Projects by Five Judges 


а) (2) (3) (4) (5) 
Judges’ 
Individual Ranks Sum of 
Project 1 4 5 Ranks D D2 
1 2414243. 4 12 15.5 240.25 
2 ЗМР 27%. 9 18.5 342.25 
3 3-5 4. 1 @ 15 12.5 156.25 
4 9.5 45 р 21 6.5 42.25 
5 4 2: 6 7 6 25 2.5 6.25 
6 d. ik 3 4.7 29 1.5 2.25 
7 6 6 Ж 6 5 31 3,5 12.25 
8 8-7 E 9 39 1,5 132.25 
9 910.20 8 Ж 46 18.5 342.25 
10 10 9 9 0 0 48 20.5 420,25 
У = 275 У = 1696.50 


of each of the projects are summed and appear in column 
18 summed to give the total sum of the ranks. This can b 
total sum of the ranks, as follows: 


(3. Column (3) 
€ checked for the 


Total sum of ranks — aN + 1) 


- баоа1) 
c Xo LUE (16.10) 
If there were no relationship among the ranks, 


we should expect t 
of the ranks for each row to beequal. For this case the sum лы 


gg 
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be the average sum of ranks or 275/,9 which equals 27.5. We next obtain 
the difference of the sum of the ranks of each row from this mean and then 
square these differences. Then these squares are summed. This work 
appears in columns (4) and (5) of Table 16.5. 

То compute W, we use the following formula: 


12202 
W = = D (16.11) 


)1206965 . = ر 
)1 — 25)(10)(100( = 
W = 82‏ 


size of this coefficient of concordance indicates 
five judges in the ranking of the ten 
by a W = 1 and lack of agreement 


Interpretation of W. The 
that there is high agreement among these 


projects. Perfect agreement is indicated 
bya W = 0. The significance of a coefficient of concordance may be tested 


by the use of tables developed by Kendall. Form = 5and М = 10, we find 
that the W here computed is highly significant (see Table XIII, in the 


Appendix). 
NONLINEAR RELATIONSHIPS 


It frequently happens that the relationship between two sets of variables 
is not linear, When such a relationship occurs, the Pearson r and variations 


of this r as described in this chapter are inappropriate as measures of relation- 
ship. When a relationship is curvilinear something like this happens. As 
one variable increases, the other m 


ay increase up to a point and then begin 
and continue to decrease as the first var 


iable continues to increase. Examples 
of this were noted in the chapter on correlation. When r is used as a measure 
of relationship with data which are nonlinear, the r so calculated is always 
an underestimate of the real relationship between the two variables. Some- 
times the relationship is actually very high, but the resulting r approaches 
zero. Since it is difficult to tell whether or not data are linear just by looking 
at them, a scatterplot should always be made. Ifa deviation from linearity 
is apparent or even suggested on this scattergram, then the Pearson r should 


not be used. A 
The correct coefficient to use when the relationship between two sets of 
data is curvilinear is the correlation ratio or the eta coefficient. We shall 
illustrate the computation of this coefficient by using the data in Table 16.6, 
which consists of the scores of 45 high school students on two scales, the Otis 
Self-Administering Test of Mental Ability and the Rotter Incomplete Sentence 
Blank. In running this study the research worker hypothesized that the 
brightest and dullest students had the highest Rotter scores, this being an 
indication of more adjustment probe Such an уроон assumes that 
the relati i ween the two variables is curvi гр. , 
Сирай of ta In solving for eta, the first thing to do is to set up 
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TABLE 16.6. Scores of Forty-Five High 

School Students on the Oris Self- 

Administering Test of Mental Ability and 
the Rotter Incomplete Sentence Blank 


Otis Rotter Otis Rotter 
104 98 85 123 
101 104 95 124 
117 106 100 125 
101 106 109 125 
119 108 126 127 
91 111 125 128 
102 111 112 129 
91 111 109 129 
122 112 98 131 
101 113 95 133 
101 114 97 133 
87 116 102 134 
97 116 110 134 
104 117 98 134 
89 117 102 136 
103 118 102 136 
106 119 86 136 
86 119 94 137 
94 119 87 140 
108 119 116 141 
93 121 105 148 
91 122 101 148 
15° 151 


Source: Data from B. Junker. А comparison 
between performance on an incomplete sentence 
blank and two intelligence tests. Master's thesis, 
Purdue University, 1954. 


а scatterplot. Table 16.7 illustrates a scatterplot for the data in Table 16.6. 
Here we have the Otis scores on the Y-axis and the Rotter values on the 
X-axis. The tallies are entered, and the y-values in the right-hand columns 
are computed and summed. 

The most direct approach to the solution of eta is to define eta squared as 


the ratio of the sum of the squares for the “between” columns for variable- Y 
to the total sum of the squares for variable Y. 


Уу,2 
"yx? = фу» (16.12) 
and eta is 5 
ХОу,2 
tx = т (16.13) 


The total sum of the s 


quares for y is readily available from the data on the 
scattergram. 


Ly? = Ууу? — X» 
N 
(181)2 
Хуй = „= 19 
Yi 1051 45 


Xy? = 1051 - 728 
Xy? = 323 


~ 


ڪڪ 


= 
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TABLE 16.7. Scatterplot of Oris Self-Administering Test Scores and Rotter Incomplete 
Sentence Blanks for Forty-Five Individuals 


X-Axis—Rotter Incomplete Sentence Blank 
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TABLE 16.8. Calculation of the Correlation Ratio for the Data 


in Table 16.6 
а) (2) (3) (4) ES: 
"2 
Column f xy (zy? en 
fx 
0 1 5 25 25 
1 1 4 16 16 
2 3 20 400 133.33 
3 6 23 529 88.17 
4 9 26 676 75.11 
5 4 5 25 6.25 
6 6 43 1849 308.17 
7 6 21 441 73.5 
8 4 10 100 25 
9 2 8 64 32 
10 2 9 81 40.5 
11 1 1 49 49 
М = 45 E = 181 У = 872.03 


“between” sum of squares for у is shown іп 
» sum of squares is determined from the means 
f the entire distribution. The first 


The calculation of the 
Table 16.8. This “between 
of the columns taken from the mean о 


184 Basic Statistical Methods 


column in Table 16.8 identifies the columns. It consists of the x’ values from 
the bottom of the scattergram. Column (2) is the frequencies of the various 
columns. In column (3) we find the sum of the у’ (deviations from the 
arbitrary reference point for y) for the frequencies of each of the columns. 
Column 0 has one frequency with a у’ value of 5. The third column, how- 
ever, has several frequencies, two with a y' value of 8 and one with a y' value 
of 4, making a sum of 20. In this way all of the values in column (3) are 
obtained. Each of the values in column (3) is then squared, the square 
placed in column (4), and then each of these squares divided by the appro- 
priate column frequency. These are summed and the sum of squares for 
" between" columns is found as follows: 


oy = ері - Bape 


x 


Xy = 872 — (181)2 


45 
Уу} = 872 — 728 
Eys? = 144 
For these data 
144 
Nyx = 323 
"yx = V.4458 
Nyx = .666 


This can all be combined into one formula for eta squared 


pp] apr 


Nyx? = ^ xga- ODF — (16.14) 
N 


When we were dealing with the correla 
correlation between X and Y was the sam 


The significance of the correlation 
n which F is the us 


the “between” columns by the number of columns in the Scatterplot, minus 
one. р 


144 _ 144 
“ШТ 


ЕТ = 13.09 


— 


Other Correlational Techniques 185 


The “within” sums of squares is first obtained. 
Ex? — Xx = Ух? 
323 — 144 = 179 
The mean square for “within” columns is obtained by dividing the sum of 
the squares for “within” columns by the number of pairs in the sample less 
the number of columns. 
179 179 179 


Nu ae up 2 


Then the F-ratio is computed. 


This Fis interpreted by going into the F-table with (с — 1) degrees of freedom 
for the “between” mean square and (№ — c) df for the “within” mean square. 
In this situation these degrees of freedom are 11 and 33. Entering the table 
at this point shows that the correlation ratio computed for these data is 
significant at the 5 percent point. It is interesting to note here that the 
Pearson r for these same data is .003. 

Summary. If the data in a scatterplot are linear in their relationship, the 
value of eta and the Pearson г computed for these data would be identical. 
If the data are curvilinear, eta is larger than r, the discrepancy between the 
two being related to the size of the departure from linearity. Eta has no sign. 
An inspection of the scatterplot will show that in some cases the relationship 
between the two variables is at some points positive and at other points 
negative, Eta then only measures the degree of the relationship. Eta is also 
affected by the number of columns and the frequencies within the columns. 
There should be enough of the latter to give the means of the various columns 
Stability. 


TABLE 16.9. Summary of the Major Correlation Coefficients 


Variables 
Coefficient Symbol Xx Y 
Pearson product-moment r Continuous Continuous 
Point biserial rpb Continuous True dichotomy 
Biserial rb Continuous Continuous, but 
forced into a 
dichotomy 
Tetrachoric rt Continuous, but Continuous, but 
forced into a forced into a 
> dichotomy dichotomy 
Phi or fourfold $ True dichotomy True dichotomy 
Pearman rank-order (rho) Data in ranks or capable of being ranked 


Kendall's coefficient of 
Concordance и 
orrelation ratio (eta) 


Used with three or more sets of ranks 

Continuous Continuous or 
discrete; may 
take on nominal 
or other types of. 
values 
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OTHER CORRELATIONAL TECHNIQUES 


We shall conclude this chapter with brief discussions of correlation 
methods which involve more than two variables, the partial r and the multiple 
correlation coefficient (R). 


The Partial r 


It frequently happens that the relationship between two variables is in- 
fluenced by a third variable. For example, suppose that we have the 
relationship between intelligence test scores and arithmetic grades for a set 
of students and also the correlation of these same intelligence scores and 
grades in English. We also have the relationship between the arithmetic 
grades and the English grades. Now both of these school subjects are related 
to intelligence test scores, and they seem to be related to each other. Is this 
last relationship a true one or is it merely the effects of these two variables 
being related to a common one, intelligence? With the partial correlation 
coefficient it is possible to control these effects of intelligence or to “partial 
them out.” We might also ask what is the relationship between English 
grades and arithmetic grades with the effect of intelligence partialed out. A 
situation like this is referred to as a partial r of the first order based upon 
three zero-order rs. The general formula for this partial-order r is: 


712 — (#13723) 


Và = n33( = ғ) 


тозе 


(16.15) 


| relationship between two 
variables is computed with the effects of two other variables partialed out, 


Since these are rarely used they will not be discussed here. 
For example, suppose that we have the following three variables: 


1 
2 
3 = scores on an arithmetic test 
For several hundred students we 


Il 


chronological age 
weight 


ll 


computed the correlations am 


і ong t 
variables and obtained the following: йы 
гу = .80 
коз = .50 
к\з = .60 


From this we see that we have a eight and arithmetic 


which with a sample of this size is significant. Suppose that we now 
investigate the relationship between weight and scores on an arithmetic 


correlation between wi 
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e with the effects of chronological age partialed out. This is done 
elow. 


r23 — (r12)(r13) 


a ELT ED 
PE .50 — (.80)(.60) 

"^ vU — 8030 — .602) 
е .50 — .48 

"o -V¥(36)(-64) 

102 

723.1 = 48 
123.1 = -%4 


Now we see that with the effects of chronological age removed, there is no 
significant relationship between weight and scores on an arithmetic test. 
Since the partial ғ is a Pearson r it may be treated as such, Tests of signifi- 
cance are similar. The student who takes more statistics will see that there 
is a technique known as the analysis of covariance which produces more 
reliable results than are obtained with this method. 


Multiple Correlation 

In an earlier chapter we learned how to make predictions on one variable 
from another. For example, we learned how to predict grade point averages 
on the basis of intelligence test scores. It was suggested then that prediction 
can be made more accurate if the predictors were increased in number. For 
example, we can do a better job of predicting freshman grade point averages 
if we use in addition to the usual intelligence test other predictors such as 
scores on a reading test, high school rank, scores on a mathematics test, and 
so forth. Prediction efficiency continues up to the addition of the fourth or 
fifth predictor, but after that the slight gains in predictive ability are all out 
of proportion to the amount of time involved in including these additional 
Predictors in the regression equation. 

In this book we are going to take up multiple correlation in its simplest 
form, the relationship between one variable and a combination of two other 
variables. Suppose that we have the following three coefficients based upon 
three variables for a large group of university freshmen: 


Variable 1 = grade 
Variable 2 = scores on the Ohio State 
Psychological Examination 


Variable 3 = scores on the Cooperative 
Mathematics Test 


ry = .50 
из = -60 
ға = -40 
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We want to compute the multiple correlation coefficient between freshman 
grades and the combined effects of the two tests. The formula follows: 


[rii + ri? — (2riari3r23) 
Кз leur (16.16) 


.502 + .602 — (2)(.50)(.60)(.40) 


1.23 "ud 


1- .402 
.25 + 36 - .24 
Кызу = Pe 
FX 
Rin = A784 
Коз = У.4405 
Ri = .66 


The multiple R may be used in the same manner as the zero-order r. Тһе 
standard error of estimate can be computed. 


$1233 = Sı VI — R2 (16.17) 
This standard error of estimate is interpreted in the same manner as before. 
It is also possible to set up an index of forecasting efficiency on the basis of 
the equation R? + К? = 1. Computing charts or abacs have been developed 


from which the multiple К can be readily read when only three variables are 
concerned; for example (9). 


Exercises 


1. A scale to measure attitudes toward Russia is being constructed. One of the 
items is "Do you think that the Russian people like their government?" 
The scale is pre-tested on a sample of 200. The distribution of “Yes” and 
“Мо” responses with total score оп the scale is: 


Yes No 
95-99 1 0 
90-94 6 0 
85-89 18 1 
80-84 22 1 
75-79 31 3 
70-74 20 5 
65-69 18 9 
60-64 12 13 
55-59 6 10 
50-54 4 8 
45-49 1 5 
40-44 0 3 
35-39 1 0 
30-34 0 1 
25-29 0 1 

140 60 


(а) Compute the point-biserial ғ between the item and the total score. 
(b) Test the ғ, for significance. 
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2. Using the data in Exercise 1 compute the biserial r using formula 16.3. 
3. Compute the phi coefficient for the following data: 
Right Wrong 
Upper 65 35 
Lower 25 15 
Is this a significant phi at the 5 percent level? 
4. What is the tetrachoric r for the data in Exercise 3? 


5. Seven instructors are rated Бу freshmen and sophomore students on “clarity 
of presentation.” The results are tabulated in this manner: 


Instructor Freshmen Sophomores 
1 44 58 
2 39 42 
3 36 18 
4 35 22 
5 33 31 
6 29 38 
7 22 38 


What is the Spearman rho for these data? 
6. Four judges (parole board members) rank eight convicts on “ parole readiness.” 
Judges 
Convict 
1 


шо — Ww‏ یم چ Ov tn‏ 00 ې 
+ س دم »4 د tà‏ ل ې о‏ 


+ س دم шо‏ ما ې ي م 
№ دا оччо t9‏ 


دم دا + ما ۾ ي оо‏ 


(a) Using the coefficient of concordance, indicate the degree of consistency of 


the judges? V - 
(b) Is the relationship statistically significant at the 1 percent level? 


7. Compute 5, for the data in Table 16.4. Is this coefficient significant at the 
5 percent level? 


8. An English teacher giv 
These do not enter int 


es a final objective test and a final theme in his course. 
о the course grade. The three variables correlate as 


follows: 
Theme Test Grade 
Theme XXX 63 42 
Test XXX 39 
Grade XXX 


How well does the theme correlate with grades when the effect of whatever the 


test measures is partialed out? 
9. What is the multiple R between gra 
and test as given in Exercise 8? 


10. Using the data in Exercise 8, р. 
rank-order correlation coefficients among 


des and the combined effects of the theme 


93 of Chapter 8, calculate the Spearman 
the various tests. 


17 


RELIABILITY, VALIDITY, AND 
ITEM ANALYSIS. 


One of the major uses of correlation coefficients is in the computation of 
reliability, validity, and item statistics. In this chapter we shall first consider 
a bit of measurement theory, then the various types of reliability coefficients, 
the standard error of measurement, the statistical aspects of validity, and 
finally a brief survey of item analysis techniques. 


MEASUREMENT THEORY 


In modern educational and psychological measurement, each individual 
score or measurement is considered as being made up of two parts, a true 
score component and an error score component. This can be expressed as: 


X-X, X, (17.1) 
where: 


X - any raw score or unit of measurement. 
X, — true score component. 
X, — error score component. 


The error component, or error score as it i 


$ sometimes called, is held to 
be random. Suppose that 


you were to weigh a number of objects. At 
times there would be slight errors in the way that you read the scale. These 
deviations would not always be in the same direction. 
readings would be too high and sometimes they would be too low. In the 
long run, they would tend to cancel out, and the mean of all of these errors 
of measurement would be zero. Such variations as these are described as 
random errors and their mean is always zero. But Suppose that something 
was operating in our method or in our apparatus which caused us to always 
have an error which was always a certain amount on the high side. Errors 
such as these are described as Systematic. Their mean would not be zero. 
190 
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Whenever we give a test, there are many factors which enter into the error 
component of an individual’s score. Some of these are guessing, misreading 
of an item, daily fluctuations in an individual’s health and emotional status, 
and many physical factors. The size of this error component is related to 
the reliability of any measuring device. The smaller the error component or 
error score, the more reliable the measuring instrument. In its simplest 
form, reliability means consistency. А reliable instrument leads to measure- 
ment units which are fairly similar from time to time. 

Since any score can be broken into two parts, a true component and an 
error component, the variance of a test can also be so treated. We can write 


this as follows: 
2-52 + 5,2 (17.2) 


е variance of a test is made up of (ће variance associated 


which reads that th : 1 8 
һе variance associated with error scores 


with true scores (true variance) and t 


(error variance). 
Next we shall divide equation 17.2 through by a constant, 52. 


2 
32 ع ا ے‎ 1 (17.3) 
and by transposing 
5,2 5.2 
ra 52 


reliability is defined as that part of the variance which 


i 
] 
| 


In modern test theory 


is true variance, viz, 
= 52 (17.4) 


ог by substituting an identity for the right-hand part of equation 17.4, we 


have 
52 
rı =1 — у (17.5) 
Which reads that the reliability is 1 minus that part of the total variance which 


1$ error variance. 


Methods of Computing Reliability Coefficients 
There are at the present time a number of techniques used in the com- 
putation of reliability coefficients. However, in this book we shall limit 
Ourselves to a consideration of the more basic and simpler ways which are 
the methods of test-retest, parallel forms, split-halves, and Kuder-Richardson 
Formula No. 20. , Г = 
Test-Retest Method. With this technique, a test is administered and then, 
at a later date, the same test is readministered to the same individuals. A 
Pearson product-moment correlation coefficient 1s computed between. the 
ditions which affect this technique 


two Sets of scores. There are various conditio ід 
limiting its effectiveness. Тһе length of the time between the two adminis- 


trations of the test is important in determining the size of the reliability 
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coefficient. In general, the longer the time between the two administrations 
of the test, the lower the correlation. The research literature contains many 
studies involving intelligence tests, tests of special abilities, and interest 
inventories which bear this out. If the period between the administrations 
is very short, such as the second test immediately following the first, individuals 
may remember their answers to the items from the first time and put the same 
responses down the second time without making any effort to react to the 
test item. Such behavior as this tends to make reliability coefficients too 
high. When the period between testings is short, memory on many tests is 
an important factor affecting the results. As the period increases in length 
such factors as learning, maturation, senescence, and many other variables 
enter into the situation to lower the correlation coefficient. At the present 
time this method is infrequently used when calculating the reliability of paper- 
and-pencil tests. Coefficients computed by this method are frequently called 
co-efficients of stability. 

Parallel Form Method. This technique is also referred to as the method 
of equivalent forms. Using this technique, we administer Form A to a 
group of individuals and follow this immediately or fairly soon with Form B 
of the same test. These two forms of the same test are said to be parallel 
or equivalent because they are made up of the same types of items, covering 
the same materials; they have the same means and variances; and, if one 
form correlates to a certain extent with some other measure, then the other 
form correlates to the same degree. 

As in the previously discussed method, a Pearson product-moment corre- 
lation coefficient is computed between the two sets of scores. This coefficient 
is sometimes referred to as a coefficient of equivalence. This method is 
widely used at the present time. It may be called the technique with the 
most universal applicability. When other methods cannot be used, we can 
always fall back upon this one. This is especially true when we wish to 
determine the reliability of speed tests. The memory factor which was 
important with the test-retest method is ruled out here. But such factors as 
learning, growth, and change are still present, and here again, the longer the 


period between the two test administrations, the lower the reliability co- 
efficients tend to be. 


hat only one test 
The test papers 
Scores. This is 


Jt, or two other types 
Again a Pearson product- 
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moment correlation coefficient is computed between the two sets of scores. 
The name that is often given to a reliability coefficient of this type is 
coefficient of internal consistency. 

It so happens that the reliability of a test is directly related to the Jength 
of the test. When we scored our test on an odd-even basis, what we actually 
did was to cut the length of our original test in half. The reliability co- 
efficient which we have computed is then the equivalent of one of a test of 
half of the size of our original test. We make a correction at this point by 
using what is known as the Spearman-Brown formula which is as follows: 


oe (17.6) 


г 
LIES IET 


ги = the reliability of the original test. 
— the reliability coefficient obtained by correlating the scores on the 
odd items with the scores of the even items. 


As a result of running a correlation 


Suppose that we have a 100-item test. e 
we obtain a coefficient of 


coefficient on the odd scores and the even scores, 
.84 (r,, = .84). By substitution, we find 


ВЧ), 

tre = T+ 84 
1.68 

Ги = 134 

rg = 91 


This Spearman-Brown formula is frequently referred to as the Spearman- 
Brown prophecy formula as it is used to predict reliability coefficients. For 
example, suppose we have a 20-item test and we know its reliability. By the 
use of this formula we can predict what the reliability of this test would be 
if 60 additional similar and well-made items were added. Or suppose that 
we have a 100-item test of known reliability and we wish, because of time 
limitations, to reduce it to a 50-item test. Again, by the use of this Spearman- 
Brown formula we can estimate the reliability of this shortened test. Іп its 
general form, the Spearman-Brown prophecy formula is written as follows: 


Nr 
ти = TF (N= Dr (17-1) 
where 


N = the number of times the test is being lengthened or shortened. 


r = the reliability of the test which is being lengthened or shortened. 


Here is how this formula is used. Suppose that we have a 20-item test 
With a reliability coefficient of .60. We wish to know what the reliability of 
this test would be if 80 more similar and well-made items were added to it 
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to make it a 100-item test. Л for this problem is 5 as the new test is five 
times the length of the original one. The solution is 


|. 5(.60) 
"и = Y X @.60 


To illustrate further, suppose that we һауе a 110-item test, the length of 
which is reduced to 55-items. The reliability of the original test is .88. 
What is the reliability of the shortened test? In this case N is .5 as the new 
test is one-half the length of the original one. The solution follows: 


(.5)(.88) 


Шш CSCS) 
- 44 
а тү зс 
= Жж 
4 MEET 
ross E = 786 


Results obtained by the use of 
obtained when tests are changed 
for the new test. 

Internal consistency coefficients are very suitable for use in computing the 
reliability of academic tests. However, they must not be used with tests 
in which speed is an important factor. A speed test is defined as one in 
which the items are so easy that, given enough time, there is no reason why 
any individual cannot respond correctly to all of the items. On such a test, 
the scores on the odd-numbered items are likely to be very similar to those 
obtained from the even-numbered ones and hence the resulting correlation 
Coefficient will be exaggerated. 


this formula agree very well with those 
in length and the coefficient is computed 


rmula is easily applied to the data to 
outcomes of an item analysis 


е test. Difficulty is defined as the 
proportion or percentage of those responding to an item who answered it 


correctly. The symbol Р is used to represent difficulty. An item with 
р = .89 was answered correctly by 89 percent of those who responded 
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"nu working a Kuder-Richardson solution we first set up a worksheet like 
this: 


(1) (2) (3) (4) 
Пет р 4 ра 
(1- p) 
1 .60 40 2400 
2 .30 170 2100 
3 71 39 .2769 
ес. ج‎ 
У = 


The first column consists of the number of the item. In the second column 
the difficulty value (p) of the item is recorded from the item analysis work. 
The third column is labeled g, which always means 1-р. Inall statistical 
work, р+а=1. The last column is labeled рӯ which is the product of 
columns (2) and (3). This column should be carried to four decimal places. 
Then this last column is summed. 
The formula for Kuder-Richardson No. 20, is 
n Урд 
= jJ -F (17.8) 


"е 


where 
n = number of items on the test. 
5? = the variance of the test. 
pq = the quantity obtained fro! 


The Size of Reliability Coefficients. In general, reliability coefficients of 
well-made standardized tests tend to be high, .90 or above. There is no hard 
and fast rule that says that any reliability has to be of a certain size before 
any test or measuring instrument can be useful. Today we look upon 
reliability as a relative thing, and there are certain areas of certain techniques 
where reliability coefficients fall well below this .90 and the techniques are 
Still used and found to be very useful. Rating scales are examples of this. 

As noted above, the length of any test influences the size of the reliability 
Coefficient for that instrument. Since reliability coefficients are correlation 
Coefficients, they too are greatly affected by the range of scores in the sample 
оп which the reliability correlation is computed. The more homogeneous 
the sample, the lower the reliability coefficient. 


Ш 


m the worksheet. 


Standard Error of Measurement 


Rather than use correlation coefficients to express the reliability of a test, 
-tic called the standard error of measurement. This, 


i is not affected by the range of scores of the 
sample tested. It tends to be about the same for samples with different 
Variances. This standard error of measurement is the standard deviation of 
à sample of scores of an individual about his true score. Suppose that it were 
Possible to administer the same test repeatedly to the same individual, 
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without any changes occurring in the individual. These scores would be 
different. If we took the mean of all of them, we could use this as an 
estimate of the individual’s true score, and the standard deviation of these 
scores about this true score would be referred to as the standard error of 
measurement. | 

It is impossible to readminister the same test over and over again to the 
same individual; so the best that we can do is estimate the standard error 
of measurement. This is done by the following formula: 


Se = SV1 — Fr, (17.9) 
where 
Se = standard error of measurement. 
standard deviation of the test. 
ги = reliability of the test. 


“ 
І 


This equation is very easily derived from equation 17.5 in the following 
manner: 


Clearing of fractions and multiplying all terms Бу 52, 

Fus? = 52 — 5,2 
Transposing terms, 

Se? = 52 — Fus? 
Factoring the right-hand side of the equation, 

Se? = 52(1 — ry) 
Taking the square root of both sides, 

Se = SV1 ғ, 


Interpretation of the Standard Error of Measurement. 
administer a test with a relia 
standard deviation is 11. 


we calculate the standard 


Suppose that we 
bility of .91 to a group. We find that the 
A student obtains a score of 77 on this test, First 
error of measurement 


Se = sVI— Fy 
S = ПУТ- 91 
Se = 11V.09 
Se = 11(3) 

= 3.3 


Since this standard error of measurement is a standard deviation, it is 
interpreted as such. We can now make the statement that the chances are 
two out of three that this individual’s obtained score of 77 is not more than 
3.3 units from his true score. Or we could make other statements, such as 
that the chances are 95 in 100 that this Obtained score is not more than 
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6.6 units from his true score and finally that the chances are 99 in 100 that 
this obtained score is not more than 9.9 units from his true score. Each of 
these probability statements is based upon the different areas cut off when 
various standard deviation units are measured from the mean. In this case 
the true score is taken as the mean. 

The smaller this standard error of measurement, the more reliable the test 
and the more confidence that we can place in any score obtained by using the 
test. An inspection of equation 17.9 shows that if the test were perfectly 
reliable, that is, the reliability coefficient was equal to 1, the right-hand part 
of the equation would reduce to 0 and there would be no standard error 
of measurement. А perfectly reliable instrument would always yield true 


Scores. 


VALIDITY 


Kinds of Validity. Very simply there are two basic types of validity, 
content and statistical. Since content validity has nothing to do with 
statistics, we can dispose of it very rapidly by stating that a test has content 
validity when it measures adequately both the materials and the achievement 
of the objectives of any school course of similar body of content. It is the 
type of validity associated with achievement tests, and it is assured when the 
test constructor takes care that his test samples the materials of the course 
and as many of the objectives of the course as is possible with paper-and-pencil 
tests. 

Statistical Validity. In its basic form statistical validity is the correlation 
Of a set of test scores with an external measure. This external measure is 
referred to as a criterion (pl. criteria). For example, we validate intelligence 
tests by obtaining a set of such scores on a group, college freshmen, for 
example, and then we later obtain the grade point averages that these fresh- 
men made during their first semester of college. А correlation coefficient is 
then run between our two sets of measurements. In this illustration the 
grade point averages аге the criteria. Other things used as criteria are 
ratings of performance, ratings of adjustment, units produced in a certain 
period of time, amount of sales, number of errors made, еіс. 

These validity coefficients tend to be much lower than reliability coefficients. 
An examination of the research over the years will show that they tend to 
fall within the band of .40-.60, with a median value of about .50. А little 
reflection will show why this is so. If we consider the relationship between 
intelligence test scores and grades, we know that there is more than intelligence 
in the obtaining of grades. We are overlooking such factors as motivation 
and interests of the student, grading practices of the teachers, emotional 
adjustment, health of the student, time available for study, and many other 
factors, all of which influence the grades that a student obtains. Ап examina- 
tion of the intelligence test scores for any classroom will show that there are 
опе or two individuals who have high measured ability and low achievement 
or lower ability and high achievement. Cases like these lower the size of the 


computed correlation coefficients. 


7 
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When ratings are used as criteria, we find that the ratings tend to be un- 
reliable because of the nature of the trait being rated, lack of knowledge of 
the ratees by the judges, and various other errors associated with ratings. 
Again, the validity coefficients tend to be in the middle of the range. In 


industrial situations where tests of special ability are widely used, the situation 


is no better. Here the number of units produced in a given period of time 
is used as the criterion. Many factors affect the number of units turned out 
by each worker, and we again have to consider such factors as motivation 
of the workers, speed of the machines, availability of raw materials, and such 


physical aspects of the environment as noise, light, heat, presence or absence 
of other workers, and the like. 


It should also be emphasized at this point that no test contains validity or 


reliability. After all, a test is only a piece of paper with symbols printed 
upon it. Whether this test has validity and reliability depends upon the 
manner in which it is used. For one situation any test or measuring device 
may have high reliability and validity; in another situation both may be low. 
nstrument has any number of validity and 
pon how and where it is used. 
predicting. Probably the commonest of 
f predicting freshman grades on the basis 


€ a test is used, grades are later collected, 
and then the validity coefficient is computed. Then the re 


3 » perhaps, values from interest 
inventories. When more than one variable is used, we call this multiple 
prediction. In most cases the use of several variables raises the correlation 
coefficient and thus leads to better prediction. 

If our validity coefficients were perfect, that is, equal to 1, we would be 
able to predict ап individual’s exact score on the second variable by the use 
of the regression equation. However, such is never the case and we thus 
have to attach a probability 


statement to our prediction. In this case the 
statistic used is the standard error of estimate which is written as follows: 


бух = Sy VI = т? 


(17.10) 
where 


Syx = the standard error of estimate when 
Sy = the standard deviation of the Y- 


ry = the validity coefficient 
the criterion, 


Suppose that for any given situation we find that the standard error of 
estimate is .4 and that for the same situation we read from the regression 
equation that when the score on the X-variable (1Q) is 120, the predicted 


predicting Y from X. 
variable. 


; the correlation between the predictor and 
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value of Y (grade point average) is 5.4. We would then make a statement 
like this: The chances are two out of three that the grade point average for 
this student whose intelligence test score is 120 is between 5.0 and 5.8, his 
predicted score plus and minus one standard error of estimate. Since the 
standard error of estimate is also a standard deviation, it is interpreted as 
such. If we were to add and subtract two standard errors of estimate 
(2 x .4), we can say that the chances аге 95 іп 100 that this individual's 
score falls between 4.6 and 6.2, that is, his predicted score plus and minus .8. 

For any correlation situation there are always two standard errors of 
estimate. The other one here would be the standard error of estimate when 
predicting X from Y. This is written as follows: 


Say = Sx VI = ғу (17.11) 
where 
5, = the standard error of estimate when predicting X from Y. 
з = the standard deviation of the X-variable. 


rxy = the validity coefficient. 

An examination of the formula for the standard error of estimate shows 
that if r were perfect (equal to 1), the right-hand part of the equation reduces 
to O and there is no standard error of estimate. From this it follows that the 
higher our validity, the better we can predict. Let us look at the efficiency 
of these validity coefficients. We can start out by noting the relationship 
between the coefficient of determination (a name given to r?) and the co- 


efficient of nondetermination (/2). 


т + К = 1 (17.12) 
then 

k2 = 1 – 72 
апа 

k= УТ - r (17.13) 


Instead of r + k equaling 1, the sum of their squares equals 1. When 
equation (17.13) is solved for various values of r, the corresponding values 


TABLE 17.1. 
Relationship 
Between ғ and k 


r k 
1.00 .00 
95 31 
90 44 
80 60 
ло 71 
.60 80 
.50 .87 
40 92 
30 95 
20 :98 
10 995 
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of k obtained are shown in Table 17.1. From this it will be noted that as 
r increases, k decreases, but at a much slower rate. When r has increased to 
:50, k is equal to .87. When r is equal to .70, the value of k is very close to it. 
Even when the value of r is in the -90’s, the k-values are considerable. күр 
This k-statistic is of little value in itself. You may have noticed that it is 


one of the terms of the formula for the standard error of estimate. Equation 
17.10 could be written 


Syx = 5(К) 


We also use this statistic in making a statement about the prediction efficiency 
of our validity coefficient. Suppose that we have a situation where the 


validity coefficient between predictor and predicted variables is .45. First 
we solve for k: 


К-У1-ғт 

k= VI = 452 
k = VI = 2025 
К = У 7975 

k = .89 


Then we compute our index of forecasting efficiency by subtracting the 
obtained k from 1 and multiplying the remainder by 100: 


Е = (1 — 0100 (17.14) 
Е = (1 — .89)100 

E = (.11)100 

Е-11% 


We can interpret this by saying that with a validity coefficient of .45 we can 
predict 11 percent better than we would have been able to had there been no 
relationship between the two variables. In other words we have decreased 
the size of the errors of prediction by 11 percent. 


actually is. This lowered r is referred to as attenuated. Formulas have 
been developed to correct for this attenuation. The most general one is 


r 
Кае Е 


WEE (7.15) 
5 


xx yy 


4 
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where 
г. = the correlation between X and Y corrected for attenuation. 


c 
Fx» Руу = the reliability coefficient of Test X and criterion У, respectively. 
ry, = the computed validity coefficient. 


In actual practice, it is best not to use this formula, for the reliability of 
our tests is at present quite high and it is doubtful if it will ever be consider- 
ably improved. We have to use these tests in our daily work and we must 
be aware that they are not perfect and that any prediction made with them 
is apt to be inaccurate to a certain extent. However, many of the criterion 
measures that we use are low in reliability because of inaccuracies inherent 
in our measurement techniques. Some workers then feel justified in correct- 
ing for attenuation in the criterion scores only. Equation 17.15 then becomes 


Гху 
ra= = (17.16) 
А Угуу 


ITEM ANALYSIS 


To determine the merit of any test item, test results have to be subjected 
to an item analysis. As a result of this item analysis three things are obtained 
Concerning the item: (1) the difficulty of the item; (2) the discrimination index 
of the item; and (3) the effectiveness of the distractors. The first of these, 
the difficulty of the item, is the proportion of individuals who answer the item 
correctly. The discrimination index is a measure of how well the item 
separates two groups. The purpose of most tests is to “spread out” the 
individuals taking it. The item which separates good students from poor 
Ones, adjusted individuals from maladjusted ones, or those with artistic 
ability from those without such ability is said to discriminate. The third of 
the above results applies only to multiple-choice items. But since most of 
our standardized tests and many of the teacher-made tests use this type 
of item almost exclusively, a thorough item analysis is made to see how the 
incorrect responses in the multiple-choice item are working. We shall now 
discuss each of these results of an item analysis in detail. 

. Пет Difficulty. As previously defined in this chapter, the difficulty of an 
item (p) is the proportion of individuals who answer an item correctly. In 
а power test, that is, a test in which everyone has had a chance to read every 
item, the calculation of the item difficulty brings up no problems. But when 
Speed is a factor in a test—and many of our tests are of this nature—adjust- 
ments have to be made in the calculation of the item difficulty. Basically, 
item difficulty is the result of dividing the number who answered the item 
Correctly by the number who took the test. On a speed test many people 
Never get to the answers near the end of the test. In that case the number 
Of correct answers should be divided by the number of individuals who reached 
the item. The usual procedure in determining how far an individual went 
On a test is to assume that when the test period was over the individual was 
Working on the item following the last one that he marked on his answer sheet. 
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АП items beyond this one are not assumed to have been reached. On the 
first half of any test such corrections make little difference; but unless some- 
thing like this is done on the items near the end of the test, both the item 
difficulty values and the indices of discrimination will be spuriously large. It 
also follows that as a result of corrections like this the size of the sample upon 
which the item statistics depend becomes much smaller, and correspondingly 
the reliability of the item statistics is reduced. Perhaps in constructing tests, 
even speed tests, it is а good idea to give the examinees enough time to answer 
all of the items. One way to do this is to attach a group of buffer items at the 
end of the test to keep those who finish first busy. These items аге not scored. 
The difficulty index is a very important item statistic because it is very 
closely related to item discrimination. Suppose that we take an item with a 
difficulty of 99 percent which appeared on a test that was given to 100 students. 
This item makes 99 x 1 = 99 discriminations. That is, it separates the 
individual who missed it from the 99 who answered it correctly. An item 
with a difficulty of 98 percent makes 98 x 2 or 196 discriminations. In a 
similar fashion we could continue this reasoning downward until we come to 
items of 50 percent difficulty. With these we see that the number of dis- 
criminations on this test would be 50 x 50 = 2500 discriminations, the 
maximum number possible. It might appear then that the best test would 
be made up of items of 50 percent difficulty. If such a test were made it 
would tend to cut the individuals taking it into two groups, those above the 


median and those below. With most tests, we wish to discriminat 


е through- 
out the range. We wish to be able to grade students on the conventional 


letter system or on some other classification scheme using the results of the 
test. To have a test which discriminates over the entire range, 


items are 
selected which range from very easy to very difficult and which average, in 
the long run, to a difficulty value of 50 percent. From the viewpoint of item 


difficulty, a well-made test starts with a few very easy items, continues with 
the items of increasing difficulty, and ends with a few items which only a very 
few of the examinees answer correctly. There would be more difficulty 
values clustering about the center than at either extreme, but there would be 
a balance so that the average item difficulty is 50 percent. 

There are times, however, when we do not wish to spread out individuals 
for grading purposes. On an examination for national science scholarships 
the testmakers are interested in selecting the top 5 percent of the applicants. 
To do this would require the construction of a very difficult test with item 
difficulty values equal to .05. Since chance or guessing may be important 
in affecting scores on a test like this, the total scores on such a test should be 
corrected for guessing before th 


‹ efore the item analysis is made. Тһе usual formula 
for correcting for guessing is 


Score = R – Lm 


NOT (17.17) 
where 


К = the number of right answers on a student's paper. 
W = the number of wrong answers on a student's paper. 


N = the number of possible choices in the test item. 


"| 


Reliability, Validity, and Item Analysis 203 ` 


For the ordinary true-false item, № = 2. For five-response multiple-choice 
items, № = 5. There are other cases in which one may be interested in 
accepting, say, 70 percent or 30 percent of the applicants. In these cases 
items for the test should all be of either .70 or .30 difficulty, respectively. 

Item Discrimination. There are two general ways of demonstrating item 
discrimination: (1) a test of the significance of the difference between two 
proportions and (2) correlational techniques. In the first method the percent 
or proportion of individuals who answer the item correctly in the high group 
is tested against the proportion in the low group. If the difference is a 
significant one, the item is accepted as being one which discriminates. A dis- 
advantage of this technique is that while it selects those items which dis- 
criminate, it does not reveal how well each one discriminates. 

In much item analysis work the student will find that it is customary to 
compare the responses in the top 27 percent of the papers with those in the 
lowest 27 percent of the papers. This goes back to the early item analysis 
work of T. L. Kelley who demonstrated that when the high group was made 
up of the top 50 percent, those papers clustering about the median tended to 
reduce the sharpness of the difference between the two groups. Comparing 
the upper 40 percent with the lower 40 percent produced more clear-cut 
results. This difference becomes increasingly sharp as the papers in the 
high and low groups become more extreme. Also as the number of papers 
in the two groups decreases, the standard errors increase and the item 
statistics become more unreliable. Kelley demonstrated that when the 
responses of the individuals in the upper 27 percent were compared with 
those in the lower 27 percent, the ratio of the difference between the means 
of the two groups over the probable error! of the difference between the 
means was at a maximum. Since that time many workers have accepted 
his findings and used this value of 27 percent in selecting the high and 
low groups. А major reason for this is that a number of useful comput- 
ing devices have been made which are based upon high and low groups 
consisting of the upper and lower 27 percent. That other percentages will 
Work just as well has been suggested by research which compared results 
based upon groups using 27 percent with those using a series of other 


percentages. 


In the correlational approach to item analysis a correlation coefficient is 


computed that shows the relationship of the responses to the total test 
Score. In other words, we are investigating how well the item is doing 
What the test itself is doing. Suppose that we have the responses of 200 
individuals to a 56-item test. To begin with we are going to use a method 
Which uses all of the papers. We set up à distribution of scores on the 
Y-axis of our scatterplot and since the test item 15 usually scored on a right 
9r wrong basis we have only two categories on the X-axis (see Table 
17.2). 

Taking the first paper, note the total 
Was answered correctly, and tally the i 


1 score and whether or not the item 
tem at the appropriate place on the 


! Probable error — .6745 standard error. This is an outmoded statistic. 
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TaBLE 17.2. Responses of 
Two Hundred Students to 
One Item of а Fifty-Six- 


Item Test 

Test 
Score Right | Wrong 
51-53 6 1 
48-50 18 2 
45-47 22 4 
42-44 18 7 
39-41 28 6 
36-38 15 8 
33-35 12 12 
30-32 8 10 
27-29 5 4 
24-26 4 
21-23 1 4 
18-20 3 
15-17 1 
12-14 1 

133 67 


frequency distributions. Then the next paper is taken, the response tallied, 
and this process is continued for all of the papers. When the tallying is 
finished, either a point-biserial or biserial г may be computed. If the distri- 
bution of test scores is dichotomized as the response to the item is, either the 
tetrachoric-r or the phi coefficient can be used. This same process would 
have to be repeated for the other 55 items on this test. 

Admittedly this is a tremendous amount of clerical work and if it were not 
for a large number of computing devices that have been set up, many would 
think twice before getting involved in item analysis work. Flanagan was 
one of the first to produce one of these shortcuts. From his chart correlation 
coefficients are read directly when one enters the chart with the percent answer- 
ing the item correctly in the upper or lower 27 percent of the papers. 
Flanagan's chart is reproduced in Figure 16.2 of Chapter 16. Guilford (6) 
has produced a chart for obtaining phi coefficients when one enters it with 
the percentages in the high and low groups answering the item correctly 
(see Chapter 16, Figure 16.3). For this chart, the high and low groups need 
not be based upon the upper and lower 27 percent of the cases. The only 
requirement is that there be an equal number of individuals in both groups. 
A short method for estimating the tetrachoric r has already been demonstrated 
(Chapter 16). Computing devices are also available which shorten the work 
in obtaining both the biserial and point-biserial, but none of these is as simple 
as the other methods mentioned above. 

Each of these different correlation coefficients may be tested for significance 
by the use of the different techniques mentioned in Chapter 16. Flanagan's 
r may be taken as an estimate of a Pearson r, and the tables used for estimating 
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the significance of a Pearson r may be used in testing the significance of these. 
In selecting items to put on a standardized test or on future editions of a 
teacher’s own test, items with the highest discrimination indices should be 
selected since the items are being put into the new test on the basis of their 
item difficulty values. It should be mentioned here that when the upper and 
lower 27 percent of the papers are used, item difficulty values are based upon 
the number of individuals in these two extreme groups who answer the item 
correctly rather than upon all of the papers. 

The Effectiveness of Distractors. In estimating the effectiveness of the 
different distractors of the multiple-choice item two procedures may be used. 
The responses to the high group can be counted for the different distractors 
of each test item and the same can be done for the low group. Good dis- 
tractors are those which are selected to a greater extent by the members of 
the low-scoring group. When reversals are found, that is more individuals 
in the high group select a particular response than in the low group, the test- 
maker considers the distractor and, if he still wishes to use the item, he revises 
the distractor, trying to make it less appealing to the better students. This 
analysis of distractors also reveals some which no one in either the high or low 
group used in answering the test item. Such distractors are just so much 
dead wood cluttering up the test. When such appear, they should be revised 
in an attempt to try to get them to work. Г р 

The other method of studying the distractors is to obtain the mean score 
of the individuals who respond to each of the distractors as well as to the 
correct answer. When this technique is used, it is not unusual to find that 
the mean score for individuals who selected a certain distractor is higher 
than the mean score for those who selected the correct answer. Here again 
we have evidence of a distractor lowering the discriminatory power of an 
item. When this technique of mean scores is used, the good distractors are 
associated with lower mean scores than the mean of the papers associated 
with the correct answer. With this technique also certain distractors will 
appear that are selected by no one. 

Item Analysis When the Number of Papers Is Small. The item analysis 
techniques described above are all associated with large or fairly large samples. 
In many situations all that one has is about 30 papers. With such samples a 
crude sort of item analysis can be made by using the upper ten papers versus 
the lower ten. The percent who answer the item correctly in each group 
can then be determined and from these an estimate of the item difficulty 
can be made, Estimates as to whether or not an item is discriminating can 
be made by an inspection of the number of individuals in the high and low 
groups for each item. Those items with no or a negative discrimination can 
be spotted at once. For the category of actually discriminating items, we 
Might adopt such a standard as that there has to be a difference of at least two 
between the frequency of the high and low group before the item is considered 
as discriminating. While this technique is crude, it is better than nothing 


and will be helpful in making better classroom tests.? 


2 Item analysis techniques are discussed in detail in any educational or psychological 


measurement book (3, 12). 
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Exercises 


1. Below are tabulated the responses of 25 individuals to each of the items on a 
15-item test. 


Item No. 12 3 4 5 6 7 8 9 10 11 12 13 14 15 Score 
Individual A + + + 0 + + 0 0 00+ 00 о 0 6 
Bo++44+4+++ 04 4 oL O 4+ + + + 13 

C O0 ++ 4440004 04 + + 0 9 

D+ 0+ 00+ + 4 00+ 0 0 + 0 7 
E++ +44 + + + + + 0 4+ + + + + 14 
F+00+4%+4+ 4+ 4+ + + + + + + O 4+ 12 

G + + + 0 0 + + + 00+ + + + 4+ п 

H 00+ + 0+ + о о о о о о о о 4 

J + 4 O + 4 O + + + + + о + + + 12 

J + + + + 0 + + + + 0 + 4 + + + 13 

K + 0 0 + + 00+ 00+ 0+ 0 0 6 

E 0 c + + + +000 0 4+ 0 + O + 8 

M+ + + 0 0+ 000 0+ 0+ + + 8 

N+ + + + + + + + 0 + + 0 + + + 13 

O +++ + OfF 000040 9 
Р+++ + + 0 + + 50 00000 8 

Q + + + + + + 0 0 0 + 0 0-00 8 
Ё++++++0+ + + 0+ 0 0 0 10 

& iy ue 0 0 0 FO + 5.0 9 0 70: OF 0 3 

T Bob GB тікте 15 

U + + O + + + OO + 0 + 0 0 0 + + 9 
мою 0+ 0 0 ғ 0 0 0 0 6 

W + + O0 + + + + + + ++ 0 ++ + 13 

X + + + + + + 04+ «4+ + FE O + + 0 12 

NM. wb te а О БҰ ehh 14 

No. Correct 20 21 19 20 16 22 12 18 И 13 16 10 17 15 13 243 


(a) Obtain an odd and even score for each individual and then compute the 
reliability of the test. 

(b) Using Kuder-Richardson formula 20 compute the reliability of the test. 

(c) Calculate the standard deviation of the test scores. 

(d) What is the standard error of measurement for this test? 


(е) Using an individual with a score of 10 on this test, interpret the standard 
error of measurement. 


2. (a) A certain 25-item test has a reliability coefficient of .72. To this are added 
75 similar and well-made items. What is the reliability of the new test? 
(b) Suppose that a test made of 150 items takes 80 minutes to administer. The 
author of the test decides to shorten it to 50 items so that it will be a 25-30 
minute test. The reliability of the original test is .93. What might you 
expect the reliability of the shortened test to be? 
(c) Another test has a reliability coefficient of .60. This test is made up of 


20 items. How many well-made and similar items will have to be added to 
increase the reliability to .90? 


3. (a) A certain test has a reliability coefficient of .92 and a validity coefficient of 


.48 with criterion Y. The standard deviation of this criterion is 10.2 and 


that of the test is 9.6. Calculate the standard error of estimate when pre- 
predicting Y from X. 


. Sometimes we square the vali 


. Take the data in Exercise 3(a) and арр 
. Investigate the pros and со 


. If test papers are 
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(b) Suppose that from a regression equation for the above data you calculate 
a criterion score of 77 for an individual. How would you associate the 
standard error of estimate with this predicted score? 

(c) Calculate the index of forecasting efficiency for this validity coefficient. 
What does this mean? 

dity coefficient and call it a coefficient of deter- 

mination. We then interpret this as being the amount of variance in У that is 

accounted for or determined by the variance in X. Using the same line of 

reasoning, how might one best describe k?? 

ly the attenuation formula for correcting 


in both the criterion and test scores. Exactly what have you done? Can you 


defend the use of this statistic? 

ns of the use of correction formulas in scoring test 
papers. Any educational and psychological measurement book may be 
consulted. 

available, apply an item analysis, calculating for each item the 
difficulty value and the discrimination index. Use any of the computing charts 
or devices discussed in this chapter. Summarize your results. Examine the 
items that are no good. Have you any ideas why they did not hold up in the 


item analysis? 


16 


DISTRIBUTION-FREE STATISTICS 


The past decade has seen an increasing interest in a large number of 
statistics that are referred to as “‘distribution-free” or “non-parametric,” 
Both these terms refer to the fact that these statistics are not based upon the 
assumption of a normal sampling distribution. Most of the statistics studied 
so far with the exception of chi square and several of the correlation co- 
efficients require the assumption that the sampling distributions are normal. 
Since these statistics are based upon no such assumption, they are more often 
applicable to small samples and those in which an interval scale is not used in 
collecting data. 

In one of the early articles on the use of distribution-free statistics, Moses (11) 
noted among the advantages of such statistics that (1) they are easy to apply; 
(2) they apply to rank data; (3) they can be used when two sets of observations 
come from different populations; (4) there is no other alternative when the 
size of the sample is really small; and (5) whatever may be the shape of the 
distribution from which the sample distribution is drawn, the nonparametric 
test of a specified significance level actually has that significance level. 
Among the disadvantages, he notes that they are not as efficient as the para- 
metric statistics when used as tests of significance. From this it follows 
generally that a parametric test should be used if it is possible. In addition, 
he notes that information on these tests is scattered in the literature. This 
situation has been changed with the publication of such books as those of 
Siegel (13) and Tate and Clelland (16). 

In this chapter a few of the simpler distribution-free statistics will be 


discussed. The student who wishes more information is referred to either 
of the above books. 


TESTS FOR CORRELATED SAMPLES 


The Sign Test. Among the simplest of these tests is the sign test. In 
discussing this test we shall refer to the material in Table 18.1. т that table 
data are found in pairs. Individuals are matched and assigned to one of 
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the two groups at random at the beginning of the experiment. A treatment 
is applied and the resulting scores for the pairs of individuals are shown in 
the table. In the use of a test like this it is assumed that the variable under 
consideration is distributed continuously and that both members of each pair 
are treated similarly except for the experimental variable. 


ТАВІЕ 18.1. The Sign Test 


P Же ¥ 
16 4 + 
12 18 = 
22 10 + 
16 14 + 
14 12 + 
10 14 - 
20 10 + 
18 12 + 
10 4 t 
22 12 Ж 


In analyzing data using this test, we consider each pair of scores separately, 
noting whether the second score is smaller or larger than the first, and then 
we assign the appropriate sign as shown. Ties may be handled by dropping 
them from the computations or by giving one tie a plus sign and the next a 
minus sign, and so on. ( 1 1 

The null hypothesis tested here is that the median change is 0. This 
hypothesis is rejected if there are too few of any one sign. Where there are 
10 or less pairs we apply a test of significance by the use of the binomial 
expansion with p = .5 and № = the number of pairs. For our data, N — 10. 
From Table 18.1, we note that we have 8 pluses and 2 minuses. Ву chance 
We would expect 5 of each. The question is, does this frequency of 8 pluses 
differ significantly from what we would expect by chance? Ву the use of 
Pascal's triangle, Table 10.2, we note that the probability of obtaining 8 or 


fore 4 «елей équaltó = cu 1 which is .0547. Making a one-tailed 
test, we could reject our hypoth 
Doubling this probability for a two 
the null hypothesis. 

When the number of pairs is g 
using a Z-score and the formula 
binomial (formulas 10.2 and 1 


also be made (see description in Chapter O | 
Since this test uses only information on the direction of the differences 


between pairs, it is not the most efficient test. The next test combines with 
the sign of the difference the relative size of the difference. It is a more 
Powerful test. 

Wilcoxon’s Matched-Pairs Signed- Ranks Test. 
Of scores as shown in Table 18.2. 


esis slightly beyond the 5 percent level. 
-tailed test would make us unable to reject 


reater than 10, the results may be evaluated 


for the mean and standard deviation of the 
0.3). A correction for discontinuity must 


This test is applied to pairs 
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The first step is to obtain the difference for each of the pairs of scores. 
Then we rank the absolute values of these differences. This means to 
disregard the signs. In this problem the difference of 3 is the smallest and 
is given the rank of 1. Scores of 8 and —8 are tied for ranks 3 and 4; 


TABLE 18.2. Illustration of the Wilcoxon Matched-Pairs 
Signed-Ranks Test 


Absolute Rank Ranks with Less 
Xe Xe Difference of Difference Frgguent Sign 


72 68 4 2 
70 89 —19 т 7 
64 72 —8 di5 3.5 
54 68 -14 5 5 
72 69 3 1 

48 16 6 
76 68 3.5 

Х-155-Т 


hence they are given ranks of 3.5. In previous ranking problems the student 
will recall that the highest score was given a rank of 1 (cf. the computation 
of ranks for the Spearman rank-order correlation method in Chapter 16). 
Pairs which have no differences are disregarded in the computations. In the 
last column the ranks with the less frequent sign are recorded and summed. 
This sum is given the symbol T. For data like these we can obtain the mean 
sum of the ranks by the following formula: 
ММ + 1 
тесе) (18.1) 

where 

T — mean sum of the ranks. 

N — Number of ranks. 


For these data in Table 18.2, T — oo = 14. И there is no difference 


between the two groups, 7 should be the same as 7. 
T differs significantly from T, we can reject a null hypothesis of no difference. 
For smaller sums of ranks, for М between 7 and 25, Wilcoxon has tables 


(Table IX in Appendix) which may be entered to test the significance of the 


deviation T — T. For our data this difference is 1.5 and with N — 7 we 
find that this difference is not significant. 


If we can show that 


When М is greater than 25, the sum of the ranks may be taken as normally 
distributed with 
(NXN + 1 
r= Му (18.2) 
QN + DT NXN + DON +1 
Же / 3 or i X M +1) (18.3) 


and the sum of the 775 may be treated with the familiar Z-test with T — T as 
the deviation. 
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TESTS FOR UNCORRELATED DATA 


The Median Test. This test is applied to see if two groups come from 
populations which have the same median. In using this test the size of the 
two samples need not be the same. In Table 18.3 are shown arithmetic 


TABLE 18.3. Scores on an Addition Test 


x 14 

12 
16 12 
18 14 
7 18 
6 5 
4 16 
11 9 
12 10 
8 14 
20 3 
18 18 
16 9 
10 7 
4 


addition scores for 27 individuals. We shall test the hypothesis of no dif- 
ference between these two sets of scores by using the median test. Group X 
contains 13 scores and Group У, 14. We first compute the median of the 
entire set of 27 scores. For these data we find this to be 11. 

If both of these distributions came from the same or from similar popula- 
tions, half of the X-values and half of the Y-values would lie above this median 
of 11, and half of each of the two distributions would lie below it. A 


contingency table is set up as follows: 


x Y 
Above 7 6 
Median a b 
Not 6 8 
Above € d 
Median 
13 14 27 
m n N 


We next make a test of significance using chi square as follows: 
2 
М| (аа — bc) — x] 
Ше ree E 


№ = O 
2712 
21] (56 - 36) - z] 


Ne солды 7 
x = — (1301903014 
ر‎ _ 2102.25) 
W^ 9322104 
33124 
х = .034 


Which with 1 df is not significant. 
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When the cell frequencies in the contingency table become very small, 
1 or 2, this chi square solution, even when corrected by Yates’ correction 
for continuity, should not be used. A more complicated method, known as 
Fisher’s exact method, must be used. This may be found in McNemar 
(10, рр. 240-242) or Walker and Lev (18, pp- 103-106). 

The median test is also applicable when there are more than two groups. 
The technique is the same. First the median of all of the scores taken together 
is obtained. Then a contingency table similar to the one above is set up 
containing the number of scores above the median and the number not above 
the median for each of the groups. Chi square is then applied to the data 
in the contingency table and the appropriate conclusion drawn. For this 
type of problem the expected frequency for a cell is half of the number of 
cases іп the group. It should be noted that when a score falls exactly at the 
median, this score is included in the group referred to as “not above the 
median.” 

Mann-Whitney U-Test. A more powerful test than the median test for 
uncorrelated data is the Mann-Whitney U-test. This test is used with in- 
dependently drawn random samples, and the size of the samples need not 
be the same. This test is actually an extension of Wilcoxon's composite- 
rank method, T-test, which was developed to handle independent samples of 
equal size. А simple application of this method is shown in Table 18.4. In 
this table we have two samples of 7 each. Suppose one to be the control 
group and the other the experimental group. The null hypothesis that we 
are testing is that the two groups came from the same population. 


TABLE 18.4. Two Small Independent 
Samples Illustrating the Use of the 
ann-Whitney U-Test 


x Y Вх Ку 
ет: ма 0 
16 8 1 3.5 
18 19 12 13 
14 6 10 1 
8 9 3.5 5 
13 10 9 6.5 
10 7 6.5 2 
12 20 8 14 


ХЕ, = 60.0 УК, = 45.0 = U 


The first and basic part of this techni 
composite distribution in an increasin 
considered when negative scores are 
of 6 is the lowest one; so it receives a rank of 1. 
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At this point an arithmetic check can be made because the sum of the two 


columns of ranks must be equal to мур. For these data 


ER, + ER, = wwe) 
1404+) 


60 + 45 = ы 


210 
105 - чо: = 105 

If there is по difference between the two sets ОҒ scores, the sum of the 
ranks for the X-variable will equal the sum of the ranks for У. Тһе hypo- 
thesis of no difference is rejected if the discrepancy or difference is too large 
to be accounted for by chance alone. For data in which the number in the 
variables is between 2 and 20, a table is available that shows the size of the 
smaller sum of ranks needed to reject the null hypothesis at various levels of 
Significance. For the data in Table 18.4, М, (the frequency of the X-variable) 
is 7, as is also N, the number in the Y-category. From Table X in the 
Appendix we find that for these values of N, and №, the smaller sum of the two 
ranks (U) may not exceed 36 for a significant difference at the 5 percent level 
to occur. Our smallest sum of ranks is 45. Our null hypothesis stands for 
these data. 

When either N, or N, is larger than 20, we solve for the U-statistic which is 
considered to be normally distributed for samples of this size. To illustrate 
this technique, some fictitious data have been assembled in Table 18.5. In 


ТавгЕ 18.5. Illustration of Mann-Whitney U-Test for 
Larger Sets of Data 


Ж Y Rx Ry 
JH 18 12.5 31 
10 14 18 27 
12 15 21:5 29 
6 16 10 30 
8 12 14.5 21.5 
4 10 6.5 18 
6 8 10 14.5 
14 13 27 24 
2 13 2.5 24 
4 3 6.5 4.5 
6 10 
7 12.5 
3 4.5 
5 8 
2 2.5 
1 m 
14 27 
i i 
19 16 


УК, = 272.5 URy = 223.5 


214 Basic Statistical Methods 


Group X (№!) there are 21 cases and in Group Y (N3) there аге 10. The 
data are treated exactly as they were previously. First the two sets of scores 
are ranked together, with the smallest score being given the smallest rank. 


Then these two columns of ranks are summed. Again these can be checked. 
QT n — sum of the two sets of ranks. Next U, is found by the 


following formula: 


U, = ММ, + - ХЕ, (18.4) 


U, = (2110) + 21D - 272.5 


U, = 210 + 231 — 272.5 
О = 168.5 


The Z-ratio is then computed by the use of the following equation: 
U, 
_————Є (18.5) 
Үл + М; + 1) 
12 


= М 
2 


2 


where the numerator is U, minus the second term which is the mean of U 
and the denominator is the standard deviation of the U. 


168.5 – 2000) 
gz + 10+ 1) 
12 


Еш 


168.5 - 105 


Ne 
ll 


A z-value of this size leads to the rejection of the null hypothesis at the 
1 percent level. 


This problem could have also been solved for U}. 
Up = ММ, + aN + D —XR 


у 


U» = (210) + 000+) - 2235 


Uz = 210 + 55 — 223.5 
0; = 41.5 
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If this value of 41.5 is placed in the numerator of formula 17.5, it will be 
found that the value of the numerator of this time is — 63.5. It does not 
matter, then, for which U-value we solve. The size of the Z is unaffected, 
but the sign is affected. Ina two-tailed test this makes no difference in the 
interpretation of z. 

The Mann-Whitney test is said by Siegel to be a powerful test and an 
excellent substitute for the t-test (13). 

_ Wald-Wolfowitz Runs Test. Another test applicable to unrelated samples 
is the Wald-Wolfowitz runs test. With this technique we test the hypothesis 
of no difference in respect to average value, variability, skewness, etc. In 
Table 18.6 are two sets of data taken on two independent samples. The 


TABLE 18.6. Two Sets of 
Independent Data for the 
Wald-Wolfowitz Runs Test 


= 
X x. 
لے‎ —=———= 
12 7 
8 9 
6 16 
18 17 
14 20 
15 19 
3 2 
5 10 
4 22 
1 21 
№ = 10 № = 10 
i 


ntinuous series from high to low and the identity 


Scores are arranged in a со 1 | 
hich the score came 15 recorded below it. The 


of the distribution from № 
data in Table 18.6 are set up as follows: 


22 21 20 19 18 17 16 15 14 1210 9 в 7 
PCR y ry bor и леа RI 
шаман ec ET 4 5 6 7 


1 2) 
6 
X 
8 


After this is done the numbers of runs is determined. Starting with the 
Score of 22, we have four scores in а TOW that came from the Y-distribution. 
, 4 
These four scores constitute the first run. The score of 18 alone is from 
the X-distribution. This is run 2. All the runs are then marked as shown 
and the number of runs counted. ; 
If the two sets of data are from the same population, we would expect the 
Number of runs to be large. That is, there would be a good mixture of high, 
d this would lead to a large 


medium, and low scores in each distribution ап f 1 to a la 
number of short runs. When N; and № (the numbers in each distribution) 
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are 20 or less, the significance of the number of runs observed can be tested 
directly from tables (Table XI in the Appendix). From these tables we see 
that for the values of М in our sample the number of runs is not significant 
and, hence, there is no difference between the two samples. | 

When the size of the two samples is over 20, the significance of the difference 
is tested as follows: 


2N\N2 ) 
= SING к. کار‎ & 
x (r Mu 0) (18.6) 
2N,N2(2NiN2 — № — N2) 


(Ni + МУ (М, + № — 1) 
where 
r = number of runs. 


2NıN> _ 
N, +N, = mean of the runs. 


Denominator = the standard deviation. 


—.5 corrects the term for continuity. 


With this technique the problem of ties is an important one. If the ties 
are all in one sample or the other, no problem arises. If the ties are in both 
samples, they should be mixed in all possible ways. If the results agree by 
all three ways, there is no problem. But if the results differ, the probability 
of each z is determined and the average of these taken in the evaluation of the 
null hypothesis. As an example, suppose that in two series of scores, a 
score of 14 appears three times, twice in the X-distribution and once in.the 
Y-distribution. It could be arranged in the series of scores three ways: 


14 14 14 14 14 14 14 14 14 
PRY: уу w x) Pii. зуг ў 


Then for this series of ties, the 


determining the different num 
cause. 


This test is not as good as some of the others because of the general nature 
of the hypothesis that may be tested with it. Moses (11) states that tests 
which test hypotheses against many alternatives simultaneously are not very 
good in the prevention of the acceptance of the null hypothesis erroneously 
with respect to one alternative. Since this test is designed to disclose dif- 


ferences of many types, it is not as efficient as the Mann-Whitney test or 
others which are set up to test specific differences. 


Kruskal-Wallis H-Test. Тһе Kruskal-Wallis H-test is an extension of the 
Wilcoxon matched-pairs rank-test for more than two samples. It tests 


whether a group of independent samples are from the same or different 
populations. Data to illustrate this test are presented in Table 18.7. 

Table 18.7 shows three sets of data. The Scores of the three sets are 
combined and ranked with the lowest sc 


à ore receiving a rank value of 1. 
Ties are treated in the usual fashion for ranking data. Then the ranks of 


problem would have to be solved three times, 
ber of runs which the various combinations 
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TABLE 18.7. Тһе Kruskal-Wallis Test 


x Rx y Ry 2 Rz 
12 13.5 13 16 13 16 
16 21 18 22 14 19 
14 19 14 19 7 8.5 
2 1.5 13 16 8 10.5 
12 135 8 10.5 4 4.5 
7 8.5 d 3 
6 1 2 1.5 
4 4.5 S 6 
9 12 
XR. = 68.5 ER, = 103.5 УК. = 81.0 


HR cu o ——_ 


the three columns are summed. If the sample proportions are similar, the 
total sum of the ranks would be divided proportionately among the various 
samples on the basis of sample size. The sums of the ranks of the various 
samples are then tested against these proportions of the total sum of ranks, 


by use of the following formula: 
12 Ri] = 
H- кт? v 3(N 1) (18.7) 


where 


N — number in all samples combined. 
R; = sum of ranks and № the numbers in i samples. 


For the data in Table 18.7 


12 [(65.2 , 003.57. e - 3023 
= anal ТЕЧ 9 id 


12 
_ 12 038,45 + 1339.03 + 729] — 69 
506193845 + 


= .0237(3006.48) — 69 
= 71.3 — 69 


= 2.3 
If the number of cases іп the samples is from one to five, special tables are 
used in the interpretation of H (Table XII in the Appendix). When the 
Samples contain five or more Cases, H is interpreted as chi square with the 
number of samples minus one For this problem df — 2 
and this H is not significant. 
This is a powerful nonparametric test. 


degree of freedom. 


Exercises 
1. In the data below, column X represents 12 scores of members of a control 
5 he scores of 12 matched 


group in an experiment. Column Ү represents t 
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individuals who were given the same test after a period of stress. Using the 
sign test, test the hypothesis of no difference. 


X ғ 
46 36 
68 50 
60 58 
58 40 
42 44 
43 43 
40 29 
56 36 
38 46 
58 48 
42 38 
48 42 


2. Using the data іп Exercise 1, test the hypothesis of no difference using 
Wilcoxon’s matched-pairs signed-ranks test. 


3. Below are the scores of a group of normals and a group of psychotics on the 
Picture Completion Scale of the Wechsler-Bellevue. Test the hypothesis of no 
difference using the Median Test. 


bt а 
Uw 
— imt 
MONIO 4 с دا مه‎ INI - 9 


-- 
A 
— 


4. In the data below аге three samples of scores obtained on the Arithmetic Scale 
of the Wechsler-Bellevue. Apply the median test to all three samples. 


A B с 
8 2 12 
7 4 3 
14 6 10 
10 14 4 
8 10 14 
6 8 11 
6 10 | 
2 8 


5. Apply the Mann-Whitney U-test to the data in Exercise 3. 


6. Using the data in columns B and C of Exercise 4, apply the Mann-Whitney 
U-test. 
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7. Two groups of children made the following scores on the vocabulary test of 
the Stanford-Binet. By use of the Mann-Whitney U-test, test for differences in 


the two groups. 


Group I Group П 
10 33 14 
18 36 18 
36 26 22 
22 24 16 
28 31 38 
29 13 26 
32 19 28 
15 23 12 
18 25 
36 27 11 
21 32 19 
27 16 


8. Apply the Wald-Wolfowitz runs test to the data in Exercise 7 above. 
9. Using the data in Problem 4, test the hypothesis of no difference using the 
Kruskal-Wallis H-test. 
10. The following data from Borislow! show the changed response scores of three 
groups on the Edwards Personal Preference Schedule. 


Control Social Personal 
Group Desirability Desirability 
Group Group 
47 76 87 
38 76 76 
34 75 52 
32 73 51 
32 62 50 
30 47 42 
38 


Test the differences among these three groups, using any and all appropriate 


nonparametric tests. 


1 Journal of Applied Psychology, 1958, 42, 25. 
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ze = р [ууз - сугу 
М 
Charlier’s checks 
Уух + 1)? = Lf’? + fx + Ef 


ей 
N-1 


Sheppard’s correction 


Averaging standard deviations 


UP C a РЕ ACC TU TE час a 
ке [Nie + 547) + Мв(Хв? + sg?) 
— > ДИ +— 
Мл + Ng Т 
Х-Х x 
z= == 
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Page 
29 


30 


41 


43 


43 


45 


46 


47 


47 


49 


50 


50 


60 


Number 
24 


8.1 


8.2 


8.3 


8.4 


8.5 


9.1 


9.2 


93 


9.4 


9:5 


Formulas 
Equation for the normal curve 
x 1 
м +) 
= =p 
E oV 2r 
Pearson r, standard score formula 
22х27) 

r= 

N 


Pearson r, deviation formula 


Уху 


C Музу 


Pearson ғ, deviation formula (alternate) 
ЧИ Уху 
М/(>х?)(2у?) 
raw score ог machine formula 
mu NXXY- (ХХ) ÈY) 
VINEX? — XIN Y? — (5Ү)2 


Pearson г, 


Pearson г, scattergram formula 


Xo QR 

L——H——— е 
^2 5/72 

ПЕ BS [лу Nc | 

Equation of the straight line 

Y=at bX 


r= 


Equation of the straight line used in regression analysis 
Y’=a+t+ bx 
b-coefficient for predicting Y from X 
y- (>Х i Y) 
memi 5-8 


Gar 
Ze = 


b-coefficient for predicting У from X in deviation form 


Уху 


ух = Ey 


a-coefficient used in predicting Y from X 
yx = x = X(byx) 
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85 
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9.7 


9.8 


9.9 


9.10 


10.1 


10.2 


10.3 


1.2 


11.3 


11.4 


Formulas 
Page 
b-coefficient for predicting X from Y in deviation form 97 
Xxy 

вы = Ey 

a-coefficient used in predicting Х from У 97 
axy = X — ¥(b,y) 

Standard error of estimate, raw score form 100 

A(Y- У? 
Зух = N-2 
Standard error of estimate, deviation formula 100 
(xy)? 
2 
A J = Ex? 

Зуу N-2 

Standard error of estimate, in terms of test statistics 101 
бух = SyV1 — r4? 

The binomial expansion 105 

n n(n — 1 
(р + а)" = р" + 120798 + TU Jyn-2g2 + 
n(n — 1)(п — 2) (n-3)53 
MG) Pg? +... + gn 

Mean of the binomial 109 
m = np 

Standard deviation of the binomial 109 
o = Vnpq 

Standard error of the mean 117 

5 
= — 
VN 

5 percent confidence interval, large М, mean 120 
X + (1.96) (sg) 

1 percent confidence interval, large N, mean 120 
X + (2.58) (sg) 


Standard error of the median 121 
1.2535 


$Mdn = — 
ШЕ 
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Formulas 


Standard error of a proportion 


ра 
з= AUN 


Standard error of а percentage in terms of proportions 
= 100 E 
5р = 100 N 


Standard error of a percentage in percents 


PQ 
Sp = N 
Standard error of the difference between two means, uncorrelated data 


uad >. 
2 
Sp, = М5? + Sz 


Test of the difference between two means, Z-test 


Ds 
SD; 


i= 


Standard error of the difference between two means, correlated data 


E‏ و یوی 
Sp, = Мз + $5 - 20008 s‏ 


Standard error of the difference between two means, small sample, 


uncorrelated data 


iue d > 
Xx Xx (+ г) 


Ті 
ЖИРЛТЕРУЛА 
5»; = N + ND- 2N № 


Testing the significance of changes 


Standard error of a ргорогиоп 


Pq 
= AUN 
-test for the difference between two proportions, uncorrelated data 
Z-test for 

pi — P2 


سے ا 22 


TE 
Spy” + 5р; 
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13.1 
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Formulas 
Page 
Standard error of the difference between two proportions, un- 
correlated data 137 
SD, = Узр2 + Sp? 
Alternate formula for the standard error of the difference between 
two proportions, uncorrelated data 137 
P191 , P242 
Sp, = | + 2 
DAN Nz 
Standard error of the difference between two proportions, small 
samples, uncorrelated data 138 
< [pa ұра 
Р» Ni № 
Alternate formula for the standard error of the difference between 
two proportions, small samples, uncorrelated data 138 
S. 1 1 
Ne "(s : x) 
Standard error of the difference between two proportions, correlated 
data 139 


— — M гі e 
5р, = Vsp? + 8р2 — 2(ri2) p Sp) 


The test of the difference between two 
not requiring the computation of r 


139 
ғы [Каса 
:- عل‎ 


proportions, correlated data, 


Standard error of r when the null hypothesis is made thatr = 0 


142 

eee __ 

т N= 

Small sample formula for the standar 

hypothesis i mede O r ard error of r when the null ді 
T y 

"NNI 


Standard error of Fisher’s Z-statistic 144 
52 = І 


Standard error of the difference betwee 


n two Fisher Z-statistics 
Sp, = Уз? + 522 


145 


Number 
13.5 


13.6 


14.1 


14.2 


14.3 


144 


14.5 


151 


15.2 


15.3 


15.4 


Formulas 225 
Page 


Alternate formula for the standard error of the difference between 
two Fisher Z-statistics 145 


1 1 = 
з‏ + لول = ده 


t-test for the significance of the difference between two r's correlated 
data 145 
(rig — тз) МОУ — ЗА + r23) 


V2 = nz? = ris? — ra? + 2712713703) 


Chi square, general formula 147 
О — Е)? 
of? > E ) 
149 


Degrees of freedom in chi square 
df = (r — 1)(с— 1) 
Chi square formula for a 2 x 2 table using the obtained frequencies 149 


ue маа) — (с)? 
(к) (т) (т) 


Yates’ correction applied to formula 14.1 150 
О — E| – .5)? 
ge 24 = ) 
Yates’ correction in formula 14.3 150 
NM 
N(lad - be| = i) 
2 = 
" Oem 
Equation for the total sum of squares 160 
М хх)? 
Ух? = A a9 
x2 = DX N 
Equation for the “between” sum of squares 161 
Ух? = UK — Xpn 
Alternate equation for the “between” sum of squares 161 
Sythe: EX) _ EXD? 
п М 
161 


Equation for the “within” sum of squares 


Ух? = УХ? — gu 
n 


226 Formulas 


Page 
Number = 
15.5 F-test 
Mean square for “between” groups 
a Mean square for “within” groups 
16.1 Point-biserial correlation coefficient 170 
m= № f 
25 St q 
16.2 t-test for the point-biserial r 171 
t= VN-2 
VA "ғ? 
16.3 Biserial correlation coefficient 173 
r, = X, — X, = (г) 
5, 7, 
16.4 The fourfold of phi coefficient 175 
(ad — be) 
pO. 
У (A) (m)(n) 
16.5 Phi coefficient when an equal number is put in both Parts of the split 175 
= Ви — рі 
Ф 2Vng 
16.6 Relationships of chi Square and phi 175 
х = МФ? 
16.7 


Coefficient of contingency 177 
= x? 
ре 4 М + x2 


16.8 Зреагтап гапк- 


order correlation Coefficient 


179 
21.2. 82m 
Ё М2 —1) 
16.9 t-test for testing the significance of rho 179 
р к= 
t= -УМ-2 
УТ = р? 
16.10 Checking the sum of ranks in Kendall’s W 180 
Total sum of ranks = mat 
16.11 


Coefficient of concordance, W 


181 
_ _ 12р? 
"= ANNT) 


Number 
16.12 


16.13 


16.14 


16.15 


16.16 


16.17 


171 


17.2 


17,3 


17.4 


17.5 


17.6 


Formulas 


Eta squared 
Xy 
лы? = X» 
Correlation ratio, eta 
- [Dë 
Та Ху? 
Correlation ratio, operational formula 


>| | EO 
2 


ГА 


P N 
yx 
PEE 
dT x 
Partial r 
тү? — (713723) 


V = из - rz?) 


Қау 


Multiple correlation coefficient, R, three variables 


ку сы а 
R түз? + ny — (2712713723) 
13 = Ре 

Y — Тоз 


Standard error of estimate of R 
5123 = sı VI — R? 


Components of a single score 
X= X,+ x: 


Breakdown of total test variance into component parts 


S = 52 4 5,2 


Equation 17.2 with each term divided by s? 


Alternate equation for reliability 


Spearman-Brown formula to use with the split-half reliability 


Тізе ate 
52 

technique 

ти = 2ғое 


184 


186 


188 


188 


190 


191 


191 


191 


191 


193 


228 


Number 
17.7 


17.8 


17.9 


17.10 


4741 


17.12 


17.13 


17.14 


17.15 


17.16 


17.17 


18.1 


18.2 


Formulas 
Spearman-Brown formula, general case 
Nr 
te T= Dr 


Kuder-Richardson reliability formula, No. 20 


Standard error of measurement 


Se = SVI г, 


Standard error of estimate іп predicting У from Х 


€ = 2 
Зух = SyV1 ғу 


Standard error of estimate in predicting Х from У 
буу = 5,V1 — ry? 


ху 


Relationship of r and k 


2+ k2 =1 
k 
k= V1 F2 
Index of forecasting efficiency 
Е = (1 — 0100 
Correction for attenuation in both test and criterion scores 
r= Ғху 
М 
Correction for attenuation in the criterion scores only 
Try 
а —— 
Vr, уу 


Formula for correction for guessing 


Ww 
ME Ro gr 


T, sum of the ranks with the 
matched-pairs signed-ranks test 
T- NO 1) 


T when N is greater than 25 
T- (NXN + 1) 
ES 4 


least frequent sign in Wilcoxon's 


Page 
193 


195 


196 


198 


199 


199 


199 


200 


200 


201 


202 


210 


210 


Number 
18.3 


18.4 


18.6 


Formulas 


s of ranks in Wilcoxon’s test 
" J +D? „ /NW+ DON + D 
= 6 24 
Computation of U, in the Mann-Whitney U-test 
1 
U, = ММ; + MM +1) - ХЕ, 
Z-ratio for the Mann-Whitney U-test 
N,N; 
„Газим + № + 1) 
12 


Z-ratio for the Wald-Wolfowitz runs test 
_2NiN2_ )- 
- 1 5 
( м + № * 
2NiN;2NiN; — Ni — №) 
(М + №), + №- 1) 


Я = 


Kruskal-Wallis H-test 
Rit) 30 +1 
н- [о 50 
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Page 
210 


214 


214 


216 


217 


к. 


N 


Р 


A 


e 


M 


— 


ANSWERS ТО EXERCISES 


. (а) 18.83 


(b) 109.67 
(с) 1.0974 


. (а) 365.36 


(b) .074 
(с) .000056 


(а) 40 
(5) 9000 
(с) .025 


. (а) 3.75 


(5) 3.875 
(с) 4.42 
(4) 2.67 
(е) 3.167 
(Ғ) .686 
6) -1.25 
(В) .56 


. (а) 57 


(b) 175 
(с) 554 
(4) 27.89 


(а) 14.4 
(b) 24.3 
(с) 17.8 


. (а) 5 


(b) 4 
(с) 2 


. (а) —.5,45;5 


(b) —2.5, —8.5; 6 
(с) 1.5, 4.5; 3 
(d) —2.5, 4.5; 3 


Chapter 2 

(4) -17.86 (в) — 10.5022 
(е) —1.0859 (В) 75.00 
(f) 48.13 
(d) —.666 (в) —7.77 
(е) —913.78 (h) 5.92 
(f) .03072 
(d) —50.5 (=) — 10.058 
(е) -360 (В) 4.04 
(f) 70 
G) 1.63 2b 
G) 2425 2 yn 
(k) 720 (г) x? + 2xy + y2 
() 40.607 (s) 3 
ed (0) fx 
n 4y3. 
я (и) x4y3z 
(е) 94.2 (i) .33 
(f) .0095 G) у] 
(g) .0158 ; 
Oi (k) 276.5 
¢) .1 (в) 880 
(e) 1 ў 
(4) 90.2 m ui 

G 4 
(4) 2 (в) 2 
(е) 7 
(© 1 a 

Chapter 3 
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(е) 97.5, 103.5; 6 
(f) 1.45, 3.55: 2.1 
(B) 4.5, 10.5; 6 

(h) 495, .755; 26 


N 


в о سر رم‎ 


ом سر‎ 


(b) 1 
(с) 2 
(d) 1 


X = 41.9; Mdn = 41.7; 


Answers to Exercises 


- (a) An interval size of from 6 to 10 would work 


Chapter 4 


Mo = 40 


(а)Х = 8.6; Мап = 8.5; Мо = 8or11 


(а)Х = 55.4 


X 


Class I 42.1 
Class II 41 
Total 41.5 


(b) 102.2 
(4) 100 
(е) Cio = 93.7 

С = 99 
X Mdn 
(a) 29.6 30 
(b) 25.8 27.5 
(©) 11.3 10.8 
(4) 15.2 14.2 
(е) 24.4 24 
( 63 62 


57 


(a) 13 
(а) 60 


* (а) 11,9 


(3) 21 


= 517.6, 5 = 63.3 


8-74 
s=31 
-s= 104 
` Class I, s = 14.1 
Class П, s = 15.3 
otal, 5 = 14.6 
5 = 83 


ANE 


о 


Мап Мо 
43.4 48 
42.5 48 
43 48 


* (a) 104 (using i = 3 and the bottom interval 87-89) 


C33 = 100 Cso 
Сі = 111.5 Cos 
Mo 
30 
10 
14 
6 
Chapter 5 
5. (a) 15 
6. (a) 4.0 
(b) .975 
7. (a) 85.2 
(b) 12.8 
6. (а) s = 3.3 
(b) s = 6.2 
(с) s = 2.6 
(d) s = 2.6 
(е) s = 3.5 
(f) в = 2.5 


ии 


112.7 
116.2 


231 


232 Answers to Exercises 
Chapter 6 

1. X = 26.1, s = 10.7 

2. —1.97; —.76; .38; 1.22; 1.86; 2.33 

3. 30.3; 42.4; 53.8; 62.2; 68.6; 73.3 


Chapter 7 
2. .1064; .0596; .4987; .3443; .4932; -2881; .0199; .2422 


3. No. cases: 118; 168; 39; 48; 298; 64; 156; 223 
Centile points: 61; 44; 99; 84; 1; 79; 48; 26 
5. (b) 48.2%; 36.9%; 22.2%; 35.8%; 46.4% 
(c) 43.5%, 57 cases; 12.88%, 17 cases; 30.75%, 40 cases; 3.69%, 5 cases 
(d) 25; 22 


(е) 56.3; 48.3; 35.9; 29.3 


Chapter 8 
4. .92 6. .81 
Sor 7. .825 
Chapter 9 
1. (а) 7; (b) 24; (с) —7; (d) 50.88 
3. 102.6 
4. 3.7 
5. (Ы) b, = ЛО, a, = —7.0 
bxy = 1.2, ах, = —3.1 
(d) s, = 12.8, sgy = 9.7 
(e) 81 
Chapter 10 
2. (a) .077 (c) .000125 е) .204 
(b) .25 (а) .5; .5 9: 
3. (а) .031 (b) .028 (с) .5 
5. р = .19 
6. (а) 8 (b) р = .0463 (с) р = .084 
7. Coca Cola р = :08; Pepsi Cola р = .22 
8. (а) р = .022 
(b) p = .05 


(с) р = .00000029 


m 


N 


> sm op 


. (a) 2 


Answers to Exercises 
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Chapter 11 


(b) p = .0228 or 228 in 10,000 
(с) 5%, 61.1-68.9; 1%, 59.8-70.2 


. (а) 2 


(b) .179 


Group I 
Group II 


. Х2 = 571 
- (а) x? = 5.76 


(b) x? = 2.77 


Item 1 х2 


= 1.66 
Item 2 x? = 13.2 


- X? = 2.314 
- x? = 3.476 


- (à) Е = .302 
„ F = ‚54 
- F= 167 


0 


Chapter 12 


5 
6. 
7. 


21.7-26.5 
20.2-25.4 


z= 1.61 
1 = 4.17 
1 = 3.17 


20.9-27.3 
19.2-26.3 


Chapter 13 


4. t — —.857 
5. 19 


Chapter 14 


6. 
7i 
9. 
10. 


x? = 16.66 
x2 = 5.901 
х2 = 11.16 
(b) 6 


(с) x? = 5.882 
(d) x2 = 27.66 


. X? = 13.09 by combining the two 


“probable” groups into one 


Chapter 15 


234 Answers to Exercises 


Chapter 16 
1. (a) .54 5. „ЗІ 
(b) 8.96 6. .92 
2. 2 "v. 49 
40 8. 24 
4. .59 9. 45 
Chapter 17 
1. (а) .70 3. (а) 7.4 
(b) .77 (c) 12.3% 
(c) 3.32 


(4) 1.58, using the Kuder-Richardson 5. 12. 
reliability formula 


2. (a) .91 

(b) .82 

(с) 6 

Chapter 18 

1. 2= 181 6. U= 80.5 
2. Reject null hypothesis at 1% level 7. Z= —1.86 
3. x? = .808 8. Not significant 
4. Х2= 3.17 9. H = 3.28 
5. И= 86.0 


REFERENCES 


. Bartlett, M.S. Some examples of statistical methods of research in agriculture 


and applied biology. Journal Royal Statistical Soc., 1937, 4, 137-170. 


. Cochran, W. б. Some consequences when the assumptions underlying the 


analysis of variance have not been met. Biometrics, 1947, 3, 22-28. 


. Downie, М. M. Fundamentals of Measurement. New York: Oxford 


University Press, 1958. 


- Edwards, A. L. Experimental Design in Psychological Research. New York: 


Rinehart, 1950. 


. Edwards, А. L. Statistical Methods for the Behavioral Sciences. New York: 


Rinehart, 1954. 


. Guilford, J. P. Fundamental Statistics in Psychology and Education. New 


York: McGraw-Hill, 3rd ed., 1956. 


. Huff, р. How to Lie with Statistics. New York: Norton, 1954. 
. Lindquist, Е.Е. Educational Measurement. Washington, D.C.: The American 


Council on Education, 1951. 


- Lord, F. М. Nomograph for computing multiple correlation coefficients, 


Journal of the American Statistical Association, 1955, 50, 1073-1077. 


. McNemar, О. Psychological Statistics. Мем York: John Wiley, 2nd ed., 


1954. 


: Moses, L. Е. Non-Parametric statistics for psychological research. Psycho- 


logical Bulletin, 1952, 49, 122-143. 


: Remmers, Н. H., and Gage, М. L. Educational Measurement and Evaluation. 


New York: Harper, 1955. 


. Siegel, $. Nonparametric Statistics for the Behavioral Sciences. New York: 


McGraw-Hill, 1956. 


- Snedecor, G. W. Statistical Methods Applied to Experiments in Agriculture 


and Biology. Ames, lowa: Iowa State College Press, Sth ed., 1956. 


- Stevens, S. S. On the theory of scales of measurement. Science, 1946, 


103, 670-680. 


- Tate, M. W., and Clelland, В. C. Non-Parametric and Short-Cut Statistics. 


Danville, Ill.: Interstate Printers and Publishers, 1957. 


. Tukey, J. W. Comparing individual means in the analysis of variance. 


Biometrics, 1949, 5, 99-114. 


- Walker, H. M., and Lev, J. Statistical Inference, New York: Henry Holt, 


1953. 


235 


TABLES 


TABLE І. Squares, Square Roots and Reciprocals of Integers from 1 to 1000 


n n2 
1 1 
2 4 
3 9 
4 16 
5 25 
6 36 
7 49 
8 64 
9 81 

10 100 

11 121 

12 144 

13 169 

14 196 

15 225 

16 256 
17 289 
18 324 
19 361 
20 400 
21 441 
22 484 
23 529 
24 576 
25 625 

26 676 

27 729 

28 784 

29 841 

30 900 

31 961 

32 1024 

33. 1089 

34 1156 

35 1225 


Source: J. С. Peatman: D, 


Reprinted by permission of th 


publisher, 


я 1 1 

Уп п Уп 
1.0000 1.000000 1.0000 
1.4142 1500000 7071 
1.7321 333333 5774 
2.0000 .250000 5000 
2.2361 .200000 4472 
2.4495 1166667 :4082 
2.6458 .142857 :3780 
2.8284 125000 :3536 
3.0000 111111 3333 
3.1623 .100000 3162 
3.3166 .090909 .3015 
3.4641 .083333 2887 
3.6056 1076923 2774 
3.7417 .071429 2673 
3.8730 1066667 2582 
4.0000 1062500 .2500 
4.1231 .058824 2425 
4.2426 055556 .2357 
4.3589 1052632. .2294 
4.4721 1050000 .2236 
4.5826 1047619 2182 
4.6904 1045455 2132 
4.7958 1043478 .2085 
4.8990 041667 2041 
5.0000 -040000 .2000 
5.0990 1038462 11961 
5.1962 1037037 11925 
5.2915 1035714 1890 
5.3852 1034483 11857 
5.4772 .033333 1826 
5.5678 1032258 1796 
5.6569 031250 ` .1768 
5.7446 030303 4741 
5.8310 :029412 11715 
5.9161 1028571 1690 


escriptive and Sampling. Statistics, 
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New York: Harper, 1947. 


n 


TABLE I (Continued) 


- 1 1 
Уп c -- 
i Уп 
6.0000 .027778 .1667 
6.0828 .027027 .1644 
6.1644 .026316 .1622 
6.2450 .025641 .1601 
6.3246 .025000 .1581 
6.4031 .024390 1562 
6.4807 .023810 1543 
6.5574 .023256 1525 
6.6332 .022727 .1508 
6.7082 .022222 .1491 
6.7823 .021739 1474 
6.8557 021277 1459 
6.9282 .020833 .1443 
7.0000 .020408 .1429 
7.0711 .020000 1414 
7.1414 .019608 1400 
7.2111 .019231 1387 
7.2801 .018868 1374 
7.3485 .018519 1361 
7.4162 .018182 1348 
7.4833 .017857 .1336 
7.5498 .017544 .1325 
7.6158 .017241 .1313 
7.6811 .016949 .1302 
7.7460 016667 1291 
7.8102 016393 1280 
7.8740 016129 1270 
7.9373 015873 1260 
8.0000 015625 1250 
8.0623 015385 1240 
8.1240 .015152 .1231 
8.1854 .014925 .1222 
8.2462 .014706 .1213 
8.3066 .014493 .1204 
8.3666 .014286 1195 
8.4261 .014085 1187 
8.4853 .013889 1179 
8.5440 .013699 1170 
8.6023 .013514 1162 
8.6603 .013333 1155 
8.7178 .013158 1147 
8.7750 .012987 1140 
8.8318 .012821 1132 
8.8882 .012658 1125 
8.9443 .012500 1118 
9.0000 .012346 1111 
9.0554 .012195 .1104 
9.1104 012048 -1098 
9.1652 011905 1091 
9.2195 011765 1085 


TABLE I (Continued) 


1 1 
m n2 Уп 5 s 
7396 9.2736 011628 1078 
56 7569 9.3274 1011494 1072 
88 7744 9.3808 1011364 1066 
89 7921 9.4340 011236 1060 
90 8100 9.4868 011111 1054 
91 8281 9.5394 1010989 11048 
9 8464 9.5917 1010870 11043 
93 8649 9.6437 1010753 11037 
94 8836 9,6954 1010638 11031 
95 9025 9.7468 1010526 1026 
96 9216 9.7980 1010417 1021 
97 9409 9,8489 1010309 11015 
98 9604 9:8995 1010204 11010 
99 9801 9.9499 1010101 1005 
100 1 10.0000 1010000 11000 
101 10201 10.0499 1009901 0995 
102 10404 10.0995 009804 0990 
103 10609 10.1489 009709 10985 
104 10816 10.1980 1009615 (0981 
105 11025 10.2470 1009524 0976 
106 11236 10.2956 009434 0971 
107 11449 10.3441 009346 0967 
108 11664 10.3923 009259 10962. 
109 11881 10.4403 009174 10958 
110 12100 10.4881 009091 0953 
in 12321 10.5357 009009 .0949 
112 12544 10.5830 008929 10945 
113 12769 10.6301 008850 0941 
114 12996 10.6771 008772 0937 
115 13225 10.7238 008696 10933 
116 13456 10.7703 008621 0928 
17 13689 10.8167 008547 ‘0925 
118 13924 10.8628 .008475 0921 
119 14161 10.9087 008403 ‘0917 
120 14400 10.9545 008333 ‘0913 
121 14641 11.0000 .008264 
122 14884 11.0454 008197 ‘0903 
123 15129 11.0905 .008130 .0902 
124 15376 11.1355 .008065 .0898 
125 15625 11.1803 008000 0894 
126 15876 11.2250 007937 
127 16129 11.2694 007874 [o 
128 16384 11.3137 .007813 10884 
129 16641 11.3578 1007752. 10880 
130 16900 11.4018 007692 0877 
131 17161 11.4455 1007634 
132 17424 11.4891 1007576 УТА 
133 17689 11.5326 1007519 ‘0867 
134 17956 11.5758 .007463 10864 
135 18225 11.6190 007407 0861 
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TABLE I (Continued) 


1 
2 P = 
n n Vn = 
136 18496 11.6619 1007353 
137 18769 11.7047 1007299 
138 19044 11.7473 1007246 
139 19321 11.7898 1007194 
140 19600 11.8322 1007143 
141 19881 11.8743 1007092. 
142 20164 11.9164 1007042. 
143 20449 11.9583 1006993 
144 20736 12.0000 1006944 
145 21025 12.0416 .006897 
146 21316 12.0830 .006849 
147 21609 12.1244 1006803 
148 21904 12.1655 1006757 
149 22201 12.2066 1006711 
150 22500 12.2474 1006667 
151 22801 12.2882 1006623 
152 23104 12.3288 1006579 
153 23409 12.3693 1006536 
154 23716 12.4097 1006494 
155 24025 12.4499 1006452. 
156 24336 12.4900 1006410 
157 24649 12.5300 1006369 
158 24964 12.5698 1006329 
159 25281 12.6095 006289 
160 25600 12.6491 1006250 
161 25921 12.6886 1006211 
162 26244 12.7279 1006173 
163 26569 12.7671 1006135 
164 26896 12.8062 006098 
165 27225 12.8452 1006061 
166 27556 12.8841 .006024 
167 27889 12.9228 1005988 
168 28224 12.9615 1005952. 
169 28561 13.0000 005917 
170 28900 13.0384 1005882 
m 29241 13.0767 1005848 
172 29584 13.1149 1005814 
173 29929 13.1529 1005780 
174 30276 13.1909 005747 
175 30625 13.2288 1005714 
176 13.2665 1005682 
17 30916 13.3041 1005650 
178 31684 13.3417 1005618 
179 32041 13.3791 1005587 
180 32400 13.4164 1005556 
181 32761 13.4536 1005525 
182 33124 13.4907 005495 
183 33489 13.5277 1005464 
184 33856 13.5647 1005435 
185 34225 13.6015 1005405 
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TABLE I (Continued) 


- 1 ds 
я т Уп я AR 
34596 13.6382 005376 -0733 
17 35344 BA 003319 0729 
35344 ; қ 
189 35721 13.7477 005291 0121 
190 36100 13.7840 005263 А 
36481 13.8203 005236 10724 
192 36864 13.8564 005208 үе 
193 37249 13.8924 005181 ШҮ 
194 37636 13.9284 005155 07 8 
195 38025 13.9642 005128 071 
96 38416 14.0000 005102 10714 
197 38809 14.0357 1005076 10712 
198 39204 14.0712 1005051 0711 
199 39601 14.1067 005025 10709 
200 40000 14.1421 005000 0707 
201 40401 14.1774 004975 10705 
202 40804 14.2127 004950 10704 
203 41209 14.2478 004926 10702 
204 41616 14.2829 004902. 0700 
205 42025 14.3178 004878 10698 
206 42436 14.3527 004854 10697 
207 42849 14,3875 004831 10695 
208 43264 14.4222 004808 0693 
209 43681 14.4568 004785 10692. 
210 44100 14.4914 004762. 10690 
21 44521 14.5258 004739 10688 
212 44944 14.5602 004717 10687 
213 ‚ 45369 14.5945 004695 10685 
214 45796 14.6287 004673 0684 
215 46225 14.6629 004651 10682 
216 46656 14.6969 004630 10680 
217 47089 14.7309 004608 10679 
218 47524 14.7648 004587 10677 
219 47961 14.7986 004566 0676 
220 48400 14.8324 004545 10674 
221 48841 14.8661 004525 0673 
222 49284 14.8997 004505 10671 
223 49729 14.9332 004484 0670 
224 50176 14.9666 004464 10668 
225 50625 15.0000 004444 .0667 
226 51076 15.0333 004425 10665 
227 51529 15.0665 004405 0664 
228 51984 15.0997 004386 0662. 
229 52441 15.1327 004367 10661 
230 52900 15.1658 004348 10659 
231 53361 15.1987 004329 10658 
232 53824 15.2315 004310 0637 
233 54289 15.2643 004292. 0655 
234 54756 15.2971 004274 10654 
235 55225 15.3297 004255 10652 
ef CODEC ag ee ee 
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n 


n Yn 1 Ё 
9 Vn 

55696 15.3623 .004237 .0651 

56169 15.3948 .004219 .0650 
56644 15.4272 1004202. 10648 

57121 15.4596 1004184 10647 

57600 15.4919 .004167 .0645 

58081 15.5242 004149 0644 
58564 15.5563 .004132 .0643 

59049 15.5885 -004115 0642 
59536 15.6205 004098 .0640 
60025 15.6525 .004082 .0639 

60516 15.6844 .004065 .0638 
61009 15.7162 004049 .0636 
61504 15.7480 .004032 .0635 
62001 15.7797 .004016 .0634 
62500 15.8114 .004000 .0632 
63001 15.8430 003984 .0631 

63504 15.8745 003968 .0630 
64009 15.9060 003953 .0629 
64516 15.9374 003937 .0627 
65025 15.9687 003922 .0626 
65536 16.0000 003906 .0625 
66049 16.0312 003891 .0624 
66564 16.0624 003876 .0623 
67081 16.0935 003861 .0621 

67600 16.1245 003846 .0620 
68121 16.1555 003831 .0619 
68644 16.1864 003817 .0618 
69169 16.2173 003802 .0617 
69696 16.2481 003788 .0615 
70225 16.2788 003774 0614 
70756 16.3095 003759 0613 
71289 16.3401 003745 0612 
71824 16.3707 003731 .0611 
72361 16.4012 003717 .0610 
72900 16.4317 003704 .0609 
73441 16.4621 003690 .0607 
73984 16.4924 003676 .0606 
74529 16.5227 003663 .0605 
15076 16.5529 003650 10604 
75625 16.5831 003636 “0603 
76176 16.6132 003623 .0602 
76729 16.6433 003610 .0601 
77284 16.6733 003597 .0600 
77841 16.7033 003584 .0599 
78400 16.7332 003571 .0598 
78961 16.7631 003559 .0597 
79524 16.7929 003546 .0595 
80089 16.8226 003534 .0594 
80656 16.8523 003521 .0593 
81225 16.8819 003509 .0592 
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2 1 A 
м т Vn 5 Am 
81796 16.9115 003497 .0591 
286 82369 16.9411 003484 10590 
288 82944 16.9706 003472 10589 
289 83521 17.0000 003460 0588 
290 84100 17.0294 003448 10587 
291 84681 17.0587 003436 10586 
292 85264 17.0880 003425 .0585 
293 85849 17.1172 003413 .0584 
294 86436 17.1464 003401 0583 
295 87025 17.1756 003390 .0582 
296 87616 17.2047 003378 .0581 
297 88209 172337 003367 10580 
298 88804 17.2627 003356 .0579 
299 89401 17.2916 003344 .0578 
300 90000 17.3205 003333 10577 
301 90601 17.3494 003322 .0576 
302 91204 17.3781 003311 .0575 
303 91809 17.4069 003300 10574 
304 92416 17.4356 003289 10574 
305 93025 17.4642 003279 .0573 
306 93636 17.4929 003268 .0572 
307 94249 17.5214 003257 10571 
308 94864 17.5499 003247 .0570 
309 95481 17.5784 003236 10569 
310 96100 17.6068 003226 0568 
311 96721 17.6352 003215 .0567 
312 97344 17.6635 003205 .0566 
313 97969 17.6918 003195 .0565 
314 98596 17.7200 003185 10564. 
315 99225 17.7482 003175 10563 
316 99856 17.7764 003165 3 
317 100489 17.8045 003155 9553 
318 101124 17.8326 003145 0561 
319 101761 17.8606 003135 10560 
320 102400 17.8885 003125 10559 
321 103041 17.9165 
322 103684 17.9444 003106 ‘Oss 
323 104329 17.9722 003096 10556 
324 104976 18.0000 003086 10556 
325 105625 18.0278 003077 .0555 
326 106276 18.0555 003 
327 106929 18.0831 003058 0553 
328 107584 18.1108 003049 10552. 
329 108241 18.1384 003040 10551 
330 108900 18.1659 003030 0550 
331 109561 18.1934 
332 110224 18.2209 1003012 0549 
333 110889 18.2483 903003 10548 
334 111556 18.2757 1002994 10547 
335 112225 18.3030 1002985 10546 
EC ي‎ И 
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Е 1 1 
п т Уп = — 
"t Мп 
336 112896 18.3303 002976 10546 
337 113569 18.3576 1002967 10545 
338 114244 18.3848 1002959 10544 
339 114921 18.4120 1002950 10543 
340 115600 18.4391 .002941 .0542 
341 116281 18.4662 .002933 .0542 
342 116964 18.4932 1002924 10541 
343 117649 18.5203 .002915 .0540 
344 118336 18.5472 1002907 10539 
345 119025 18.5742 1002899 10538 
346 119716 18.6011 002890 10538 
347 120409 18.6279 1002882. 10537 
348 121104 18.6548 002874 .0536 
349 121801 18.6815 .002865 .0535 
350 122500 18.7083 .002857 .0535 
351 123201 18.7350 .002849 .0534 
352 123904 18.7617 .002841 .0533 
353 124609 18.7883 002833 10532 
354 125316 18.8149 002825 10531 
355 126025 18.8414 002817 10531 
356 126736 18.8680 1002809 10530 
357 127449 18.8944 002801 10529 
358 128164 18.9209 .002793 .0529 
359 128881 18.9473 .002786 .0528 
360 129600 18.9737 .002778 .0527 
361 130321 19.0000 .002770 10526 
362 131044 19.0263 1002762. 0526 
363 131769 19.0526 002755 0525 
364 132496 19.0788 002747 10524 
365 133225 19.1050 002740 10523 
366 133956 19.1311 002732 0523 
367 134689 19.1572 002725 0522 
368 135424 19.1833 1002717 10521 
369 136161 19.2094 .002710 .0521 
370 136900 19.2354 .002703 10520 
371 137641 19.2614 1002695 10519 
372 138384 19.2873 1002688 10518 
373 139129 19.3132 1002681 0518 
374 139876 19.3391 002674 10517 
375 140625 19.3649 1002667 10516 
376 141376 19.3907 002660 10516 
377 142129 19.4165 1002653 10515 
378 142884 19.4422 1002646 10514 
379 143641 19.4679 002639 0514 
380 144400 19.4936 1002632. 10513 
381 145161 19.5192 002625 0512 
382 145924 19.5448 .002618 10512 
383 146689 19.5704 1002611 10511 
384 147456 19.5959 1002604 10510 
385 148225 19.6214 1002597 10510 
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а 1 Е. 
п т Vn n Уп 
48996 19.6469 002591 0509 
386 123996 19.6723 1002584 0508 
388 150544 19.6977 1002577 0508 
389 151321 19.7231 002571 0507 
390 152100 19.7484 002564 0506 
152881 19.7737 002558 10506 
391 153664 19.7990 002551 0505 
393 154449 19.8242 002545 10504 
394 155236 19.8494 002538 10504 
395 156025 19.8746 002532 10503 
156816 19.8997 002525 0503 
326 157609 19.9249 002519 .0502 
398 158404 19,9499 002513 10501 
399 159201 19.9750 002506 10501 
200 160000 20.0000 002500 10500 
401 160801 20.0250 002494 10499 
402 161604 20.0499 1002488 10499 
403 162409 20.0749 1002481 10498 
404 163216 20.0998 1002475 (0498 
405 164025 20.1246 002469 10497 
406 164836 20.1494 002463 .0496 
407 165649 20.1742 002457 10496 
408 166464 20.1990 002451 10495 
409 167281 20:2237 002445 10494 
410 168100 20.2485 002439 10494 
411 168921 20.2731 002433 0493 
412 169744 20.2978 1002427 (0493 
413 170569 20.3224 002421 0492 
414 171396 20.3470 1002415 0491 
415 172225 20.3715 1002410 10491 
416 173056 20.3961 .002404 .0490 
417 173889 20:4206 1002398 10490 
418 174724 20.4450 1002392 (0489 
419 175561 20.4695 1002387 (0489 
420 176400 20.4939 1002381 10488 
421 177241 20.5183 002375 0487 
42 178084 20.5426 1002370 10487 
423 178929 20.5670 002364 10486 
7424 179776 20.5913 002358 “0486 
425 180625 20.6155 002353 10485 
426 181476 20.6398 002347 
427 182329 20.6640 002342 p: 
428 183184 20.6882 002336 “0483 
429 184041 20.7123 002331 0483 
430 184900 20.7364 002326 10482 
431 185761 20.7605 00232 
432 186624 20.7846 002310 KEN 
433 187489 20.8087 002309 0481 
434 188356 20.8327 002304 0480 
435 189225 20.8567 
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к 1 
«2 ~ = 

Уп i T 
190096 20.8806 002294 : 
190969 20.9045 002288 one 
191844 209284 002283 ‘0478 
192721 20.9523 002278 047 
193600 20.9762 002273 0477 
194481 21.0000 002268 0476 
195364 21.0238 002262 10476 
196249 21.0476 002257 ‘0475 
197136 21.0713 002252 :0475 
198025 21.0950 002247 ‘0474 
198916 21.1187 002242 0474 
199809 211424 002237 10473 
200704 211660 002232 ‘0472 
201601 21.1896 002227 ‘0472 
202500 21.2132 002222 .0471 
203401 21.2368 002217 .0471 
204304 212603 002212 0470 
205209 21.2838 002208 ‘0470 
206116 21:3073 002203 0469 
207025 2113307 1002198 10469 
207936 21.3542 002193 .0468 
208849 213716 022188 ‘0468 
209764 21.4009 002183 :0467 
210681 21.4243 002179 10467 
211600 21.4476 002174 10466 
212521 21.4709 002169 .0466 
213444 21.4942 002165 10465 
214369 21.5174 002160 10465 
215296 21.5407 002155 0464 
216225 21.5639 002151 :0464 
217156 21.5870 002146 .0463 
218089 21.6102 002141 10463 
219024 21.6333 002137 .0462 
219961 21.6564 002132 10462 
220900 21:6795 002128 10461 
221841 21.7025 002123 .0461 
222784 21.7256 002119 :0460 
223729 21.7486 002114 10460 
224676 21.7715 002110 1045 
225625 21.7945 002105 10439 
226576 21.8174 002101 0458 
227529 218403 002096 0458 
228484 21.8632 002092 ‘0457 
229441 21.8861 002088 :0457 
230400 219089 002083 10456 
231361 21.9317 002079 .0456 
232324 219545 002075 10455 
233289 21.9773 002070 :0455 
234256 22.0000 002066 10455 
235225 22.0227 002062 10454 
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Е 1 
п п. Уп п 
386 148996 19.6469 002591 
387 149769 19.6723 002584 
388 150544 19.6977 002577 
389 151321 19.7231 002571 
390 152100 19.7484 002564 
391 152881 19.7737 002558 
392 153664 19.7990 002551 
393 154449 19.8242 002545 
394 155236 19.8494 002538 
395 156025 19.8746 002532 
396 156816 19.8997 5 
397 157609 19.9249 Е 
398 158404 19.9499 002513 
399 159201 19.9750 002506 
400 160000 20.0000 002500 
401 160801 20.0250 
402 161604 20.0499 002488 
403 162409 20.0749 002481 
404 163216 20.0998 002475 
405 164025 20.1246 002469 
406 164836 20.1494 
407 165649 20.1742 502463 
408 166464 20.1990 002451 
409 167281 20.2237 002445 
410 168100 20.2485 002439 
411 168921 20.273 
412 169744 202978 00242 
413 170569 20,3224 002421 
414 171396 20.3470 1002415 
415 172225 20.3715 002410 
416 173056 20.39 
417 173889 20.4206 002308 
418 174724 20.4450 002392 
20. 
420 176400 204503 1002387 
421 177241 20.5 
an 178084 20.3496 ‘003370 à 
20.5670 002364 à 
24 179776 2 i à 
25 180625 20615 00233 à 
426 181476 i 
427 182329 35298 ‘002343 
428 183184 20.6882 1002336 1 
429 184041 20.7123 002332 ; 
430 184900 20.7364 33 Я 
431 185761 | ' 
432 186624 20205 ees г 
433 187489 20,8087 porn : 
4% 188356 20.8327 002309 i 
189225 20; Я 0480 
8567 :002299 .0479 
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n? 


190096 
190969 
191844 
192721 
193600 


194481 
195364 
196249 
197136 
198025 


198916 
199809 
200704 
201601 
202500 


203401 
204304 
205209 
206116 
207025 


207936 
208849 
209764 
210681 
211600 


212521 
213444 
214369 
215296 
216225 


217156 
218089 
219024 
219961 
220900 


221841 
222784 
223729 
224676 
225625 


226576 
227529 
228484 
229441 
230400 


231361 
232324 
233289 
234256 
235225 
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Уп 1 а 
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20.8806 002294 j 
20.9045 002288 4512 
20.9284 002283 10478 
20.9523 002278 10477 
20.9762 002273 0477 
21.0000 002268 10476 
21.0238 002262. 10476 
21.0476 002257 10475 
21.0713 002252 .0475 
21.0950 002247 0474 
21.1187 002242. 0474 
21.1424 002237 .0473 
21.1660 002232 0472 
21.1896 002227 .0472 
21.2132 002222 .0471 
21.2368 002217 10471 
21.2603 002212 10470 
21.2838 002208 0470 
21.3073 002203 .0469 
21.3307 002198 .0469 
21.3542 002193 .0468 
21.3776 022188 .0468 
21.4009 002183 .0467 
21.4243 002179 .0467 
21.4476 002174 .0466 
21.4709 .002169 .0466 
21.4942 002165 .0465 
21.5174 002160 0465 
21.5407 002155 0464 
21.5639 002151 0464 
21.5870 002146 .0463 
21.6102 002141 .0463 
21.6333 002137 .0462 
21.6564 002132 0462 
21.6795 002128 10461 
21.7025 002123 10461 
21.7256 002119 0460 
21.7486 002114 04 
21.7715 002110 PE: 
21.7945 002105 .0459 
21.8174 002101 .0458 
21.8403 002096 .0458 
21.8632 002092 .0457 
21.8861 002088 .0457 
21.9089 002083 .0456 
21.9317 002079 .0456 
21.9545 002075 .0455 
21.9773 002070 .0455 
22.0000 002066 .0455 
22.0227 002062. 0454 
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= т Vn 
236196 22.0454 
os 237169 22.0681 
488 238144 22.0907 
489 239121 22.1133 
490 240100 22.1359 
491 241081 22.1585 
492 242064 22.1811 
493 243049 22.2036 
494 244036 22.2261 
495 245025 22.2486 
496 246016 222711 
497 247009 22.2935 
498 248004 22.3159 
499 249001 22.3383 
500 250000 22.3607 
501 251001 22.3830 
502 252004 22.4054 
503 253009 22.4277 
504 254016 22.4499 
505 255025 22.4722 
506 256036 22.4944 
507 257049 22.5167 
508 258064 22.5389 
509 . 259081 22.5610 
510 260100 22.5832 
511 261121 22.6053 
512 262144 22.6274 
513 263169 22.6495 
514 264196 22.6716 
515 265225 22.6936 
516 266256 22.7156 
517 267289 22.7376 
518 268324 22.7596 
519 269361 22.7816 
520 270400 22.8035 
521 271441 22.8254 
522 272484 22.8473 
523 273529 22.8692 
524 274576 22.8910 
525 275625 22.9129 
526 276676 22.9347 
527 277729 22.9565 
528 278784 22.9783 
529 279841 23.0000 
530 280900 23.0217 
531 281961 23.0434 
532 283024 23.0651 
533 284089 23.0868 
534 285156 23.1084 
535 286225 23.1301 


1 1 

n Уп 
002058 .0454 
002053 .0453 
002049 .0453 
002045 .0452 
002041 .0452 
002037 0451 
002033 0451 
002028 .0450 
002024 .0450 
002020 .0449 
002016 .0448 
002012 .0449 
002008 0449 
002004 0448 
002000 0447 
001996 -0447 
001992 .0446 
001988 .0446 
001984 0445 
001980 0445 
001976 0445 
001972 0444 
001969 0444 
001965 0443 
001961 0443 
001957 0442 
001953 0442 
001949 0442 
001946 0441 
001942 0441 
:001938 .0440 
001934 0440 
001931 ‘0439 
001927 10439 
001923 0439 
001919 0438 
001916 0438 
001912 10437 
001908 10437 
001905 0436 
001901 0436 
001898 10436 
001894 10435 
001890 10435 
001887 0434 
001883 0434 
001880 0434 
001876 0433 

1873 0433 
001869 
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= 1 1 
п m Уп = = 
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536 287296 23.1517 1001866 (0432 
537 288369 23.1733 1001862. 10432 
538 289444 23.1948 1001859 (0431 
539 290521 23.2164 001855 (0431 
540 291600 23.2379 1001852 (0430 
541 292681 23.2594 1001848 10430 
542 293764 23.2809 1001845 10430 
543 294849 23.3024 001842. 10429 
544 295936 23.3238 001838 10429 
545 297025 23.3452 1001835 10428 
546 298116 23.3666 1001832. 10428 
547 299209 23.3880 001828 0428 
548 300304 23.4094 001825 10427 
549 301401 23.4307 1001821 10427 
550 302500 23.4521 1001818 10426 
551 303601 23.4734 1001815 10426 
552 304704 23.4947 1001812 10426 
553 305809 23.5160 1001808 10425 
554 306916 23.5372 1001805 10425 
555 308025 23.5584 1001802. 10424 
556 309136 23.5797 001799 10424 
557 310249 23.6008 1001795 10424 
558 311364 23.6220 001792 0423 
559 312481 23.6432 1001789 10423 
560 313600 23.6643 1001786 10423 
561 314721 23.6854 001783 0422 
562. 315844 23.7065 001779 (422 
563 316969 23.7276 1001776 10421 
564 318096 23.7487 001773 10421 
565 319225 23.7697 1001770 10421 
566 320356 23.7908 1001767 10420 
567 321489 23.8118 1001764 10420 
568 322624 23.8328 1001761 10420 
569 323761 23.8537 1001757 10419 
570 324900 23.8747 1001754 10419 
571 26041 23.8956 1001751 10418 
572 327184 23.9165 1001748 ‘0418 
573 328329 23.9374 1001745 20418 
574 329476 23.9583 001742. 10417 
575 330625 23.9792 1001739 (0417 
576 76 24.0000 1001736 0417 
577 332929 24.0208 1001733 10416 
578 334084 24.0416 ` 1001730 10416 
579 335241 24.0624 1001727 10416 
580 336400 24.0832 001724 0415 
581 1001721 10415 
337561 24.1039 
582 338724 24.1247 1001718 10415 
Es 339889 24.1454 1001715 10414 
zee 341056 24.1661 1001712 10414 
545 342225 24.1868 001709 20413 


c ME‏ ا a‏ ا 
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= 1 
E n2 Уп Ж 
343396 24.2074 001706 
ш 344569 24.2281 001704 
588 345744 24.2487 001701 
589 346921 24.2693 001698 
590 348100 24.2899 001695 
349281 24.3105 001692 
E^ 350464 24.3311 001689 
593 351649 24.3516 001686 
594 352836 24.3721 001684 
595 354025 24.3926 001681 
596 355216 24.4131 001678 
597 356409 24.4336 001675 
598 357604 24.4540 001672. 
599 358801 24.4745 001669 
600 360000 24.4949 001667 
601 361201 24.5153 001664 
602 362404 24,5357 001661 
603 363609 24.5561 001658 
604 364816 24.5764 001656 
605 366025 24.5967 001653 
606 367236 24.6171 001650 
607 368449 24.6374 001647 
608 369664 24.6577 001645 
609 370881 24.6779 001642. 
610 372100 24.6982 001639 
611 373321 24.7184 001637 
612 374544 24.7386 001634 
613 375769 24.1588 001631 
614 376996 24.7790 001629 
615 378225 24.7992 001626 
616 379456 24.8193 001623 
617 380689 24.8395 001621 
618 381924 24.8596 001618 
619 383161 24.8797 001616 
620 384400 24.8998 001613 
621 385641 24.9199 001610 
622 386884 24.9399 001608 
623 388129 24.9600 001605 
624 389376 24.9800 001603 
625 390625 25.0000 001600 
626 391876 25.0200 1 
627 393129 25.0400 001 291 
628 394384 25.0599 001592 
629 395641 25.0799 001590 
630 396900 25.0998 001587 
631 398161 25.1197 .001585 
632 399424 25.1396 1001582 А 
633 200689 25.1595 1001580 { 
634 401956 25.1794 1001577 1 
635 403225 25.1992 .001575 10397 
UU PETRUS dete 
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636 404496 25.2190 .001572 .0397 
637 405769 25.2389 001570 10396 
638 407044 25.2587 1001567 0396 
639 408321 25.2784 1001565 10396 
640 409600 25.2982 1001563 0395 

641 410881 25.3180 001560 .0395 
642 412164 25.3377 1001558 10395 
643 413449 25.3574 1001555 10394 
644 414736 25.3772 1001553 0394 
645 416025 25.3969 1001550 0394 
646 417316 25.4165 1001548 0393 

647 418609 25.4362. 1001546 10393 

648 419904 25.4558 .001543 .0393 

649 421201 25.4755 1001541 10393 

650 422500 25.4951 .001538 .0392 
651 423801 25.5147 1001536 0392. 
652 425104 25.5343 1001534 10392 
653 426409 25.5539 1001531 10391 

654 421716 25.5734 1001529 10391 

655 429025 25.5930 1001527 10391 

656 6 25.6125 1001524 10390 
657 430245 25.6320 1001522 10390 
658 432964 25.6515 1001520 10390 
659 434281 25.6710 1001517 10390 
660 435600 25.6905 1001515 10389 
661 436921 25.1099 001513 10389 
662. 438244 25.7294 1001511 10389 
663 439569 25.7488 1001508 10388 
664 440896 25.7682 001506 0388 
665 442225 25.7876 1001504 10388 
666 443556 25.8070 1001502. 10387 
667 444889 25.8263 1001499 10387 
668 446224 25.8457 1001497 (0387 
669 447561 25.8650 1001495 10387 
670 448900 25.8844 1001493 10386 
671 1 25.9037 .001490 .0386 
672 pen 25.9230 1001488 10386 
673 452929 25.9422 .001486 .0385 
674 454216 25.9615 -001484 .0385 
675 455625 25.9808 1001481 10385 
676 26.0000 1001479 10385 
677 438399 26.0192 1001477 0384 
678 459684 26.0384 001475 10384 
679 461041 26.0576 1001473 :0384 
680 462400 26.0768 001471 0583 
681 26.0960 .001468 0383 
682 pum 26.1151 1001466 10383 
683 466489 26.1343 1001464 10383 
684 461856 26.1534 1001462. 10382. 
685 469225 26.1725 001460 10382 
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TABLE I (Continued) 


= 1 1 
f n2 Vn я V 
470596 26.1916 .001458 .0382 
ps 471969 26.2107 1001456 10382 
688 413344 26.2298 001453 0381 
689 474721 26.2488 001451 10381 
690 476100 26.2679 1001449 0381 
691 477481 26.2869 1001447 10380 
692 478864 26.3059 1001445 0380 
693 480249 26.3249 001443 0380 
694 481636 26.3439 001441 0380 
695 483025 26.3629 001439 0379 
696 484416 26.3818 .001437 .0379 
697 485809 26.4008 .001435 .0379 
698 487204 26.4197 :001433 0379 
699 488601 26.4386 001431 10378 
700 490000 26.4575 001429 0378 
701 491401 26.4764 001427 10378 
702 492804 26.4953 1001425 10377 
703 494209 26.5141 001422 10377 
704 495616 26.5330 001420 10377 
705 497025 26.5518 001418 0377 
706 498436 26.5707 001416 10376 
707 499849 26.5895 001414 10376 
708 501264 26.6083 001412 10376 
709 502681 26.6271 001410 0376 
710 504100 26.6458 1001408 0375 
711 505521 26.6646 001406 10375 
712 506944 26.6833 001404 10375 
713 508369 26.7021 .001403 10375 
714 509796 26.7208 001401 ‘0374 
715 511225 26.7395 1001399 0374 
716 512656 26.7582 1001397 10374 
717 514089 26.7769 001395 10373 
718 515524 26.7955 001393 0373 
719 516961 26.8142 001391 0373 
720 518400 26.8328 001389 0373 
721 519841 26.8514 1001387 
722 521284 26.8701 1001385 0312 
723 522729 26.8887 1001383 10372 
724 524176 26.9072 001381 0372 
725 525625 26.9258 1001379 20371 
726 527076 26.9444 001377 
727 528529 26.9629 1001376 3 
728 529084 26.9815 001374 0371 
729 531441 27.0000 001372 0370 
730 532900 27.0185 001370 10370 
731 534361 27.0370 
732 535824 27.0555 pur 4510 
733 537289 27.0740 001364 10369 
734 538756 27.0924 001362. 0369 
735 540225 27.1109 


TABLE I (Continued) 


= 1 1 
n n vi © == 
" " Уп 
736 541696 27.1293 001359 10369 
737 543169 27.1477 1001357 10368 
738 544644 27.1662 1001355 0368 
739 546121 27.1846 .001353 10368 
740 547600 27.2029 001351 10368 
741 549081 27.2213 1001350 10367 
742 550564 27.2397 1001348 10367 
743 552049 27.2580 .001346 .0367 
744 553536 27.2164 1001344 10367 
745 555025 27.2947 1001342. 10366 
746 556516 27.3130 1001340 10366 
747 558009 27.3313 1001339 10366 
748 559504 27.3496 1001337 10366 
749 561001 27.3679 001335 10365 
750 562500 27.3861 001333 0365 
751 564001 27.4044 001332. 10365 
752 565504 27.4226 1001330 10365 
753 567009 27.4408 1001328 10364 
754 568516 27.4591 001326 10364 
755 570025 274773 1001325 10364 
756 571536 27.4955 .001323 .0364 
757 573049 27.5136 .001321 10363 
758 574564 27.5318 001319 10363 
759 576081 27.5500 001318 0363 
760 577600 27.5681 1001316 10363 
761 579121 27.5862 001314 10363 
762 580644 27.6043 1001312 10362 
763 582169 27.6225 001311 10362 
764 583696 27.6405 (001309 0362 
765 585225 27.6586 001307 10362 
766 586756 27.6767 .001305 .0361 
767 588289 27.6948 1001304 10361 
768 589824 27.7128 1001302 0361 
769 591361 27.7308 001300 10361 
770 592900 27.7489 1001299 10360 
771 27.7669 1001297 10360 
772 395984 27.7849 001295 10360 
773 597529 27.8029 1001294 0360 
774 599076 27.8209 1001292. 0359 
775 600625 27.8388 1001290 10359 
716 27.8568 .001289 .0359 
717 602126 27.8747 001287 10359 
778 605284 27.8927 .001285 10359 
779 606841 27.9106 1001284 10358 
780 608400 27.9285 1001282. 10358 
781 27.9464 1001280 0358 
782 611924 27.9643 001279 10358 
283 613089 27.9821 1001277 0357 
284 614656 28.0000 1001276 (0357 
785 616225 28.0179 1001274 10357 
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TABLE I (Continued) 


n n Уп d БІ. 
п Vn 
786 617796 28.0357 .001272 
787 619369 28.0535 001271 ‘0336 
788 620944 28.0713 1001269 10356 
789 622521 28.0891 1001267 10356 
790 624100 28.1069 1001266 10356 
791 625681 28.1247 
792 627264 28.1425 201 56 1935 
793 628849 28.1603 001261 10355 
794 630436 28.1780 1001259 10355 
795 632025 28.1957 1001258 0355 
796 633616 28. 
797 635209 28.2512 1001256 ‘0334 
798 636804 28.2489 i 5354 
799 638401 28.2666 001253 0354 
3 640000 28.2843 1001250 9324 
641601 28. 
802 643204 283196 001245 0353 
803 644809 28.3373 à 03:3 
803 eo 28.3373 1001245 10353 
805 648025 28.3725 001244 0332. 
806 649636 | 
807 651249 28:407 RES 452 
808 652864 28.4253 001238 4352 
809 654481 28.4429 202233 mes 
810 656100 28.4605 501226 ‘O38 
811 657721 | 
812 659344 24181 EE ОЗІ 
813 660969 28.5132 1091232 032] 
814 662596 28.5307 1001220 0391 
815 664225 28.5482 00122] 432 
816 665856 28.5657 бн. 
817 667489 28.5832 201225 0420 
818 669124 28.6007 001224 10350 
819 670761 28.6182 Ші 0350 
820 672400 28.6356 iu 10349 
821 674041 28.6531 re 
822 675684 28.6705 51208 0349 
823 677329 28.6880 DIT 0349 
824 678976 28.7054 pon «0349 
825 680625 28.7228 001212 0548 
826 682276 28.7402 | pes 
827 683929 28.7576 nee 0348 
828 685584 28.7750 001209 0348 
829 687241 28.7924 01208 0348 
830 688900 28.8097 001206 pn 
831 690561 28.8271 j ped 
832 692224 28.8444 ERE 0347 
833 693889 28.8617 5001202 0347 
834 695556 28.8791 :001200 0346 
835 697225 28.8964 201198 Bie 
: 46 
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TABLE I (Continued) 


п? 


698896 
700569 
702244 
703921 
705600 


707281 
708964 
710649 
712336 
714025 


715716 
717409 
719104 
720801 
722500 


724201 
725904 
727609 
729316 
731025 


732736 
734449 
736164 
737881 
739600 


741321 
743044 
744769 
746496 
748225 


749956 
751689 
753424 
755161 
756900 


758641 
760384 
762129 
763876 
765625 


767376 
769129 
770884 
772641 
774400 


776161 
711924 
719689 
781456 
783225 


Уп 


28.9137 
28.9310 
28.9482 
28.9655 
28.9828 


29.0000 
29.0172 
29.0345 
29.0517 
29.0689 


29.0861 
29.1033 
29.1204 
29.1376 
29.1548 


29.1719 
29.1890 
29.2062 
29.2233 
29.2404 


29.2575 
29.2746 
29.2916 
29.3087 
29.3258 


29.3428 
29.3598 
29.3769 
29.3939 
29.4109 


29.4279 
29.4449 
29.4618 
29.4788 
29.4958 


29.5127 
29.5296 
29.5466 
29.5635 
29.5804 


29.5973 
29.6142 
29.6311 
29.6479 
29.6648 


29.6816 
29.6985 
29.7153 
29.7321 
29.7489 


я 


.001196 
001195 
001193 
001192 
-001190 


001189 
001188 
001186 
001185 
001183 


.001182 
.001181 
001179 
001178 
001176 


001175 
.001174 
001172 
001171 
001170 


001168 
001167 
001166 
001164 
001163 


001161 
001160 
001159 
001157 
001156 


001155 
001153 
001152 
001151 
001149 


001148 
.001147 
001145 
001144 


-001143 


-001142 
001140 
001139 


.001138 


-001136 
.001135 


-001134 
.001133 


001131 


001130 
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TABLE I (Continued) 


2 EN H 1 
n т vn Я VE 
886 784996 29.7658 001129 .0336 
887 786769 29.7825 001127 10336 
888 788544 29.7993 001126 10336 
889 790321 29.8161 001125 10335 
890 792100 29.8329 001124 10335 
891 793881 29.8496 001122 10335 
892 795664 29.8664 001121 10335 
893 797449 29.8831 001120 10335 
894 799236 29.8998 001119 10334 
895 801025 29.9166 001117 10334 
896 802816 29.9333 
897 804609 29.9500 00116 ‘0334 
898 806404 29.9666 001114 0334 
899 808201 29.9833 001112 10334 
0000 .0000 001111 10333 
901 811801 30.01 
902 813604 30.0353 001 109 1333 
903 815409 30.0500 001107 10333 
904 817216 30.0666 001106 10333 
819025 30.0832 001105 10332 
906 820836 
907 822649 300098 001 103 ‘0333 
908 824464 30.1330 001101 10332 
909 826281 30.1496 001100 0332 
910 828100 30.1662 001099 10331 
9n 829921 30.1828 
912 831744 301993 00109 1531 
913 833569 302159 001095 0331 
914 835396 30.2324 001094 “0331 
915 837225 30.2490 001093 0331 
916 839056 30. 
917 840889 30.2820 потоа 10220 
918 842724 30.2985 001089 0330 
d 344561 30.3150 001088 0330 
6400 30.3315 001087 10330 
921 8 ` 
92. MUI MM 001086 .0330 
923 RTE pa 001085 10329 
924 853776 312% 001083 0329 
925 855625 30.4138 001082 0329 
926 857476 
927 859329 ДЕ 001080 0329 
928 861184 225407 001079 10328 
929 863041 30.4795 ШОВ «0225 
930 864900 30.4959 001075 0338 
931 866761 30.5123 ре 
429 868604 20213 1001074 10328 
933 870489 30.5450 001073 10328 
934 872356 30:5614 099 142 
9 874225 . 1032 
30.5778 1001070 10327 
UU eo å 


TABLE I (Continued) 


ы т vu 1 oh 
" Vn 

936 876096 30.5941 001068 
a 877969 30.6105 1001067 ЖЕ 
2% 879844 30.6268 001066 10327 
% 881721 30.6431 1001065 10326 
883600 30:6594 1001064 10326 

941 885481 30.6757 001063 
. 4 .0326 
M 887364 30.6920 1001062. 10326 
rer 889249 30.7083 001060 10326 
$4 891136 30.7246 001059 10325 
5 893025 30.7409 001058 10325 
m 894916 30.7571 .001057 0325 
9H 896809 30.7734 001056 10325 
21 898704 30.7896 001055 10325 
240 900601 30.8058 1001054 10325 
902500 30.8221 1001053 10324 
д 904401 30.8383 001052 0324 
952 906304 30.8545 1001050 10324 
952 908209 30.8707 :001049 10324 
954 910116 30.8869 1001048 10324 
912025 30.9031 1001047 10324 
- 913936 30.9192 1001046 0323 
92 915849 30.9354 1001045 10323 
959 917764 30.9516 1001044 10323 
960 919681 30.9677 1001043 0323 
921600 30.9839 001042 10323 
2l 923521 31.0000 001041 0323 
963 925444 31.0161 001040 10322 
964 927369 31.0322 1001038 10322 
965 929296 31.0483 1001037 10322 
* 931225 31.0644 001036 10322 
956 933156 31.0805 001035 0322 
968 935089 31.0966 1001034 10322 
969 937024 31.1127 001033 10321 
970 938961 31.1288 1001032 10321 
940900 31.1448 1001031 10321 
on 942841 31.1609 001030 0321 
973 944784 31:1769 001029 10321 
974 946729 31.1929 :001028 10321 
975 948676 31.2090 1001027 10320 
ре 950625 31.2250 1001026 10320 

6 
952576 31.2410 001025 (0320 
97 954529 31.2570 1001024 10320 
979 956484 31.2730 ` 1001022. 10320 
98 958441 31.2890 1001021 10320 
y 960400 31.3050 1001020 10319 
981 

31.3209 .001019 .0319 
982 964304 31:3369 :001018 10319 
933 966289 31.3528 .001017 .0319 
985 968256 31.3688 1001016 10319 
31.3847 001015 0319 


= SEN... ше Ж 
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TABLE I (Continued) 


= 1 1 
т м = Е 
ТБ " n Vn 
986 972196 31.4006 .001014 .0318 
987 974169 31.4166 001013 10318 
988 976144 31.4325 001012 10318 
989 978121 31.4484 001011 10318 
990 980100 31.4643 001010 10318 
991 982081 31.4802 001009 0318 
992 984064 31.4960 001008 0318 
993 986049 31.5119 001007 10317 
994 988036 31.5278 001006 0317 
995 990025 31.5436 1001005 10317 
996 992016 31.5595 001004 0317 
997 994009 31.5753 001003 0317 
998 996004 31.5911 1001002 10317 
999 998001 31.6070 001001 0316 
1000 1000000 31.6228 1001000 10316 


256 


TABLE II. Areas and Ordinates of the Normal Curve іп Terms of х/с 


а) (2) (3) (4) (5) 
2 А В с y 
Standard Area from Area in Area in Ordinate 

5 x x Larger Smaller x 
core (=) Mean to а Portion Portion at = 
0.00 .0000 -5000 .5000 .3989 
0.01 .0040 .5040 .4960 (3989 
0.02 0080 .5080 .4920 .3989 
0.03 .0120 .5120 .4880 .3988 
0.04 .0160 .5160 .4840 .3986 
0.05 .0199 .5199 .4801 .3984 
0.06 .0239 .5239 4761 .3982 
0.07 .0279 .5279 4721 .3980 
0.08 .0319 .5319 .4681 3977 
0.09 10359 5359 4641 .3973 
0.10 .0398 .5398 4602. 3970 
0.11 10438 .5438 .4562 .3965 
0.12 10478 .5478 4522 3961 
0,13 10517 .5517 4483 3956 
0.14 10557 15557 4443 3951 
0.15 10596 .5596 4404 .3945 
0.16 .0636 .5636 4364 .3939 
0.17 .0675 .5675 .4325 .3932 
0.18 .0714 5714 .4286 .3925 
0.19 10753 5753 247 3918 
0.20 10793 5793 4207 3910 
0.21 0832 5832 4168 3902 
0.22 10871 5871 .4129 3 
0.23 .0910 .5910 .4090 .3885 
0.24 .0948 .5948 4052 3876 
0.25 .0987 .5987 4013 .3867 
0.26 .1026 .6026 .3974 .3857 
0.27 .1064 .6064 -3936 3847 
0.28 1103 (6103 13897 13836 
0.29 1141 16141 3859 .3825 
0.30 1179 6179 13821 13814 
0.31 1217 6217 13783 3802 
0.32 11255 .6255 3145 3790 
0.33 11293 .6293 37 3m 
0.34 11331 16331 (3669 13765 
0.35 11368 (6368 E 3752 
056 106 pro 13557 3725 
0.37 11443 .6443 E 312 
0.38 11480 (6480 24 3712 
0.39 11517 .6517 а 4 
TEE ж жоош 
44 1591 po 3372 3653 
12 51025 д 3336 13637 
0.43 1664 6664 3306 ef 
0.44 1700 .6700 4 E 


Source: А. L. Edwards. Statistical Methods for the Behavioral Sciences. 


іпеһагі, 1954. Reprinted by permission of the publisher. 
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TABLE II (Continued) 


а) (2) (3) (4) (5) 
2 А В С y 
Standard Ar i i 
> са Bom. еа їп Агеа іп Ordinate 
= E Mantz rger Smaller x 
= $ Portion Portion акс 
ren 1136 :9738 .3264 .3605 
047 11808 “6808 3298 3372 
048 11844 6844 ise 3% 
i : 13555 
У 1879 .6879 3121 13538 
.50 1915 69 
6915 
051 1950 6950 3080 3503 
032 983 985 13015 3485 
0.54 2054 71054 2946 340 
3 к 13448 
0.55 2088 
0. 2 17088 
E 2123 2123 302 3410 
2137 : 2843 3391 
0.58 21 17190 2810 3372 
E. 7224 2716 13352 
ОШ ж NM 
) 2324 : Es 342 
062 2324 7324 2676 j 
: 1 : 3292 
0.64 12389 2% si 321 
ж + 2611 3251 
545 Е 7422 
i 2454 2454 3218 3209 
68 2517 ; 2514 
Ше 251 1517 2483 3167 
в" 17549 2451 3144 
021 250 250) 2420 3123 
2 Se : 2389 i 
072 2 3101 
02 202 162 12358 13079 
oe 2327 3056 
pis 17704 12296 13034 
0:76 piis 7734 22 
Wo Шош жо э 
8 4 .7794 s 42% 
02% E А 2206 2966 
T 2852 7852 E 2920 
1 2920 
031 PE 17881 2 
052 "2939 1910 2090 3874 
Ў 7939 1 Е 
баз E ps 2061 12850 
: a 2033 
Я 203 2827 
ра p .2005 22803 
oes e 8023 1 
0.87 13078 25051 "1049 2% 
0.87 30% pu 1949 2156 
0.89 3133 B106 лв 2709 
2105 1894 2709 
11867 12685 
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TABLE II (Continued) 


o 0) (3) (4) (5) 
5 А В C 5 
Standard Area from Area in деш Ordinate 

z х Larger maller x 
Soe G) Mean to < Portion Portion ас 
0.90 .3159 .8159 1841 2661 
0.91 3186 8186 1814 12637 
0.92 3212 8212 1788 2613 
0.93 13238 ‘8238 1762 2589 
0:24 3264 18264 11736 12565 
0.95 3289 8289 ATM 2541 
0.36 3315 18315 1685 12516 
951 3340 8340 -1660 2492 
0.98 3365 8365 1635 2468 
0.99 13389 8389 161 244 
1:00 341 8413 1587 2420 
19 3418 8438 11562. 2396 
102 3461 :8461 11539 2371 
1.03 13485 8485 1515 2347 
ao :3508 :8508 11492 2323 
1.05 © 8531 1469 2299 
1105 3554 8554 1446 2215 
507 3577 8577 1423 2251 
108 13599 18599 1401 2227 
ee 361 18621 1379 2203 
1.10 3 1357 2179 
111 3665 355 1335 2155 
de 13686 18686 1314 2131 
1:13 13708 18708 1292 2107 
14 3729 8729 an 2083 
115 1251 2059 
146 3710 3710 11230 2036 
117 13790 8790 1210 2012 
Hs 3810 8810 1190 11989 
119 3830 8830 1170 11965 
1:20 A151 192 
121 3809 do 1131 1919 
i 13888 8888 1112 11895 
1.23 3907 78907 .1093 .1872 
4 13925 8925 1075 .1849 
12 11056 1826 
138 3962 596 1038 11804 
127 73980 “3980 11020 .1781 
i 3997 8997 -1003 -1758 
з .4015 “9015 .0985 .1736 
1. ; 
130 4032 .9032 0968 ШК 
9 .0951 5 
132 4049 904 161 
66 .0934 3 
133 4066 90 1669 
134 4082 9082. Oa eae 
4099 19099 ‘ à 


Е. — Са —— 
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TABLE II (Continued) 


а) о) (3) 4 
1 2 2 2 С 
Standard Area from Area in Area in Ordinate 
x x Larger Small 
Score & Mean to7 Portion Portion at = 
а 
1.35 4115 9115 
136 4131 9131 “0869 “1582 
136 4131 11582 
137 3 9147 10853 1561 
AE GEE ME MM 
E : З (0823 11518 
1.40 4192. 9192 
141 4207 19207 2908 Te 
142 4222 0778 1416 
142 Е 19222 10778 11456 
14 4236 79236 10764 11435 
| 3 9251 10749 1415 
1.45 4265 
1.46 4279 3239 0721 434 
1.46 429 10721 1374 
1.48 14306 320 ‘Debs T 
148 1 0694 
4319 9319 0681 Bis 
150 4332 
151 4345 322 руде “Ive 
2 4345 10655 1276 
E 43 ‘9357 0643 1 
13 4370 9370 0630 1238 
Е 2 9382 0618 4 
155 4394 .9394 0 peo 
1.56 4406 -9406 d "e 
ao 10594 118 
1.58 4429 $45 0282 лів 
1.38 е :9429 i 2163 
4441 9441 51 dis 
Қ 4 1127 
19 2422 -9452 0548 
d 4463 9463 Ё 1100 
pe 10537 
1:63 4484 ы 10526 1044 
164 Шз . 0516 t 
ү .9495 .0505 102 
Lee PC 19505 0495 
16 ' a { 1023 
4525 0083 
1:68 4222 9525 0475 1006 
Пе 1212 52% 10465 0973 
. 19545 d j 
+ кз 0455 10957 
1.71 14564 .9554 0446 
m p 24 0446 .0940 
m i 224 d 10925 
з 4582 9582 “027 0909 
` 4591 ‘9591 note 0893 
1.75 4599 ie 
1.76 4608 ESH 0401 
177 4616 2608 0392 08% 
1.78 ‘4625 co 0384 0833 
1.79 4633 E 0375 0818 
у ene 1 10818 


.0367 .0804 
CO ON ee жыл А 


TABLE II (Continued) 


а) (2) (3) (4) 6) 
z A B с E 
Standard Area from Area in Area in Ordinate 

x x Larger Smaller x 
Score & Mean to с Portion Portion at = 
Tb. ee ee В 

1.80 4641 9641 0359 10790 
1.81 4649 19649 10351 10775 
1.82 4656 19656 10344 ‘0761 
1.83 14664 19664 10336 10748 
1.84 44671 9671 10329 10734 
1.85 4648 9678 0322 0721 
1.86 4686 9686 10314 10707 
1.87 4693 9693 0307 0694 
1.88 14699 19699 0301 10681 
1.89 44706 9706 10294 0669 
1.90 4713 19713 10287 10656 
1.91 4719 29719 10281 0644 
1.92 4726 9726 10274 10632. 
193 4732 19732. 10268 10620 
1.94 4738 19738 10262 10608 
1.95 A744 9744 10256 0596 
1.96 4750 .9750 .0250 .0584 
1.97 4756 .9756 .0244 .0573 
1.98 4761 9761 10239 10562. 
1.99 4767 19767 10233 10551 
2.00 4772 9772 10228 10540 
2.01 4778 19778 10222 10529 
2.02 4783 9783 10217 10519 
2.03 ‘4788 79788 10212 10508 
2.04 4793 9793 0207 10498 
2.05 4798 9798 0202. 0488 
2.06 4803 79803 0197 10478 
2.07 4808 79808 0192 0468 
2.08 4812 9812 10188 10459 
2.09 4817 29817 10183 10449 
2.10 4821 9821 10179 10440 
2.11 14826 19826 10174 10431 
2.12 14830 9830 10170 (0422 
2.13 14834 29834 10166 10413 
2.14 4838 9838 (0162 10404 
215 9842 10158 10396 
2.16 50 79846 10154 10387 
2.17 14850 9850 10150 10379 
218 "4854 19854 10146 10371 
2.19 4857 19857 0143 10363 
2.20 9861 10139 10355 
2.21 4881 9864 10136 10347 
2.22 4868 9868 0132 0339 
2.23 A871 9871 0129 0332 
2.24 4875 9875 {0125 | 
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ТАВІЕ II (Continued) 


а 
D (2) (3) 
А 
se [S Area from E 2 Н 
ore *) Targ : 
= Mean to = Larger Smaller i 
Farger m Ordinate 
- Portion = 
225 4878 - 
226 4881 9578 | 
1 4881 9881 ate 
- T n 008 10317 
= 4890 “9890 à 5 = 
| 011 5 
2 o 110 p 
281 4896 EC xm 
23 4898 9596 ош 
_ 2 зое mn 10283 
н m я Ш _ 
2.35 4906 | 2s i 
3% po 9906 ^ ай 
20 4911 ron 031 аа 
2 4913 re 099 a 
= 4916 3916 0007 a 
240 4918 A es Ш 
21 ae 9918 pn 
02 4922 к Оо 
243 qa .9922 A о 
4927 Ed 0 
KA .9927 0075 m 
245 4929 e < 
246 4931 e | à E 
247 4932 cae 00 a 
5 $ X 5 Б 
н .9934 о 2 
2.50 its с is 
* ; ; es .0189 
251 pian .9938 00 
222 4941 oH 006 " 
is yc 9941 0000 
мН 4945 Eod 0097 ty 
2 4946 si os їн 
"Hos .4948 US да T 
| 2 59 9948 0022 ан 
20 9949 00 
P 10154 
5 юш £X E 8 
260 4953 юа 55 
и hs m koe 0143 
222 4956 5259 004 a 
26 51226 9956 aoi 
2.65 2199 15527 E i 
26 = 9959 ug 0126 
и E zoom 
p 99 un 
26 P ‘5962 00 
4263 9963 | ‘0038 stl 
| Ч 0116 
г 0110 
= 10107 


ТАВІЕ II (Continued) 


(1) (2) (3) (4) (5) 
z A B с 2 
Standard Area from Ата іп arain Ordinate 

2 rger maller х 
5соге (9) Mean to = Portion Portion ат 
Я 4965 .9965 .0035 .0104 
27 966 79966 10034 10101 
2171 4 
2.72 14967 79967 (0033 10099 
2.73 "4968 19968 0032 096 
2.74 4969 19969 (0031 1009 
) 4970 19970 10030 0091 
276 971 9971 10029 10088 
2.76 4 0088 
2.77 4972 9972. 10028 5086 
2.78 14973 19973 10027 -0084 
2.79 14974 19974 10026 i 
9974 .0026 .0079 
281 4975 19975 10025 10077 
2.81 14975 0077 
2.82 14976 19976 10024 4075 
2.83 4971 19977 10023 007 
2.84 4977 19977 10023 j 
.9978 .0022 .0069 
286 4919 19079 ‘0021 10067 
2.86 4979 0021 0067 
2.87 14979 19979 0021 0065 
2.88 14980 19980 ‘002 0063 
2.89 14981 9981 0019 1 
9981 10019 10060 
291 “4082 9982 10018 10058 
2.91 1498 0018 0058 
292 "4982 19982 0018 0056 
2.93 4983 19983 0017 (055 
2.94 4984 19984 | i 
9984 0016 10051 
296 “4083 19985 10015 10050 
2.96 14985 0015 0050 
298 205 2955 ‘0014 0047 
298 4 i f T 
2.99 14986 19986 10014 10046 
.9987 .0013 0044 
301 4987 9987 0013 0043 
3.02 4987 19987 10013 | 
3.03 4988 9988 0012 50% 
3.04 4988 9988 T 
3.05 .4989 .9989 0011 5038 
9989 0011 | 
M pd 19989 0011 10036 
308 “4980 2990 10010 0035 
08 К h .0034 
3.09 14990 19990 10010 
10010 0033 
3.10 .4990 422) 10010 2052 
3:11 "4991 2991 us 04 
312 4991 9991 000 0031 
3.13 4901 2221 0008 0029 
3.14 4992 9 
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ТАВІЕ II (Continued) 


(1) (2) (3) (4) (5) 
2 А В е 52 
Standard Area from еа їп dea Ordinate 
b 4 x arger maller x 
Score G Mean to = Portion Portion "S 
3.15 .4992 .9992 .0008 .0028 
3.16 4992 .9992 .0008 .0027 
3.17 4992 -9992 .0008 .0026 
3.18 4993 9993 0007 0025 
3.19 .4993 .9993 .0007 .0025 
3.20 4993 .9993 .0007 .0024 
3.21 4993 9993 .0007 .0023 
3.22 4994 9994. .0006 .0022 
3.23 .4994 .9994 .0006 .0022 
3.24 4994 -9994 0006 .0021 
3.30 .4995 .9995 .0005 Қ 
3.40 .4997 9997 .0003 57 
3.50 4998 9998 0002. .0009 
3.60 .4998 .9998 .0002 -0006 
3.70 .4999 9999 .0001 .0004 


mc ER E a 
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Taste Ш. Distribution of г Probability 


n 1 05 01 001 
f 6.314 12.706 63.657 636.619 
2 2.920 4.303 9.925 31.598 
3 2.353 3.182 5.841 12.941 
4 2.132 2.776 4.604 8.610 
5 2.015 2.571 4.032 6.859 
6 1.943 2.447 3.707 5.959 
7 1.895 2.365 3.499 5.405 
8 1.860 2.306 3.355 5.041 
9 1.833 2.262 3.250 4.781 
10 1.812 2.228 3.169 4.587 
11 1.796 2.201 3.106 4.437 
12 1.782 2.179 3.055 4.318 
13 1.771 2.160 3.012 4.221 
14 1.761 2.145 2.977 4.140 
15 1.753 2.131 2.947 4.073 
16 1.746 2.120 2.921 4.015 
17 1.740 2.110 2.898 3.965 
18 1.734 2.101 2.878 3.922 
19 1.729 2.093 2.861 3.883 
20 1.725 2.086 2.845 3.850 
21 1.721 2.080 2.831 3.819 
22 1.717 2.074 2.819 3.792 
23 1.714 2.069 2.807 3.767 
24 1.711 2.064 2.197 3.745 
25 1.708 2.060 2.787 3.725 
26 1.706 2.056 2.779 3.707 
27 1.703 2.052 2.771 3.690 
28 1.701 2.048 2.763 3.674 
29 1.699 2.045 2.756 3.659 
30 1.697 2.042 2.750 3.646 
40 1.684 2.021 2.704 3.551 
60 1.671 2.000 2.660 3.460 
120 1.658 1.980 2.617 3.373 
© 1.645 1.960 2.576 3.291 


4 from Table Ш of В. A. Fisher and 
Biological, Agricultural, and Medical 
4 Boyd Ltd., Edinburgh, by permission 


Source: Table III is abridge 
Е. Yates: Statistical Tables foi 
Research, published by Oliver an 
of the authors and publisher. 
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TaBLE V. 5 Percent (Lightface Type) and 1 Percent 


fi Degrees of Freedom (for 


MI Xo AN ы 


h 1 2 3 4 5 6 7 8 9 10 11 12 
161 200 216 225 230 234 237 239 241 242 243 244 
à 4,052 4,999 5,403 5,625 5,764 5,859 5,928 5,981 6,022 6,056 6,082 6,106 
2 18.51 19.00 19.16 19.25 19.30 19.33 19.36 19.37 19.38 19.39 19.40 19.41 
98.49 99.00 99.17 99.25 99.30 99.33 99.34 99.36 99.38 99.40 99.41 99.42 
3 1013 9.55 928 912 901 8.94 8.88 8.84 8.81 8.78 8.76 8.74 
34.12 30.82 29.46 28.71 28.24 27.91 29.67 27.49 27.34 27.23 27.13 27.05 
4 7.71 6.94 6.59 639 6.26 6.16 6.09 6.04 6.00 5.96 5.93 5.91 
21.20 18.00 16.69 15.98 15.52 15.21 14.98 14.80 14.66 14.54 14.45 14.37 
E 6.61 5.19 541 5.19 5.05 4.95 4.88 4.82 4.78 4.74 4.70 4.68 
16.26 13.27 12.06 11.39 10.97 10.67 10.45 10.27 10.15 10.05 9.96 9.89 
6 5.99 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 4.03 4.00 
13.74 10.92 9.78 915 875 8.47 826 810 7.98 7.87 779 77 
7 5.59 4.74 4.35 4.12 3.97 3.87 3.79 3.73 3.68 3.63 3.60 3.5 
12.25 9.55 8.45 7.85 7.46 719 7.00 6.84 6.71 6.62 6.54 6.4 
8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 3.39 3.34 331 32 
11.26 8.65 7.59 7.01 6.63 637 619 6.03 5.91 5.82 574 56 
9 5.12 4.26 3.86 3.63 3.48 3.37 3.29 3.23 3.18 3.13 3.10 3.0 
10.56 8.02 6.99 6.42 6.06 5.80 5.62 5.47 535 526 518 54 
10 4.6 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.97 2.94 2.91 
10.04 7.56 6.55 5.99 5.64 5.39 5.21 5.06 4.95 4.85 478 4.71 
11 4.84 398 3.59 3.36 320 3.09 3.01 2.95 2.90 2.86 2.82 2.79 
9.65 7.20 6.22 5.67 532 5.07 4.88 4.74 4.63 454 4.46 4.40 
12 4.75 3.88 3.49 3.26 3.11 3.00 2.92 2.85 2.80 2.76 2.72 2.69 
9.33 6.93 5.95 5.41 5.06 482 4.65 4.50 4.39 4.30 4.22 4.16 
13 4.67 3.80 3.41 3.18 3.02 2.92 2.84 2.72 2.77 2.63 2.63 2.60 
9.07 6.70 5.74 520 486 4.62 444 4.30 419 410 402 3.96 
14 4.60 3.74 3.34 3.11 2.96 2.85 2.77 2.70 2.65 2.60 2.56 2.53 
8.86 6.51 5.56 5.03 4.69 4.46 428 414 4.03 3.94 3.86 3.80 
15 4.54 3.68 3.29 3.06 2.90 2.79 2.70 2.64 259: 2. 2. 
8.68 6.36 5.42 4.89 456 4.32 414 4.00 3.89 380 $n 567 
16 449 3.63 324 3.01 2.85 2.74 2.66 2.59 2.54 2.49 2 
8.53 6.23 5.29 4.77 444 420 4.03 3.89 3.78 3.69 56 32 
17 4.45 3.59 320 2.96 281 270 2.62 2.55 2.50 2.45 24 
8.40 611 518 4.67 434 410 3.93 3.79 3.68 3,59 35 $45 
18 441 3.55 3.16 293 277 2.66 2.58 2.51 246 241 2. 7 
828 6.01 5.00 458 425 401 3.85 371 3.60 351 344 537 
Source: С. №. Snedecor. Statistical Methods, 


Ames, Iowa: Iowa State 
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(Boldface Type) Points for the Distribution of F 


Greater Mean Square) 
14 16 20 24 30 40 50 75 100 200 500 oo h 


245 246 248 249 250 251 252 253 253 254 254 254 1 
6,142 6,169 6,208 6,234 6,258 6,286 6,302 6,323 6,334 6,352 6,361 6,366 


19.42 19.43 19.44 19.45 19.46 19.47 19.47 19.48 19.49 19.49 19.50 19.50 2 
99.43 99.44 99.45 99.46 99.47 99.48 99.48 99.49 99.49 99.49 99.50 99.50 


8.71 8.69 8.66 8.64 8.62 8.60 8.58 8.57 8.56 8.54 8.54 8.53 3 
26.92 26.83 26.69 26.60 26.50 26.41 26.35 26.27 26.23 26.18 26.14 26.12 


5.87 5.84 5.80 5.77 5.74 5.71 5.70 5.68 5.66 5.65 5.64 5.63 4 
14.24 14.15 14.02 13.93 13.83 13.74 13.69 13.61 13.57 13.52 13.48 13.46 


4.64 4.60 4.56 4.53 4.50 4.46 444 442 440 438 437 436 5 
9.77 9.68 9.55 947 9.38 9.29 924 9.17 9.13 9.07 9.04 9.02 
396 3.92 387 3.84 381 3.77 3.75 3.72 3.71 3.69 3.68 367 6 
7.60 7.52 739 731 723 714 709 7.02 6.99 6.94 6.90 6.88 
3.52 349 344 341 338 334 332 329 328 325 324 323 7 
635 627 615 607 598 590 585 5.78 5.75 5.70 5.67 5.65 
3.23 320 315 312 3.08 305 3.03 3.00 2.98 2.96 294 293 8 
5.56 548 536 528 520 511 5.06 5.00 4.96 4.91 4.88 4.86 
3.02 2.98 293 290 2.86 2.82 2.80 2.77 2.76 273 272 271 9 
5.00 492 480 473 4.64 456 451 445 441 436 433 4.31 
2.86 282 277 2.74 2.70 2.67 2.64 2.61 2.59 2.56 2.55 2.54 10 
4.60 452 441 433 425 417 412 4.05 4.01 3.96 3.93 391 
2.74 2.70 2.65 2.61 2.57 2.53 2.50 247 245 242 241 240 П 
429 421 410 402 3.94 386 3.80 3.74 3.70 3.66 3.62 3.60 
2.64 2.60 2.54 2.50 2.46 2.42 2.40 2.36 2.35 232 231 230 12 
4.05 3.98 3.86 3.78 3.70 3.61 3.56 3.49 3.46 341 3.38 3.36 
2.55 2.51 246 242 2.38 2.34 2.32 228 226 224 222 221 13 
3.85 378 367 359 351 3.42 337 3.30 327 321 348 3.16 
248 244 239 235 231 227 224 221 219 216 214 213 14 
370 54 19 343 334 326 321 314 311 3.06 3.02 3.00 
243 2. 33 229 225 221 218 215 212 210 208 207 15 
356 348 23 329 320 312 307 300 297 292 289 287 
237 2: 224 220 216 213 2.09 207 204 202 201 16 
345 19 225 318 310 301 296 249 2.86 280 2.77 2.75 
233 2. 19 215 211 208 204 202 199 197 196 17 
3% 229 223 248 300 292 286 279 276 270 267 2.65 
229 2. 15 241 207 204 200 198 195 193 192 18 
327 19 249 240 291 283 278 271 268 262 259 257 


College Press, 1956. Reprinted by permission of the author and publisher. 
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TABLE У 


Л Degrees of Freedom (for 


12 


11 


fa 


2.43 2.36 2.30 226 222 2.18 
3.50 3.36 3.25 3.17 3.09 3.03 


2.78 2.62 2.51 
4.22 3.90 3.67 


4.26 3.40 3.01 
7.82 5.61 4.72 


24 


25 


wo 


2.5 
3.7 


3.34 2.95 2.71 


4.20 
7.64 5.45 4.57 4.07 


0 2.92 2.87 


0 


35 2.28 222 2.18 2.14 2.10 


3.73 3.50 3.33 3.20 3.08 3 


2.54 243 2 


3.28 2.88 2.65 249 238 2.30 


5.29 442 3.93 3.61 


4.13 
7.44 


215 210 2.06 2.03 
294 286 278 2.72 


3.58 3.35 3.18 3.04 


2.48 2.36 2.28 221 


2.86 2.63 
4.38 3.89 


2.07 2.04 2.00 
2.80 2.73 2.66 


2.18 2.12 
2.99 2.88 


2.45 2.34 2.25 
3.83 3.51 329 3.12 


2.84 2.61 
4.31 


3.23 


4.08 
7.31 5.18 
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Greater Mean Square) 


(Continued) 


В 


1.94 1.91 1.90 1.88 19 
2.60 2.54 2.51 2.49 


1.96 


2.07 2.02 2.00 


2.15 2.11 
3.19 312 3.00 2.92 2.84 2.76 2.10 2.63 


2.26 2.21 


191 1.87 1.84 1.81 1.80 1.78 22 
2.53 2.46 2.42 2.37 2.33 2.31 


1.98 1.93 
3.02 2.94 2.83 2.75 2.67 2.58 


2.18 2.13 2.07 2.03 
2.14 2.10 2.04 2.00 


1.88 1.84 1.82 1.79 177 1.76 23 
2.48 2.41 2.37 2.32 228 226 


1.91 


1.96 


2.97 2.89 2.78 2.70 2.62 2.53 


2.13 2.09 2.02 


1.89 1.86 1.82 
2.44 2.36 2.3. 


1.94 


1.98 
2.93 2.85 2.74 2.66 2.58 2.49 


196 1.92 1.87 1.84 1.80 1.77 1.74 1.72 1.71 25 
270 262 254 2.45 240 232 229 223 219 2.17 


2.00 


.0 
8 


ad 


1.76 1.69 26 
.36 228 225 2.19 245 2.13 


1.70 


1.72 


1.95 1.90 1.85 1.82 1/8 
41 2 


1.99 
2.86 2.77 2.66 2.58 2.50 2 


2.10 2.05 
2.08 2.03 


14 171 1.68 1.67 27 
1 216 212 2.10 


1.7. 
22 
1.72 


1.93 1.88 1.84 1.80 1.76 
47. 2.38 233 2.25 


1.97 
2.83 2.74 2.63 2.55 2. 


187 1.81 178 1.75 1.60 1.67 1.65 28 
2 244 2.35 2.30 222 218 2.13 2.09 2.06 
1.73 


1 


суш 


194 190 1.85 180 177 171 1.68 165 1464 29 
277 268 257 249 241 232 227 219 215 2.10 2.06 2.03 


2.00 


2.05 


1.69 1.67 1.64 1.61 1.59 32 
20 212 2.08 2.02 1.98 1.96 


74 


“AN 


174 1.71 1.67 1.64 1.61 
221 2.15 2.08 2.04 1.98 


1.72 
6 2.17 


1.89 1.84 1.80 
2.58 2.47 2.38 2.30 


1.95 


2 
2.66 


1.78 


1.87 1.82 
2.43 2.35 2.2 


1.85 1.80 1.76 1.71 
240 232 222 2414 


1.92 
2.51 


1.96 
2.59 


42 


1.49 
0 1.78 


ne 


со 0 
oc 


1.89 1.82 1.78 1.73 1. 
2.35 226 2 


2.46 
1.88 


2. 


17 


1.94 
2.54 


42 166 163 158 1.56 152 150 148 44 
a 115 206 200 192 1.88 1.82 178 1.75 


1.81 
244 2.32 224 2 


1.92 
2.52 
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TABLE У 


Л Degrees of Freedom (for 


12 


п 


h 


1:95 


1.98 
2.62 2.56 


3 2.07 2.02 


3.18 3.02 2.88 2.78 270 


2.56 2.40 2.29 2.20 21 


717 5.06 420 372 341 


4.03 3.18 2.79 


50 


55 


1:95 1.92 
2.56 2.50 


1.99 
2.63 


2.25 2.17 2.10 2.04 


3.65 3.34 3.12 295 282 2.72 


6 2.52 2.37 


3 


4.00 3.15 2.7 
7.08 4.98 41 


60 


65 


2.4 207 2.01 1.97 1.93 1.89 
277 2.67 2.59 2.51 245 


2.91 


4.08 3.60 3.29 3.07 


2.74 2.50 2.35 2.23 


7.01 4.92 


3.98 3.13 


70 


80 


2.10 2.03 1.97 1.92 1.88 1.85 
2.82 2.69 2.59 2.51 2.43 236 


3.20 2.99 
44 229 2.17 2.08 2.01 


3.94 3.09 2.70 2.46 2.30 2.19 


6.90 4.82 3.98 3.51 


100 


1.90 1.86 1.83 
2.47 240 2,33 


1.95 
2.56 


4.78 394 347 3.17 2.95 2.79 2.65 


3.07 2.68 2 


3:92 
6.84 


125 


150 


.05 
2.90 2.73 


2.26 2.14 2 


3.11 


1.94 1.88 1.83 179 145 
2.51 241 232 224 2.18 


2.09 2.01 
2.80 2.64 


2.99 2.60 2.37 221 
4.60 3.78 3.32 3.02 


3.84 
6.64 
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Greater Mean Square) 


(Continued ) 


Л 


150 


1.22 


129 1.25 
1.43 1.37 1.33 


1.34 
1.51 


1.37 
1.56 


1.08 1000 


1.13 
1.19 1.11 
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TABLE VI. Values оҒғ for Different Levels of Significance 


n 4 05 02 01 001 
ee ee Nd 
98769 99692 999507 999877 9999988 

2 90050 ‚95000 98000 „990000 ‚99900 
3 8054 8783 93433 95873 99116 
4 7293 8114 .8822 91720 97406 
5 6694 7545 8329 8745 95074 
6 6215 .7067 .7887 8343 92493 
7 5822 6664 .7498 .7977 .8982 
8 .5494 .6319 7155 „7646 8721 
9 5214 6021 6851 7348 8471 
10 4973 5760 6581 7079 8233 
11 4762 5529 6339 6835 8010 
12 4575 5324 6120 6614 .7800 
13 4409 5139 5923 6411 .7603 
14 4259 4973 5742 6226 7420 
15 4124 4821 5577 6055 „7246 
16 .4000 4683 5425 5897 .7084 
17 3887 4555 5285 5751 6932 
18 3783 4438 .5155 .5614 .6787 
19 .3687 .4329 .5034 .5487 .6652 
20 .3598 4227 4921 5368 6524 
25 3233 3809 4451 4869 5974 
30 .2960 3494 4093 4487 5541 
35 2746 3246 3810 4182 5189 
40 2573 3044 3578 3932 4896 
45 2428 2875 3384 3721 4648 
50 2306 2732 3218 3541 4433 
60 2108 2500 2948 3248 4078 
70 1954 2319 2737 3017 3799 
80 1829 2172 2565 2830 3568 
90 1726 2050 2422 2673 3375 

100 1638 1946 2301 2540 3211 


SOURCE: Table VI is reprinted from T 


L : able VI of R. А. Fisher and F. Yates: Statistical Tables 
for Biological, Agricultural, and Medical Research, published by Oliver and Boyd Ltd., Edinburgh, 
by permission of the authors and publishers. 
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TABLE УП. Table of z Values for га 


015 015 215 218 415 .442 615 717 815 1.142 
020 020 220 224 420 .448 620 725 820 1.157 
025 025 225 229 425 .454 625 733 825 1.172 
030 030 230 234 430 .460 630 741 830 1.188 
035 035 235 239 435 .466 635 750 835 1.204 


055 055 255 261 .455 «491 655 784 855 1.274 
060 060 260 266 460 .497 660 793 360 1.293 
065 065 265 271 465 .504 665 802 865 1.313 
070 070 270 277 470 — .510 670 811 370 1.333 
075 075 275 282 475 2517 675 820 875 1.354 
080 080 280 .288 480 .523 680 829 880 1.376 
085 085 285 .293 485 .530 685 838 885 1.398 
090 090 290 2299 490 .536 690 848 890 1.422 
095 095 295 .304 495 .543 695 858 895 1.447 
100 100 300 310 500 .549 700 867 900 1472 
105 105  .305 315 505 .556 705 877 905 1.499 
110 110 10 321 510 .563 710 887 910 1.528 
115 116 315 326 515 570 715 897 915 1.557 


140 141 340 354 540 604 .740 
150 151 350  .365  .550  .618 .750 973 .950 1.832 
T^ 156 355 371 "555 .626 755 284 255 T 
“633 
161 360 377 560 ET T. 
170 172 370 388 .570 648 770 1.020 


а Table VII was constructed by Е. P. Kilpatrick and D. A. Buchanan from the formula 


z = Mo[loge (1 + 7) — loge (1 — r)] 
Statistical Methods for the Behavioral Sciences. 
f the publisher. 


Source: А. L. Edwards. tic New York: 
Inehart, 1954. Reprinted by permission о 
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TaBLE VIII. Estimates of tet for Various Values of ad|bc 


па ad|bc пе ad|bc Не ad|bc 
0-1.00 «35 2.49-2.55 70 8.50-8.90 
oi 1.01-1.03 36 2.56-2.63 7 8.91-9.35 
02 1.04-1.06 E y] 2.64-2.71 72 9.36-9.82 
.03 1.07-1.08 .38 2.72-2.79 73 9.83-10.33 
04 1.09-1.11 .39 2.80-2.87 74 10.34-10.90 
.05 1.12-1.14 .40 2.88-2.96 75 10.91-11.51 
.06 1.15-1.17 41 2.97-3.05 76 11.52-12.16 
.07 1.18-1.20 42 3.06-3.14 EU 12.17-12.89 
.08 1.21-1.23 .43 3.15-3.24 .78 12.90-13.70 
.09 1.24-1.27 44 3.25-3.34 -19 13.71-14.58 
10 1.28-1.30 45 3.35-3.45 .80 14.59-15.57 
ll 1.31-1.33 46 3.46-3.56 81 15.58-16.65 
212 1.34-1.37 47 3.57-3.68 .82 16.66-17.88 
13 1.38-1.40 48 3.69-3.80 183 17.89-19.28 
14 1.41-1.44 49 3.81-3.92 84 19.29-20.85 
15 1.45-1.48 .50 3.93-4.06 85 20.86-22.68 
16 1.49-1.52 51 4.07-4.20 86 22.69-24.76 
17 1.53-1.56 ‚2 * 4.21-4.34 87 24.77-27.22 
18 1.57-1.60 .53 4.35-4.49 .88 27.23-30.09 
9 1.61-1.64 54 4.50-4.66 .89 30.10-33.60 
20 1.65-1.69 425 4.67-4.82 90 33.61-37.79 
421 1.70-1.73 56 4.83-4.99 91 37.80-43.06 
22 1.74-1.78 427 5.00-5.18 92 43.07-49.83 
.23 1.79-1.83 .58 5.19-5.38 193, 49.84-58.79 
24 1.84-1.88 .59 5.39-5.59 .94 58.80-70.95 
25 1.89-1.93 .60 5.60-5.80 195 70.96-89.01 
.26 1.94-1.98 .61 5.81-6.03 96 89.02-117.54 
27 1.99-2.04 .62 6.04-6.28 97 117.55-169,67 
.28 2.05-2.10 .63 6.29-6.54 98 169.68-293.12 
.29 2.11-2.15 :64 6.55-6.81 99 293.13-923.97 
.30 2.16-2.22 -65 6.82-7.10 1.00 923.58... 
.31 2.23-2.28 -66 7.11-7.42 
42 2.29-2.34 67 7.43-7.75 
133 2.35-2.41 -68 7.76-8.11 
34 2.42-2.48 .69 8.12-8.49 


Source: M. р. Davidoff and 
the tetrachoric correlation coeffici 
the permission of the authors and publi 


ent. 


H. W. Goheen. А table for the r: 
Psychometrika, 1953, 18, 115-121. 


sher. 
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apid determination of 
Reprinted with 


Тавік ІХ. Table of Critical Values of Тіп the Wilcoxon 
Matched-Pairs Signed-Ranks Test 


Level of Significance for One-Tailed Test 
N .025 :01 .005 


Level of Significance for Two-Tailed Test 


.05 02 01 

6 0 = = 
7 2 0 — 
8 4 2 0 
9 6 3 2 
10 8 5 3 
11 11 7 5 
12 14 10 T 
13 17 13 10 
14 21 16 13 
15 25 20 16 
16 30 24 20 
17 35 28 23 
18 40 33 28 
19 46 38 32 
20 52 43 38 
21 59 49 43 
22 66 56 49 
23 73 62 55 
24 81 69 61 
25 89 77 68 


Source: Adapted from Table I of F. Wilcoxon. Some Rapid 
Approximate Statistical Procedures. New York: American 
Cyanamid Company, 1949, p. 13. Reproduced from S. Siegel. 
Nonparametric Statistics for the Behavioral Sciences, New 
York: McGraw-Hill, 1956. Reprinted by permission of the 
author, American Cyanamid Company, and McGraw-Hill Book 


Company. 
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TABLE X. Table of Critical Values of U in the Mann-Whitney Test 


itical Values of U for a One-Tailed Test at .001 or fora 
ii Two-Tailed Test at .002 


78 Мей ва 15 16 17 18 19 20 
ny 
1 
: Ü 8 % p 
4 кг г то To & 3$ 3 4 
5 | 3-72-85 3 4 o4 3 & | т B 
6 £35 238 .8. 5 € T & B m ow 3X 
7 2 CE fs 3 3 ри пп d$ je 
8 2 2 D BR Шо ш d d Xo» 
9 ы пп ип 1^ 1$ b 9$ $ 2 
10 бш DB B Li D 9 mn n 2 5» 5 
i 0: 5 п af 
лып 9.25 ашы 2 
14 
15 
17 
19 


(6) Critical Values of U for a One-Tailed Test at .01 or fora 
Two-Tailed Test at .02 


= 


1 
2 АУ МЫР ЫНЫ om, Ы 1 
3 1 1 Ad mee Л T RA гез 4 2% 
4 Deco а M Nu АА ыл, ИЕ В 9 71 
5 АЛ Қ 284g Г И. 14 15 16 
6 ы ua "Ti 2 at Г г 18 19 20 22 
7 НИЕТ СЕ. 23 24 26 28 
EM 1i. die ds 17 207 83. 54 26 28 30 32 34 
ЕО 18: D] | 23 96 co 31 


Source: Adapted and abridged from Tables 1,3,5, and 7 of D. Aube. 
the Mann-Whitney statistic, Bulletin of the Institute of Educational Research aimee 
1953, 1, No. 2. Reproduced from S. Siegel. Nonparametric Statistics for the Behavioral Жора, 
New York: McGraw-Hill, 1956, Reprinted by permission of the author, Institute of Educational 
Research, and McGraw-Hill Book Company. 
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п 


Меде бл Б C2 М — 


10 


ТАВЕЕ Х (Сотіпиға) 


(с) Critical Values of И for а One-Tailed Test at .025 ог for a 
Two-Tailed Test at .05 


(d) Critical Values of U for a One-Tailed Test at .05 or for a 


` 'Two-Tailed Test at .10 


ny 

5 à б di з g и вет ча 19 20 

2 
mr. + 5. LIUM ы АВЕ Le. NU o жуш 
1 0 0 
2 1 1 1 9 2 2 3 3 3 4 4 4 
3 3 4 5 5 6 7 7 8 9 95, 10 МП 
4 6 7 8 a ial ai belts) Morus ДО” 7 CES 
5 So 1] ҚАТЕ ТР КЫ 1920] 22. 23 25 
6 с i “Nev ІТ Lus ite © 26 29 30.22 
7 fe 1 19401 LED] 25 1230 S9 31. 853. 97 n3 
8 in. 190 323 06 eR Элаз 29 36. 41 м. 
9 5| 34 2171 30 (82/05 5) % 4S 48 511,5 
10 257 5. 2.27 WI 6 51 55 58 762 
11 м 341 38 424 48 о M 65 69 
12 00 | 34 ^38. O М 2! © 64 68 12 МП 
13 004 м 4j. 00 55, 0615 © 70 75 %9 (М 
14 45001 35 SG I ПЛ - 87 92 
15 20 44 о. 59 Мер 06 7 5 88 94 100 
16 422 48 54. о e Ra 80 95 101 107 
17 4s d e BL Qi. HL ENIMS 96 102 109 115 
18 іы ы QM QU MP E 109 116 123 
19 3.54 6 210-087 915 ЛШ 109 116° 123 150 
20 siam 8€ — ID. ыы... 107 115 123 130 138 


TABLE XI. Table of Critical Values of ғ in the Runs Test 


i f Tables XI(a) and Х1(5) are various critical values of r for various values 
we шер ag de the быр лал іі Tuns test, any value of ғ which is equal to or smaller 
than that shown in Table ХКа) or equal to or larger than that shown in Table XI(5) 5 
significant at the .05 level. For the Wald-Wolfowitz two-sample runs test, any value о! 
r which is equal to or smaller than that shown in Table ХКа) is significant at the .05 level. 


(a) 
n 
Я 23456789 10 11 12 13 14 15 16 17 18 19 20 
п! 

2 2222 2 2 m $» ж 
3 22 22 2 2 9 » 5 8 3 3 4 2 2 
4 $ 22 $33 3 3 % 3 3.3 4 4 4 4 4 
5 2.2.8 3 3 3 3$ 4. 4 4 4 4 X 4 5 $ 5 
6 2 2 8 33 34 4 4 4 9 $ $ 5 5 5 6 6 
7 2233314 5 i5 5.5 5 6 6 6 6 6 6 
8 2 30 342 45 5 15 6 66 6 6 7 7 7 7 
9 2334455 5 6 6 o Y Y T T $ g E 
10 2334555 667 7 T7 8 - 3 8 & 9 
п 2344556677 7 8 8 8 9 9 © 9 
12 2234456677 7 8 8 8 9 9 9 10 10 
13 2234556617 8 8 9 9 9 10 10 10 10 
14 223455677 8 8 9 9 9 10 10 10 11. 21 
15 23345667 7 8 8 9 9 0 10 1 11 i 12 
16 23445667 8 8 9 9 10 10 11 11 11 12 12 
17 23445677 8 9 9 10 10 u 71 11 1 12 13 
18 23455678 8 9 9 10 10 11 11 12 12 13 13 
19 23456678 8 9 10 10 11 11 12 12 13 13 13 
20 23456678 9 9 10 10 11 12 12 13 13 13 14 


ee em M SS 


(b) 
n2 
234 5 6 T в 9 39 di 42 jg 14 15 16 17 18 19 20 
т 
2 
3 
4 9 9 
5 9 10 10 11 11 
6 9 10 11 12 12 13 13 13 13 
: Ц 12 B nn n 14 14 14 15 15 15 
15 15 16 16 16 16 7111711 17 
9 13 14 14 15 16 16 16 17 17 18 18 18 18 18 18 
10 13 14 15 16 16 17 17 18 18 18 19 19 19 20 20 
11 13 14 15 16 17 17 18 19 19 19 20 20 20 21 21 
12 13 14 16 16 17 18 19 19 20 20 21 21 21 22 22 
13 15 16 17 18 19 19 20 20 21 21 22 22 23 23 
14 15 16 17 18 19 20 20 21 22 22 23 23 23 24 
15 15 16 18 18 19 20 21 2 22 23 23 24 24 25 
16 17 18 19 20 21 21 22 23 23 24 25 25 25 
17 17 18 19 20 21 22 23 23 24 25 25 26 26 
18 17 18 19 20 21 22 23 24 25 25 26 26 27 
19 17 18 20 21 22 23 23 24 25 26 26 27 27 
20 17 18 20 21 22 23 24 25 25 26 27 27 28 


Source: Adapted from Frieda $. Swed and C. Eisenhart. Tables for testing randomness of 
grouping in a sequence of alternatives. Annals of Mathematii ü 
Reproduced from S. Siegel. Nonparametric Statistics Sor the 
McGraw-Hill, 1956. Reprinted by permission of the authors, Institute of Mathematical Statistics, 
and McGraw-Hill Book Company. $ 
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TABLE XII. Values of Н for Three Samples Significant at the 10, 5, and 
1 Percent Levels , 


Sample Sizes Level 
М № N; 10 05 01 
2 2 2 4.57 
3 2 1 4.29 
3 2 2 4.50 4.71 
3 3 1 4.57 5.14 
3 3 2 4.56 5.36 6.25 
3 3 3 4.62 5.60 6.49 
4 2 1 4.50 
4 2 2 4.46 5.33 
4 3 1 4.06 5.21 
4 3 2 4.51 5.44 6.30 
4 3 3 4.70 5.73 6.75 
4 4 1 4.17 4.79 6.67 
4 4 2 4.55 5.45 6.87 
4 4 3 4.55 5.60 7.14 
4 4 4 4.65 5.69 7.54 
5 2 1 4.20 5.00 
5 2 2 4.37 5.16 6.53 
5 3 1 4.02 4.96 
5 3 2 4.49 5.25 6.82 
5 3 3 4.53 5.44 6.98 
5 4 1 3.99 4.99 6.84 
5 4 2 452 5.27 7.12 
5 4 3 4.55 5.63 7.40 
5 4 4 4.62 5.62 7.14 
5 5 1 4.11 5:13 6.84 
5 5 2 4.51 5:25. 7.27 
5 5 3 4.55 5.63 7.54 
5 5 4 4.52 5.64 7.79 
5 9 5 4.56 5.66 7.98 


Source: Abridged from Table 6.1 of W. Н. Kruskal and W. A. Wallis. Use 
of ranks on one-criterion variance analysis. Journal of the American Statistical 
Association, 1952, 47, 584-621. Reproduced from M. W. Tate and В. C. 
Clelland. Nonparametric and Shortcut Statistics. Danville, Ill.: The Interstate 
Printers and Publishers, 1957. Reprinted by permission of the authors, 
Journal of the American Statistical Association, and The Interstate Printers 


and Publishers. 
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XIII. Values of the Coefficient of Concordance W Significant at 
тше the 20, 10, 5, and 1 Percent Levels 


т a 3 4 5 6 Tn 8 9 10 
20 78 60 53 49 47 46 45 44 
10 73 62 58 155 53 52 51 
3 05 1.00 82 71 65 62 60 58 56 
01 96 84 17 173 70 67 65 
20 56 40 38 37 36 35 34 33 
10 75 52 47 44 42 41 40 39 
4 05 81 65 54 51 48 46 45 44 
01 1.00 80 67 62 59 56 54 52 
20 36 34 30 29 28 28 27 27 
10 52 42 138 36 134 33 32 31 
5 05 64 52 44 41 39 38 36 35 
01 84 66 56 52 49 46 44 43 
20 33 27 25 24 24 23 23 23 
10 44 36 32 :30 29 28 27 26 
6 05 58 42 37 35 33 32 31 30 
01 75 56 49 45 42 40 38 37 
20 27 23 22 21 20 20 20 19 
10 39 30 27 26 25 24 23 23 
7 05 51 36 32 30 29 27 26 26 
01 63 48 43 39 36 34 33 32 
20 25 20 19 18 18 17 17 17 
10 33 26 24 23 22 21 20 20 
8 05 39 32 29 27 25 24 23 23 
01 56 43 138 35 32 31 29 28 
20 20 18 47 16 16 16 15 15 
10 31 23 21 20 19 19 18 18 
9 05 35 28 26 24 23 22 21 20 
01 48 38 34 31 29 27 26 25 
20 19 16 15 15 14 14 14 13 
10 25 21 19 18 17 17 16 16 
10 05 31 25 23 21 20 20 19 18 
01 48 35 31 28 26 25 24 23 
20 14 13 13 12 12 
10 19 27 16 15 15 үл d 13 
12 105 25 21 19 18 17 16 16 15 
01 36 30 26 .24 22 21 20 19 
20 12 ll 11 10 10 
10 17 15 14 БЕ 13 19 19 dà 
14 .05 21 18 47 16 15 114 714 13 
.01 31 .26 23 21 19 18 .17 17 


Source: Values at the left of the broken line wer 
and 5D of М. G. Kendall. Rank Correlation Мей 
Ltd., 1948. Other values were obtained by the method dı 


Danville, Ш.: The Interstate Printers and Publishers, 1957. 
author, Charles Griffin and Co. 
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TABLE XIII (Continued) 


m 


16 


18 


20 


25 


30 
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a 3 4 5 6 
20 10 10 09 09 
10 15 13 12 12 
05 19 16 15 14 
01 28 23 20 18 
.20 109 109 108 108 
10 13 12 п 10 
05 47 14 13 12 
01 25 20 18 16 
20 08 08 07 07 

10 11 10 10 09 
05 15 13 12 11 
01 22 18 16 15 
20 07 06 06 06 

10 09 08 08 07 
05 12 10 09 09 
01 18 15 13 12 
20 05 05 05 05 

10 08 07 06 06 

10 09 08 07 


INDEX 


Abacs, for biserial r, 174 
for Phi coefficient, 176 
for point biserial, 172 

Analysis of variance, 158-167 
analysis table, 162-163 
assumptions, 159-160 
Bartlett's test, 159 
computational form, 166 
computational work involved, 160-163 
F-test, 163 
single classification, 158-167 
t-tests made after F-tests, 165 
two-groups, 163-165 

Arbitrary reference point, 30 

Arithmetic, review of, 5-12 

Army General Classification Test, 62 

Attenuation, 200-201 

Assumed mean, 30 

Average deviation, 43-44 

Averages, 29-36 


Bartlett, M. S., 159 
Bartlett's test, 165-166 
* Between" sum of squares, 161, 164 
Binomial distribution, 103-112 
correction for discontinuity, 110 
mean of, 107-108 
related to the normal distribution, 107 
standard deviation of, 107-108 
use in statistical problems, 109-112 
Binomial expansion, 105-107 
Biserial correlation coefficient, 172-173 


Centiles, 36-37, 56-60, 72-73 
computation of, 36-37 
limitations of, 58-60 
obtained from the table of the normal 
curve, 72-73 
read from an ogive curve, 58 
use of, 58-60 


285 


Central tendency, see Averages 
Changes, comparison of, 135-136 
Charlier's checks, 47 
Chi square, 147-156 
and the contingency coefficient, 177 
computation of, 147-154 
degrees of freedom in, 149 
in a multi-celled table, 152-153 
in a 2х1 table, 147-148 
in a 2x 2 table, 148-149 
obtaining the expected frequencies, 150 
relation to the Phi coefficient, 176 
relation to z, 152 
small frequencies, in a  multi-celled 
table, 153-154 
with one degree of freedom, 150-151 
test for correlated proportions, 154 
testing goodness of fit, 155-156 
Yates’ correction, 150-151 
Clelland, R. C., 208 
Coding data, 51-53 
Coefficient of, concordance, 180-181 
correlation, see Correlation 
determination, 199 
equivalence, 192 
internal consistency, 193 
non-determination, 199 
stability, 192 
College Entrance Examination Board, 62 
Confidence levels, large samples, 119-121 
small samples, 132-133 
Contingency Coefficient, 177 
Correction for, attenuation, 200-201 
discontinuity, 110 
guessing, 202-203 
Correlation, biserial r, 172-173, 204 
computation of, 172-173 
contingency coefficient, 177 
fourfold coefficient, 173-176 
eta, 181-185 
Kendall's coefficient of concordance (W), 
180-181 
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multiple correlation, 187-188 
non-linear relationships, 181-185 
partial r, 186-187 
Pearson r, 78-90 
assumptions, 81-82 
averaging, 146 
computation of, 83-89 
relation to range, 89-90 
size of, 78 
point-biserial r, 169-172 
reliability of, 171 
Spearman rank-order method, 178-180 
computation of, 178-179 
reliability of, 179 
tetrachoric r, 177-178 
Correlation ratio, 181-185 
Curves 24-25 
best-fitting, 74 
bimodal, 25 
cumulative percentage, 57-58 
cumulative proportion, 57-58 
normal, 25, 67-76 
ogive, 57-58 
skewed, 24-25 
smoothing, 23-24 
types of, 24-25 


Davidoff, M. D., 177 
Deciles, 37 
Degrees of freedom, 132 
in Chi square, 149 
in testing difference between two means, 
135 
in testing significance of an r, 143 
DeMoivre, 67 
Deviation, average, 43-44 
mean, 43-44 
quartile, 41-43 
standard, 44-50 
Deviation 10, 62 
Difference between means, 123-136 
Difference between Pearson r’s, 143-145 
Difference between Proportions and рег- 
centages, 137-140 
Difficulty of an item, 201-203 
Dingman, H. F., 172 
Discrete data, 12 
Distractors, 205 
Distributions, binomial, 105-112 
normal, 67-76 
rectangular, 59 
sampling, 116-121 
Distribution-free statistics, 208-217 
correlated data, 208-210 
Kruskal-Wallis H-test, 216-217 
Mann-Whitney U-test, 212-215 


Index | 


median test, 211-212 

sign test, 208-209 

uncorrelated data, 211-217 

Wald-Wolfowitz runs test, 215-216 | 

Wilcoxon’s matched-pairs signed-ranks 
test, 209-210 


Edwards, A. L., 159, 165 
Error of grouping, 32, 49-50 
Eta coefficient, 82, 181-185 
Exponents, 9-10 


Final grades, determination of, 64-65 
Fisher, R. A., 144 
Fisher's exact method, 151, 212 
Fisher's Z-statistic, 144-146 
Flanagan, J. C., 173-174, 204 
Fourfold correlation Coefficient, 173-176 
Fractions, manipulation of, 6 
Frequency distribution, construction of, 
16-19 
cumulative, 56 
graphing of, 19-24 
Frequency polygon, 19-24 
construction of, 19-20 
with different frequencies, 21-22 
F-test, 134, 163-165 
and correlation ratio, 185 
relation to f-test, 163-165 


Gauss, C. F., 67 
Goheen, H. W., 177 
Goodness of fit, 155-156 
Gossett, W. S., 132 
Graduate Record Examination, 62. 
Graphs, 19-27 
frequency polygon, 19-25 
histogram, 25-26 
proportion and percentage graphs, 26-27 
Graves Design Judgment Test, 86, 97 
Guilford, J. P., 90, 176, 204 


Homoscedasticity, 82 
H-test, 216-217 


Index of forecasting efficiency, 200 
Item analysis, 201-206 


ps small number of papers, 205- 


distractors, effectiveness of, 205 
item difficulty, 201-203 


item discrimination, 203-205 
Integral limits, 17-18 
Interaction, 158 


Interval size, determination of, 16-18 


| 


| 
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Kelley, T. L., 203 

Kendall, M. G., 180-181 

Kruskal-Wallis H-test, 216-217 

Kuder-Richardson reliability formula, 194— 
195 


LaPlace, P., 67 
Lev, J., 212 
Lindquist, E. F., 90 


McNemar, Q., 50, 139, 145, 151, 212 
Mann-Whitney U-test, 212-215 
Mean, 29-32, 34-36 
averaging, 35-36 
computation of, grouped data, 30-32 
ungrouped data, 29 
use of, 34-35 
deviation, see Average deviation 
Measurement, types of, 12-17 
Measurement theory, 190-191 
Median, 32-35 
computation of, grouped data, 33 
ungrouped data, 32-33 
use of, 34-35 
Median test, 211-212 
Meier Art Judgment Test, 86, 97: 
Mode, 34-35 
Moses, L. E., 208 
Multiple correlation, 187-188 


Negative numbers, use of, 7 

Negative skewness, 24-25 

Nonlinear relationships, 181-185 

Nonparametric statistics, see Distribution- 

free statistics 

Normal curve, 67-76 
areas between different points, 69-72 
areas under, 69-74 

Normalizing a distribution of scores, 74- 


76 
Null hypothesis, nature of, 123-124 
One-tailed tests, 126-127 
testing of, 124-127 
two-tailed tests, 125-126 


Ogive curve, 57-58 
One-tailed tests, 126-127 


Parameter, 14 

Parenthesis, removal of, 10 

Partial r, 186-187 

Pascal’s triangle, 106-107 
€arson r, averaging of, 146 
computation of, 93-89 
testing the significance of, 142-143 
rcentages, cumulative, 56-57 
Properties of, 10 


Percentiles, see Centiles 
Phi coefficient, see Fourfold correlation 
coefficient 
Point-biserial correlation coefficient, 169- 
172 
Population, 116 
Positive skewness, 24-25 
Prediction, 198-200 
Probability, 103-112 
and the binomial expansion, 105-107 
laws of, 104 
Pascal's triangle, 106-107 
Probable error, 203 
Proportions, cumulative, 56-57 
properties of, 10 


Quartile deviation, 41-43 
Quartiles, 37 


R, see Multiple correlation 
Range, as a measure of variability, 40-41 
defined, 16 
relation to size of the correlation coeffi- 
cient, 89-90 
relation to standard deviation, 48-49 
semi-interquartile, 41-43 
Regression, 94-101 
a-coefficient, 95-97 
b-coefficient, 95-96 
computation of the regression equations, 
96-99 
curvilinear, 81-82 
equation of the straight line, 94-95 
line of best fit, 96 
linear, 82, 94-101 
slope of the line, 95-96 
standard error of estimate, 99-101 
Relationships, measures of, 78-90, 169-188 
types, 78-82 : 
Reliability, defined, 191 
Kuder-Richardson formula, 194-195 
parallel form method, 192 
size of coefficients, 195 
Spearman-Brown formula, 193-194 
Split-half method, 192-193 
standard error of measurement, 195-197 
test-retest, 191—192 
Rho, see Spearman rank-order correlation 
coefficient 
Rounding, principles of, 10-11 


Sampling, 114-116 
biased, 115 
random, 114-115 
stratified, 115-116 
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Sampling distributions, 67, 116-122 
of Fisher’s Z-statistic, 144 
of r, 143-144 
of t, 132 A 
les, t ot, 
саа for correlation coefficients, 86- 
89 
Scores, error, 190-191 
making them meaningful, 62-65 
normalizing a distribution of, 74-76 
standard, 60-65 
transformed, 61-62 
true, 190-191 
Semi-interquartile Tange, see Quartile devia- 
tion 
Sheppard's correction, 50 
Siegel, S., 208, 215 
Sign, test, 208-209 
Significant digits, 11 
Skewness, 24-25 
Smoothing curves, 23-24 
Spearman rank-order correlation coefficient, 
178-180 
Spearman-Brown formula, 193-194 
Square root, 8-9 
Standard deviation, 44-50 
averaging of, 50 
computation of, grouped data, 46-47 
ungrouped data, deviation method, 
44-45 


ungrouped data, raw score formula, 
45-46 


interpretation of, 47-48 
related to error of grouping, 49-50 
related to the range, 48-49 
Standard errors, defined, 117 
of difference between two means, corre- 
lated data, 128 
pooled variances, 134 
uncorrelated data, 124-125 
of difference between two percentages, 
correlated data, 139 
uncorrelated data, 137-138 
of difference between two proportions, 
correlated data, 139 
uncorrelated data, 137-138 
of difference between two Z-statistics, 145 
of estimate, 98-101, 198-199 
of estimate for the multiple R, 188 
of Fisher’s Z-statistic, 144-145 
of mean, 116-118 
of measurement, 195-197 
of median, 121 
of Pearson r, 142-143 
of percentage, 122 
of proportion, 121 
of score, 195-197 


Index 


Standard scores, 60-65 
computation of, 60-62 
deviation JQ, 62 
normalized, 62 
stanines, 62 
transformations, 61-62 
T-scores, 62 
use of, 62-65 

Stanines, 62 

Statistic, defined, 14 

Straight lines, equation for, 94-95 

Student's г, see t-ratio 

Sum of the squares, 45-46, 160-161, 164 


Tate, M. W., 208 
Testing differences, 123-146 
among several means, 160-163 
between two means, correlated data, 
using r, 127-129 
using the method of differences, 129— 
131, 133 
between two means, large samples, un- 
correlated data, 123-127 
between two means, small samples, 131— 
135 
between two percentages, or two propor- 
tions, 137-140 
between two proportions, correlated data, 
using chi square, 154-155 
between two Pearson r’s, correlated data, 
145 
uncorrelated data, 143-145 
Tetrachoric correlation Coefficient, 177-178 
Tippett, L. H. C., 48 
Transformed scores, 61-62 
t-ratio, 132 
T-scores, 62 
t-test, 132 
made after the F-test, 165 
relation to the F-test, 163-164 
Tukey, J. W., 165 
Two-tailed tests, 125-126 
Types of error, 127 


Universe, see Population 
U-test, 212-215 


Validity, 197-201 


Content, 197 
statistical, 197-199 
Vatiability, measures of, 40-51 
uses of, 50-51 
Variance, 49 
error, 191 
true, 191 


Index 


W, see Coefficient of concordance 

Wald-Wolfowitz runs test, 215-216 

Walker, H. M., 212 

Wechsler tests, 62 

Wilcoxon’s matched-pairs signed-rank test, 
209-210 

“Within” sum of squares, 161-162, 
164 
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Yates’ correction, 150-151 
with median test, 212 


z-score, 60-65 

relation to chi square, 152 
Z-statistic, 144-146 
Zero, absolute, 13 

use, of, 7 
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